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Abstract: In this paper, we study the pathway fractional integral operator col-
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1. Introduction and Definitions
In this paper, let R and C denotes the sets of real and complex numbers,

respectively, and also let R+(0.∞).

1.1. Pathway fractional integral operator
Nair developed the Pathway fractional integral operator by utilizing Mathai’s

pathway concept. In this paper, we aim to develop a new fractional integration
formula using the generalized K-Wright function [8, 9]. Let g(x) = L(p, q),µ ∈
C,Re(µ) > 0, p > 0 and γ is taken as pathway parameter such that γ < 1 and the
pathway fractional integral operator is defined as

(P
(µ,γ,p)
(o+) )(x) = xµ

∫ x
(p(1−γ)

0

[
p(1− γ)t

x

] µ
(1−γ)

g(t)dt, (1)
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where L(p.q) is a set of Lebesgue measurable function defined on (p, q). Basically,
the pathway model was studied by Mathai [10] and after that it was further studied
by Haubold and Mathai [11]. If we set γ = 0, p = 1 and replacing µ by µ − 1 in
equation 1 then we have the following relationship i.e.,

(P
(µ−1,0,1)
(0+) )(x) = Γ(µ)[(Iµ0+g)(x)]

where, Iµ(0+) is the left sided Riemann- Liouville fractional integral operator.

1.2. K-Struve Function
Recently, Nisar et al. studied various properties of Struve function and intro-

duced K-Struve function Sk
(α,z) is defined by [5, 6, 11, 12, 21]

Sk
α,f (d) =

∞∑
m=0

(−f)m

Γk(mk + α + 3k
2
)Γ(m+ 3

2
)
(
d

2
)2m+α

k
+1 (2)

where, d, α ∈ C, α > 3k
2
. After this the generalized Wright hypergeometric func-

tion aψb(c) is given by the series,

aψb(c) =a ψb

[
(pi, γj)1,a
(qi, vj))(1,b)

|z

]
=

∞∑
n=0

∏a
i=0 Γ(pi + γjk)∏b
j=0 Γ(qj + vjk)

cn

n!

where pi, qj ∈ C, and real γi, νj ∈ R(i = 1, 2, 3, . . . . . . ., a; j = 1, 2, . . . . . . b) .
Asymptotic behavior of this function for large values of argument c ∈ C has
been studied. In the work of E. M. Wright is has been found that,

b∑
j=1

νj −
a∑

i=1

γj > −1

When properties of the generalized Wright function were investigated and proved
that aψb(c), c ∈ C is an entire function under the condition.vspace.2cm
1.3. Extended Mittag-Leffler function

Gosta Mittag-Leffler the Swedish mathematician introduced the termed Gosta
Mittag-Leffler function i.e., Mittag-Leffler function, and is defined as [1, 2],

Eγ(d) =
∞∑
n=0

(d)n

Γ(γn+ 1)
(d ∈ C;R(γ) > 0 (3)

where Γ is a gamma function, after this Wiman generalized [15] the Mittag-Leffler
function as follows,

Eγ,ν(d) =
∞∑
n=0

(d)n

Γ(γn+ ν)
(d ∈ C,min(R(γ)R(ν)) > 0
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There are number of ways in which Mittag-Leffler function Eγ and the
extended Mittag-Leffler function E(γ,ν) can be extended and used in various
research area [16, 20]. Prabhakar again introduced the another extension of this
function E(γ,ν) was introduced by Prabhakar Kumar and is defined as,

Eξ
γ,ν(d) =

∞∑
n=0

ξn
Γ(γn+ ν)

(d)n

n!
d ∈ C,min(R(γ), R(ν), R(ξ)) > 0, (4)

Again, Shukla and Prajapati defined the new extension of this function i.e.,

Eξ
γ,ν(d) =

∞∑
n=0

ξn
Γ(γn+ ν)

(d)n

n!
d ∈ C,min(R(γ), R(ν), R(ξ)) > 0, a ∈ (0, 1) ∪N

(5)
Then after Salim and Faraj has also given a new extension of this function and
Ozarslan and Yilmaz presented this following new extension,

Eξ;f
γ,ν(d; a) =

∞∑
n=0

Ba(ξ + n, f − ξ)

B(ξ, f − ξ)

(fn)

Γ(γn+ ν)

(d)n
n!

