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1. Introduction

The problem of estimating the difference of a value of a function from its aver-
age is a top one. The answer to it are the Ostrowski type inequalities. Ostrowski
type inequalities are very useful among others in Numerical Analysis for approxi-
mating integrals. The problem of estimating the difference between the average of
a product of functions from the product of their averages is also a very important
one. The answer to it are the Griiss type inequalities. Griiss type inequalities are
very useful among others in Probability for estimating expected values, etc. There
exists a huge literature on Ostrowski and Griiss type inequalities to all possible
directions. Mathematical community is very much interested to these inequalities
due to their applications. So here we derive very general fractional Ostrowski and
Griiss type inequalities on a very abstract level. Our functions are between Banach
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spaces, and we develop first the related abstract fractional calculus, which is based
on a Banach space segment. Great sources to support our goal are the books [1],
[4].

We are motivated by the following results:
Theorem 1. (1938. Ostrowski [3]) Let f : [a,b] — R be continuous on [a,b] and

differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e

| f/I52P = sup |f'(t)] < +oo. Then
te(a,b)

’ p _ atb)?
= AL i+((b_—)] G-l

1 . .
for any x € [a,b]. The constant § is the best possible.

Theorem 2. (1935, Griiss [2]) Let f,g be integrable functions from [a,b] into R,
that satisfy the conditions

m< f(r) <M, n<g(x) <N, z€la,bl,

where m, M,n, N € R. Then

R

(M —m) (N —mn).

»-I>I>—‘

2. Fractionality between a pair of Banach spaces
We make

Remark 3. Throughout this article let (X, ||||,) and (Y, ||||,) be Banach spaces.
Here X7 denotes the j-fold product space X x X x ... x X endowed with the maz-

J
norm ||z|| y; = max lzally, where x = (x1,...,2;) € X7.
Let the space of L; := L; (X7,Y) of all j-multilinear continuous maps h : X7 —

Y, 7=1,...m, Which is a Banach space with norm

h(x
HhH = HhHLJ = sup Hh(x)”2 = sup w (3

(lall s =1) lzally - sl

~—

Let M be a non-empty convex and compact set of X and xzq € M is fixed.
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Let O be an open subset of X : M C O.

Let f: O — Y be a continuous function, whose Fréchet derivatives ([4], pp.
87-127) f9 .0 — L;j=1L; (X7,Y) exist and are continuous for 1 < j < m, m € N.

Call (z — x9)” := (v — 29, ...,z — ) € X?, x € M.

We will work with f]x,.

Then, by Taylor’s formula ([4], p. 124) we get

© Y (20) (x — w0)’
- !

+ Ry, (x, 20) , (4)

for all zx € M,
where the remainder R, (z,z) is the Riemann integral

R, (x,20) == /0 % (f(m) (zo + u(z — 20))) (x — )™ du, (5)

where we set f(O (z0) (# — 20)° = f (o) -
We obtain
H( ) (zo + u (v — m9))) (z — o) ™|, < Hf (o + u (z — x0))|| |z — zol|". (6)

Above (f] M)(j ), j =0,1,...,m, are norm bounded by continuity, and thus they are
integrable.
By Corollary 20.3, p. 125, of [4] we obtain

my i T = woll)”
|Ro (z,20)l, < sup || @), ———+ ,0 L, (7)
z€L(x0,21) m.
where
L(zog,z1) ={Z|T =021 +(1—0)xp, 0< O <1} (8)

is the line segment joining the points zo and x; (notice that the last T = z¢ +
0 (x1 — xo)).

Denote also L (xq,z1) = ToZ7.

Here (- — xp)’ maps M into X7 and it is continuous, also f@ (z¢) maps X7 into
Y and it is continuous. Hence their composition fO) (zq) (- — )’
from M into Y.