(6)

(d ∈ C;min(R(γ), R(ν)) > 0;R(z) > R(ξ) > 0; a ∈ R+
0

So, by considering Eq. 6 and Eq. 7 we have concluded by defining a new extension
of this function,

Eξ,f,a
φ,ν,τ (d; a) =

∞∑
n=0

Ba(ξ + nb, f − ξ)

B(ξ, f − ξ)

(f)n,b
Γ(φn+ ν)

(d)n

(τ)nr
(7)

(b ∈ R+;min(R(φ), R(ν), R(τ) > 0;R(ξ) > 0; a ∈ R+
0 )

Where Ba(s, t) is the extended beta function,

Ba(u, v) =

∫ 1

0

tu−1(1− t)v−1e
−a

t(1−t)dt a ∈ R+
0 ;min(R(u), R(v) > 0

If a = 0, it reduces to the particular case of well-known beta function

B(u, v) =

∫ 1

0

tu−1(1− t)v−1dt min(R(u), R(v)) > 0 (8)

=
Γ(u)Γ(v)

Γ(u+ v)
u, v ∈ C/Z−

0 (9)

And (f)nb =
Γ(f+nb)
Γ(f)

, is the extended pochammer symbol.
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2. Preliminary Theorems
In this section Pathway fractional integration of composition of two function i.e.,

K-Struve function Sk
(α,f) and extended Mittag-Leffler function E

(ξ,f,a,m)
(φ,ν,τ) (d; a) has

been done and then the required result has been converted to generalized K-Wright
function. As we know K-Struve function is,

Sk
α,f (d) =

∞∑
m=0

(−f)m

Γk(mk + α + 3k
2
)Γ(m+ 3

2
)
(
d

2
)2m+α

k
+1

And extended Mittag-Leffler function is,

Eξ,f,a
φ,ν,τ (d; a) =

∞∑
n=0

Ba(ξ + nb, f − ξ)

B(ξ, f − ξ)

(f)n,b
Γ(φn+ ν)

(d)n

(τ)nr

Now we will combine both the function by replacing m=n=e and getting the re-
quired result,

[Sk
α,f (d)E

ξ,f,a
φ,ν,τ (d; a)](d) =

∞∑
e=0

(−f)eBa(ξ + eb)(f)eb

B(ξ, f − ξ)Γ(φe+ ν)Γk(ek + α+ 3k
2 )Γ(e+

3
2)(τ)er(2)

2e+α
k
+1

×

(d)3e+
α
k
+1

As we know, Γk(ς) = k
ς
k
−1Γ( ς

k
), using this above composition can be transformed

into,

[Sk
α,f (d)E

ξ,f,a
φ,ν,τ (d; a)](d) =

∞∑
e=0

(−f)eBa(ξ + eb)(f)e,b

B(ξ, f − ξ)Γ(φe+ ν)ke+
α
k
+ 1

2Γ(e+ α
k )Γ(e+

3
2)(τ)er(2)

2e+α
k
+1

×

(d)3e+
α
k
+1

Lemma 2.1. (Agarwal [4])
Let µ ∈ C,R(µ) > 0, ν ∈ C and γ < 1, if R(ν) > 0 and R( µ

1−γ
) > −1 then,

P µ,γ,p
0+ [tν − 1](x) =

xµ+νΓ(ν)Γ(1 + µ
1−γ

)

[p(1− γ)]νΓ(1 + µ
1−γ

+ ν)
(10)

The pathway fractional integration of the composition of these two above functions
is given by the following result in the next section.

3. Main Theorems
In this section we will show the new result by applying pathway integral operator

on the above composition of two function i.e., K-Struve function and extended
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Mittag-Leffler function [3] [7] [13] [18] [19].

Theorem 3.1. Let µ, φ, α, d, ν, τ, ξ ∈ C and γ < 1 be such that R(µ), R(φ), R(ν),
R(τ) > 0, R(d) > R(ξ) > 0 with a ≥ 0, r > 0 and 0 < b ≤ r+R(φ) also α >
−3
2
k and R( µ

1−γ
) > −1, then the following formula hold true.