Let us restrict f on the line segment Toz;. Then for

1s continuous

T(u)=ury+ (1 —u)xg=z0+u(x; —z0), 0<u<l,
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the abstract function

fu) = f(Z(w) = f (w0 +u (e — o))

will map [0, 1] into an abstract arc in Y, which starts at yo = f (zo) and ends at

y1 = f(21).
By [4], p. 124, we have that

FE (u) = %) (20 + u (21 — 20)) (21 — 20)" 9)

for k=1,2,...,m; u €0,1].
We need

Definition 4. All as in Remark 3. We define the vector left Caputo-Fréchet
fractional derivative of order o > 0, m = [« ([-] ceiling of the number), by

D2y (f (wo +u (21 — 20))) == J (£ (zo + u (21 — m0))) (21 — 2)™)

1 “ m—o— m m
- m/o (= )" (1) (3o + (21 — 20))) (21 — )", (10)
all 0 < u < 1, defined via the vector left Riemann-Liouville fractional integral ([1],

p. 2).
Then, we observe that

Jg D% (f (o + u (w1 — x0))) = JJg" = (F (w0 + u (w1 — 20))) (21 — 20)™ =

(by [1], p. 6)
J3 (f(m) (o +u(x — xo))) (x1 —20)™ = (11)

ﬁ /O =0 (P (w0t (3 — ) (1 — o)™

true for 0 < u < 1.
So, we have proved that

1 “ a—1 Ha —
m/o (u—8)""" D% (f (xo+t (x1 — x0))) dt =

ﬁ /Ou (w =)™ (f) (w0 + t (w1 — w9))) (21 — o)™ dlt, (12)

forall 0 <u <1.
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Consequently (by [1], p. 12) it holds the new left fractional-Fré chet Taylor
formula on ToZ1:

Theorem 5. All as above. Then

m—1 (k) z0) (11 — 70 k N
f(x0+u(x1_xo)):zf ( >]i| >u—i—
1 “ a—1 a —
e [ D - 19

for all 0 <u < 1.
In particular we notice that (the case of u = 1)

1

m/0 (1—w)* " D& (f (xo +w (x1 — x0))) dw = (14)

(m i 1)! /0 (1= w)"™ " (£ (w0 + w (21 = x0))) (21 — 20)"™ dw = Ry, (w1, 70),

where R, (z1,20) is as in (5).
So, we have the particular vector left hand side Caputo-Fréchet fractional Tay-
lor’s formula (u = 1).

Corollary 6. All as above. Then

m—1 i /
oy = 3 ol (15)
j=0 '
1
ﬁ/o (1 w)a—l D, (f (xo +w (xl — xo)))dwa
Jor all xg, x4 € M.

We make

Remark 7. We are again working on the segment Toxy, where xg,x1 € M; 0 < u <
1, withT =7 (u) := xo + u(x1 — x0), and f(u) = f (T (u)) = f (xo + u(x1 — x0)),
ie. f1[0,1] =Y.

When v =0, f(0) = f(z0), and when u=1, f (1) = f (x1).

We have (by [1], pp. 121-122) the abstract Riemann integral:

/ f (@) dz = /Olf(u) du. (16)
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We also have that ([1], p. 122, and p. 124)
f () = f' (2o +u(z1 — x9)) (21 — @0)

and
F® () = f® (0 +u (21 — 70)) (21 — 70)", (17)

k=1,2,...m.

Let a > 0, such that [a| = m.

We consider the vector valued right hand side Riemann-Liouville fractional
integral ([1], p. 34),

JEf (u) = ﬁ / (] )™ f(T)d (18)

and the vector valued right hand side Caputo fractional derivative of order av > 0
([1], p. 42), by

DY_f (u) = (=1)" S f) (2) = — )/ (J =)™ (D) dJ. (19)

I'(m-a
(we have that J J° f = J*Pf = J8 Jof, when f € C([0,1],Y)or a+ 3 > 1,
see [1], p. 39).

We need right hand side Taylor’s fractional formula.
Theorem 8. ([1], p. 44, by Theorem 2.16) Let f € C™([0,1],Y), u € [0, 1],
a >0, m=[a]. Then

1

g !
flu)=>" / k!“) (u—1)"+ m/ (J—w)* ' DY f(I)dJ.  (20)

Equation (20) implies the vector right hand side corresponding fractional Tay-
lor’s formula:

Theorem 9. All as in Remarks 3, 7. Then

fro+u(xy —x0)) = Z u—1)F+ (21)

k=0

S~ () (1 — o)
k! (

1 1 ol
) / (J — ) D f () dJ,
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all 0 < u <1, where

D f(J) = DY f (xo+ J (1 — o) = ﬂ/ (b et o) (1 ay
1- - M1- 0 1 0 _T(m—a) ;
(22)
_1\m 1
- r Emlz ) /J (t— J)m_a_l f(m) (w0 +t (21— 20)) (21 — xo)m dt.
When u = 0 we obtain
Corollary 10. All as in Remarks 3, 7. Then
m—1 k
f®) (1) (21 — 20)
f (o) = 2 - k!l 0 (—1)F +
1
ﬁ/o JOIDY f (xo + J (21 — m0)) dJ, (23)

for all ¢, x; € M.
Denote by

/<> f(@)de = / f (@) dz + / f () da, (24)

where xg, x*, z1 € M and x* not necessarily on the segment xyzy.
3. Main Results
3.1. About Ostrowski inequalities

We give

Theorem 11. Let f : X — Y and g : X — R be as in Remarks 3, 7. Let
To, ", 21 € M, x* not necessarily on the segment Toxy. We assume that f* (2*) =
g® () =0,k=1,..,m—1.

Denote by

(.9 @) =2

(zoz*21)

) [ J@

f(2) g (2)dr — f (2°) / g(x)dr  (25)

(zox*21)

Then
0(f.g)(z")=
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FLQ){/OI [g(x*+u(x1—x*))/ou(u—t)a1foo (" 4+t (21 — a7)) dt

1 ulen =) [0 D o ))dt] dut

/o1 L] (zo + u (z" — 20)) /ul (J = w)* " DY_f (20 + J (¢* = x0)) dJ

+f (20 + u (2" — 20)) /u1 (J =) D2 g (w0 + J (" — o) dJ] du} o (26)

Proof. Here the function ¢ : (X, [|-||;) = (R, |-|) has

D% (g (w0 + u (w1 — o)) = (27)
1 “ m—a— m m
mm—_a)/ (u =) (g (w0 + t (21 = 20))) (w1 — o)™ e,
and
iy 9 ifl - xo)k
g(l’o—f-u l‘l—l’o Z uk+
k=0
ria [ w07 Dig ek oy = ), 9
T(a) Sy w0f Lo Eit o
forall 0 <u <1,
and
m—1 g )k’
9 (zo +u (21 — 20)) Zg 0 (u—1)"+
k=0
1 ! a—1 a
Tl ), —w" Diglwot Tz — o)) dJ, (29)
0<u<l,
where
D?_g (.’Io +J (l’l — .170)) = (30)

="
I'(m—a)
Consider x* € M, not necessarily on the line segment Tyx7.
We assumed that f® (z*) = ¢® (2*) =0,k =1,...,m — 1.
We will work on the segments [z, 2*] and [z*, x].

/J (t—J)" g™ (g + t (x1 — 20)) (21 — 30)™ dL.
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By Theorem 5 we have that (on [z*, z1])

fa"Fu(ey —a") = f(z") = ﬁ /Ou (u—)"" DY f (a* +t (2 — ™)) dt,
(31)
all 0 <u <1,
and
0@ +uln =) =g (@) = s [ =07 Dy @ = (32
all 0 <u <1.
Also (by Theorem 9) we have that (on [z, 2*])
* * 1 ! a—1 *
flxo+u(x®—uxy)) — f(z") = m/ (J—w)" " DY_f(zvo+ J(z" —x0))dJ,
' (33)
and
G0+ (e =) =9 () = s [ (=07 D g o+ T (@~
: (34)
all 0 <u <1.
We would have (all 0 < u < 1)
g +u(ry—a7) f(a" +u(z—2") —g @ +u(e—a")) f(@) = (35)
g (z" +;L((§)1 — 7)) /Ou (u—1)*"" DS f (x4t (z; — x¥)) dt,
and
f@ tu(m—a))g@ +ule—a%) - f@" +ulz—27)g@@) = (36)
f (fﬂ* +1—1‘L<<;U)1 - 13'*)) Au (U . t)afl Df()g (ZL'* +¢ (Il - J)*)) dt.
Furthermore we get:
9 (xo +u(z” —x0)) f (2o +u(z” —z)) — g(xo+u(z” —x)) f(z") = (37)

*

g (o + u (z* — xg
I' ()

! / (J —w)* ' DY f (w0 + J (z° — m0)) dJ,
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and
f (o +u(z” —m0)) g (xo +u(r™ —x0)) — f (20 +u(r” —m0)) g (2") = (38)
fzo+u(a® —x)) [! a-1 pa .
T (a) /u (J—w)*" " DY g(zo+ J(x 0)) dJ,
all 0 <u <1.