P µ,γ,p
0+ [dφ−1(Sk

α,f (d))(E
ξ,f,a
φ,ν,τ (d; a))](z)

=
dµ+

α
k
+φ+1Ba(ξ + eb, f − ξ)Γ(1 + µ

1−γ
)

(2)
α
k
+1(k)

α
k
+ 1

2 [p(1− γ)]
α
k
+φ+1B(ξ, c− ξ)(τ)erΓ(c)

×3ψ4

[
(φ+ α

k
+ 1, 3) (f, b) (1, 1)

(α
k
+ 3

2
, 1) (3

2
, 1) (ν, φ) (α

k
+ µ

(1−γ)
+ φ+ 2, 3)

;
[ −fd3

4kp3(1− γ)3

]e]

Proof. By changing the integration and summation orders and using the pathway
operator from lemma 2.1, we obtain

P µ,γ,p
0+ [dφ−1(Sk

α,f (d)(E
ξ,f,a
φ,ν,τ (d; a))](z)

= P µ,γ,p
0+

[
dφ−1

∞∑
e=0

(−f)eBa(ξ + eb, f − φ)(f)e,b

ke+
α
k
+ 1

2B(ξ, f − ξ)Γ(e+ α
k
+ 3

2
)Γ(e+ 3

2
)Γ(φe+ ν)(τ)er(2)

2e+α
k
+1

×d3e+
α
k
+1

]
(d)

=
∞∑
e=0

(−f)eBa(ξ + eb, f − ξ)(f)e,b

ke+
α
k
+ 1

2B(ξ, f − ξ)Γ(e+ α
k
)Γ(e+ 3

2
)Γ(φe+ ν)(τ)er(2)

2e+α
k
+1

×P µ,γ,p
0+ (d3e+

α
k
+1+φ−1)(d)

Using Eq. 9 we get,

=
∑ (−f)eBa(ξ + eb, f − ξ)(f)e,bd

µ+3e+α
k
φ+1Γ(3e+ α

k
+ φ+ 1)Γ(1 + µ

1−γ
)

(ke+
α
k
+ 1

2B(ξ, f − ξ)(2)2e+
α
k
+1Γ(e+ α

k
+ 3

2
)Γ(e+ 3

2
)Γ(φe+ ν)(τ)er

×[p(1− γ)]3e+
α
k
+φ+1Γ(1 +

µ

1− µ
+ 3e+

α

k
+ φ+ 1))

=
dµ+

α
k
+φ+1Ba(ξ + eb, f − ξ)(f)e,bΓ(1 +

µ
1−γ

)

(2)
α
k
+1k

α
k
+ 1

2 [p(1− γ)]
α
k
+φ+1B(ξ, f − ξ)(τ)er

×
∞∑
e=0

Γ(3e+ α
k
+ φ+ 1)

Γ(e+ α
k
+ 3

2
)Γ(e+ 3

2
)Γ(φe+ ν)Γ(3e+ α

k
+ µ

1−γ
+ φ)

[
−fd3

4kp3(1− γ)3

]e
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Hence, we get the desired result.

3.1. Special Case:

1. If we take e = 0, a = 1, τ = 1 and ν = 1 in Eq.10 we get the required result
reduces to the known result of [14] Eq. 8

dµ+
α
k
+φ+1Γ(1 + µ

1−γ
)

(2)
α
k
+1(k)

α
k
+ 1

2 [p(1− γ)]
α
k
+φ+1

×2ψ3

[
(φ+ α

k
+ 1, 2) (1, 1)

(α
k
+ 3

2
, 1) (3

2
, 1) (α

k
+ µ

(1−γ)
+ φ+ 2, 2)

;

[
−fd2

4p2(1− γ)e

]e]

4. Conclusion
The theory of the pathway fractional integral operator can be utilized to con-

struct multiple integral formulas by applying the pathway integral operator to the
composition of the K-Struve function and extended Mittag-Leffler function. This
work also uses a generalized hypergeometric function to express the derived.
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