Adding (35) and (36) we get
2f (@ +u(z —27) g (a" +u(zr —2")) —g (2" +u(z —2")) f(27) -
fa +ul(ey —a7))g(z%) =

I‘La) g(@ +u(z — %)) /Ou (u— t)o‘fl DS f (" +t(xy —a™))dt (39)

Hf (2 +u (- 27) /0 (=) Dg (" +t (21 — 7)) dt |,
and by adding (37) and (38) we get:
2f (w0 + u (2" — 20)) g (w0 + u (2" — x0)) — g (w0 + u (2" — x0)) f (27)
—f (@0 +u(z” — 1)) g (") =

a9 o+ x0>)/u (=)™ DY f (204 J (2" —20))dJ  (40)

+f (zo+u(z" — :cg))/ (J—w)* " D g (zo+ J (z" — x0)) dJ} :

all 0 <u <1.
Next we integrate (39) and (40) to obtain:

/f ©)de— f >/ 2)ds — g /f (41)
1

i [g@c Fule =) [ =07 DRF o= a%)) d

—l—f(:c*—l—u(xl—x*))/ou(u—zf)CY "' D2g (z* +t(a:1—a:))dt} du,
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and

*

/f d:c—f(*)/xj r)do — g /f (12)

i [ oot —a) [0 D o =

1
+f (o +u (2" —x0)) / (J —w)* ' DY g (z0 + J (2% — 0)) dJ} du.
Adding (41) and (42) we derive

0(f,9)(z") =

’ \/<:C0$*fc1> f <x> J (x) o f <x*) /<$0a7*tc1) I (a:) e I <x*) \/<il?oa:*:l71) f (iL‘) dx

:ﬁ{/ol {g(xwu(xl—x*))/ou(u—t)a-lpgo (" + 1 — ) dt

+f(x*+u(m1—x*))/0u(u—t)o‘ LD g (a4t (21 — 2" ))dt] du+
/01 [g (xo 4+ u (" — xp)) /ul (J — u)a_1 DY f(xo+ J(x* —x0))dJ]

+f (m0+u(x*—x0))/ul (J—u)* ' Do g (mo+J(x*—x0))dJ] du}, (43)

proving the claim.
We present the following general fractional Ostrowski type inequalities:

Theorem 12. All as in Theorem 11. Then
i)
10 (f, ) (x)]|, < (44)
1 * * 1o * *
g U6 =D DS (1@ = 2Dl o
S (@ 4w @ = 29)lsll, 0 oy 12509 (@7 + 1 (@1 = )| 0o oy +
||9($0+U($*_550))|uoo 0,1] HHD _f(@o+ J (2" — ) H HJoo [0,1]

F I o+ (@ = 20yl ooy (P50 (w0 + 7 (" = 20)) |0y}
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ii) let « > 1, then
16.(f5 9) ()], < (45)

1 * * a * *
T(a+1) {HQ(I +u(z —w ))Hu,oo,[og] D% f (@ +t(z — = ))”2”157[,1([(),1])

S (@ 4w @ = 27)sll, 0 oy 10509 (@7 +t (@1 = 2) |, 2,01 +
“g (1’0 +u (.Z'* - xﬂ))Hu,oo,[O,l] || HD?—f ($0 +J (.’L'* - xO))HQ”J’Ll([O’l])

7 o+ " = 20Dl o 1D80 (@0 7 " = 20D 0y

ces .1 1 _ 1
iii) letp,q>1.p+q—1,oz>q, then

1

16(7.9) ("), < l :
(p(a=1)+1)T () (a+1)

(o " (21 = Dl ND2F (& + (= 2l oy
HII @+ w (@ = 2ol o oy 159 (27 + 8 (10 = 2D 10 +
lg (o + u (2" — 20)) [l 00,01 [[[ DI f (o + J (2" — xo))H2||J,Lq([O,1])

+wf@wumﬁ—m»Mu&mmDﬁﬂm+J@f—%»m%mm}
Proof. We have that

{

|wugﬂfmﬁ?f%5

/o1 {9 (2" 4+ u(xy —27)) /Ou (=) DG (2" +t (21— 27)) dt (47)

+
2

+f (2" +u(xy — ) /Ou (u—1)*""D%g (z* +t (z, — x¥)) dt} du

+f(zo+u(z” — xo))/ (J —u)* " DY g (zo+ J (2" — x)) dJ] du

@

/o1 [9 (zo + u (2" — 20)) /u1 (J = )" DY_f (wo+ J (¢ — 20)) dJ

Je

/01 [9 (2% 4+ u (2 — gj*))/ou (= O D F (" 4t (g — x*))dt} "

2

(48)
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+ +

2

/01 {f(x*+u($1—x*))/0“(u— £ DY g (x* +t($1—:p))dt] du

/01 [9(m0+u(x*—xo))/ul (J_“)a_lD?—f(%nLJ(x*—xo))dj] 0

2

bs
c [ o+ ute =t [0 i -]

+/01 f o=l [ w0 D o+ oy = a7 | duk

+

/01 {f(atojtu(x*—xo))/ul (J —w)* ' D g (xg+ J (a* _%))dj] du

/01 l|g(I0+u(x*_x0))’L1 (J_u)a—lHD?f(xOJFJ(x*_xO))HZdJ} "

+/01 [Hf(xo +u (2" — 9170))”2/ (J —w)™ |Di_g (w0 + J (" — x0))] dj} du

u

(19)
=:(§).

i) We observe that
(&) <

1 1 a
— {/ g (2" +u (21 —2"))| u— D% (@ + ¢ (1 = 27)) |5l o0 0.1y v
/ I (2 4+ Cor = )l o D% (0 4 11— 7)) e oy
]_ —
/0 lg (0 + u (" — x0))| ( - H”Df_f (o + J (" — xo))”QHJ,oo,[O,I] du  (50)

+/O £ (zo +u (x* — 30)) |, < _QU)Q

1
I'(a+2)

HILF "+ (1 = 27)lally o0 0,0y P59 (27 + 1 (@1 = 7)) 00 0.0y +

lg (o + u (2" = 20)) o 0,11 [[[| PT-F (w0 + T (2 = o))

[DT_g (w0 + 7 (2" = 20))| ; e o du} =

{Ilg (" +u (@1 = 27) ooy DS (2" + 1 (21 = 27)) o]l o o, (51)

J,00,[0,1]
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I o+ (= o))l oy 1P50 (0 + 7 (2 = o)) o}

proving (i).
ii) Let o > 1, then

(€) <
1 ! .
* ok a— D2 * ¥
i 4 ot o = DI DS @ o= Dl g, o
(52
1
# [ 18  +uon —)lw [DSg 0 11 = 2 oy

1
/0 9 (20 +u (@* = x0))| (1= )" [[[|DI_f (20 + T (" = 20) ][ 1, 0.y 2

1
T / £ o+ u(a® —ao))lly (1 =)™ || D5 g (20 + 7 (@~ 20)) 1. 0 d“} <

1 * * e * *
Tlatl) {||g(w +u (@ — )|y oo 0,0 DS (" + (21— 2%)) o, 2, 0.1y

(53)
IS (@ 4w (@ = 29)sll, 0 o) 1959 (@7 + 1 (21— 2)) |, £, 0,1 +

lg (w0 +u (@ = 20D o I11DF-S (o + T (2" = 2D L], o

+ H Hf (xO +u (ZB* - xO))HQHu’oo’[o’l} HD?_Q (IIZ'() + J (27* - :BO))HJ,L1([D,1])} )

proving (ii).

iii) Let p,g > 1: % + % =1, a> %. Then (by applying Hélder’s inequality) we
obtain:
(&) <
1 1 ua71+l
= |9 (2" + u(z1 — 27))| [1D%f (2" +t (21 — 27))||,] du
I'(a) /0 (p(a—1)+1)7 D% lalle 0.1
(54)
uczfl+l

1
+/ 1f (" 4w (y = 7))l 1D%g (2% + ¢ (21 = )y 1, 0,17 dut
0

(p(a—1)+1)»

et
Q=) s f (o + J (& —
(p(a—=1)+1)»

/0 |9 (zo +u(z* — 20))] du

) H2 H J,Lg([0,1])
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To+u(x' —x (1- U)Q—H* (x t—x u
/ | f (o +u (2" 0))”2( PRy o [|D g (o +J ( M 240, ¢ }
1

<
(p(a—1) —i—l)%F(a) (a—i-%)
{||9 (@ 4w (@1 = 20000 MIDSS @+t (21 = 2Nl 1, 0,1
HII @ 4w (e = 2ol oy 1509 (&7 +E (210 = ), 10 +

Hg (1130 +u (l'* - xo))”u,oo,[o,l} H HD?— ([L’O +J (‘7: Lo )HZHJJJL;([O,H)

+ H”f (xO +u (QU* - xO))H2Hu,oo,[o,1] ||D?7g (xO +J (:C* - xo))‘}J,Lq([O,l})} ) (55)
proving (iii).

3.2. About Griiss inequalities
We make

Remark 13. (to Theorem 11) Let 0 < a < 1, i.e. m = 1, and assume that

x* € xToxy. Then, no initial conditions are needed, that is x* could be a variable
over TolTy.
We can write ©* = xo + u (1 — o),

0(f.9) (@) =0(f9)(xo+u(z1—=0)), foruel[01].
Therefore it holds

/ " 0(f.9) (1) da” = / 6(f.9) (z0+u (1 — wo)) du 2 (56)

(2/x:1f(x)g(x)d$) /Oldu—</01f(xo+u(x1—xo))du)/:g(m)dx
—</Olg(x0+u(x1—x0))du) :f(x)dx:

| s ([ ([ )]
That is
[ s s ([ sr) ([ )]

(57)
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Denote by

M (f,g) = max{ sup g (z° + (21— 2Dl o (58)

T*ETOT1

sup _[|[1f (2" 4w (21 = 27)llally 00,0,

T*ETOT]

SEUP llg (xo +u (z* — xo))“u,oo,[(),l] )
r*EToL]

sup [lIf (o +u (2 — xo>>||2||u,oo,[ovu} < o0,

T*ETOTT

and
Ni(f.g) = maX{ sup |[[|D%f (2" + ¢ (21 — )/l o o7 > (59)

T*ETOT]

sup || Dgog (2" +t (71 — 35*))Ht,oo,[0,1] )

T*EToT]

sup [[|D5 (w0 + J (& o

T*EToT1

))”2“LQOJOJ}’

sup HD‘I{g (xo+ J (2" — xo))”,],oo,[o,l]} < 00.

T*ETOT1

By (57) we have that

‘/:f(x)g(x)dx—(/:f(x)dar> (/Z:Igmdx)

1

<! / T 100, g) (@), do” (60)

/ 0(fg) (e det| <
xo 2 o

(ié) 2M (fug) ]Vi &fﬂg)
- I'(a+2) ’
proving a general fractional Griss type inequality with respect to supremum norm.
Next, letp,q>1:%+%=1, withé<o¢§1.
Denote by

2

1
2

Na (f.g) = maX{ sup ||| D% f (2" + ¢ (21 — 27)lall, 1, o,17 - (61)

T*ETOTT

sup || D5 (2" + ¢ (21 — x*))”t,Lq([o,l]) ,

T*ETOT1
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sup_[|[[ DI_f (w0 + J (" = o))

b JLa(01)
Seup HD g (o + J (2 0))||J,Lq([0,1])} < 0.
We get now that
d:v—(/ f(x)d:c) (/ g(x)d:c) <
o) zo 2
1 L09 2M(f.9) Ny (f.g
5/ 10(.9) @)l da” S LoBU e
- (pla—1)+ 1) T (o) (a+5)

establishing a general fractional Griss type inequality with respect to L, ([0, 1])
norm.

Since M is compact an interesting application is when g, x; are endpoints of
its diameter.
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