South Fast Asian J. of Math. & Math. Sci. ISSN : 0972-7752
Vol.11, No.1 (2015), pp. 17-24

On the Projective Flatness of a Finsler space with infinite
. . 2
series («, J)-metric [ﬂ—a
Gauree Shanker and Sruthy Asha Baby
Department of Mathematics and Statistics
Banasthali University, Banasthali
Rajasthan-304022, India

Email:gsp.math.1978@ginail.com, sruthymuthul23@ginail.com

Abstract: The («a, f)-metric is a Finsler metric which is constructed from a Rie-
mannian metric « and a differential 1-form 3; it has been sometimes treated in
theoritical physics. We consider the projective flatness of Finsler space with («, 3)-
metric. Projective Finsler geometry is an important part of Finsler geometry and
has been studied by so many differential geometers e.g., Natsumoto, Shen, H. S.
Park etc. For two Finsler spaces (M, F) and (M, F’) on a common underlying man-
ifold M, we say (M, F) is projective to (M, I') (or Finsler metric I is projectively
related to Finsler metric ) if any geodesic of (M, I') coincides with a geodesic of
(M, F) as a set of points and vice-versa. The purpose of this paper, is to find the
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conditions for Finsler space with infinite series («, 3)-metric - to be projectively
flat.
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1. Introduction

Let I = (M™, L) be an n-dimensional Finsler space, that is, an n-dimensional
differentiable manifold M™ equipped with a fundamental function L(x,y). The con-
cept of an (o, 5)- metric L(«, ) was introduced in 1972 by M. Matsumoto [6]. A
Finsler metric L(x,y) is called an (a, §)-metric L(a, 3), if L is positively homoge-
nous function of a and 3 of degree one, where a? = a;;(x)y'y’ is a Riemannian
metric and 8 = b;(x)y’ is a one form on M™. The most interesting examples of
(e, B) metric are the Randers metric, Kropina metric and Matsumoto metric.

A Finsler space F" = (M™, L) is called a locally Minkowski space[8], if M" is
covered by coordinate neighborhood system (z*) in each of which L is a function of
y* only and the geodesics can be represented by n—1 linear equations of coordinates.
A Finsler space F = (M™, L) is called projectively flat, if £ is projective to a
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locally Minkowski space. In fact, a projectively flat Finsler space is Finsler space
with rectilincar extremals, which was originally suggested by Hilbert.

The condition for a Finsler space with («, 5)-metric to be projectively flat was
first studied by L. Berwald in tensorial form and completed by M. Matsumoto [7].
Aikou, Hashiguchi and Yamauchi [1] and Hashiguchi, Ichijyo [4] gave interesting
results on the projective flatness of Matsumato space. A locally Minskowski space
with («, 8)-metric is called flat-parallel [2], if a is locally flat and (3 is parallel with
respect to «.

The purpose of the present paper is to consider the projective flatness of Finsler
space with infinite series (a, 3)-metric. Throughout the present paper we use the
terminology and notations in Matsumoto monograph’s [8].

2. Preliminaries

Let I’ = (M"™, L(c, 5)) be an n-dimensional Finsler space with an («, [3)-metric
and R" = (M", «), the associated Riemannian space, where o = a;;(2)y'y’. Let
'y;k be the Christoffel symbols with respect to o and denoted by the semicolon
(;), the covarient differentiation with respect to ’y;k From the differential 1- form
B(x,y) = bj(x)y", we define

% ir
2rij = bij + bji , 2845 = biyj — by, 85 = a” g,
7 r 2 S
s5;=10 Sriy Yihk = Qhe g b* = a"b,.bs. (1)

Next, we consider the Berwald connection BI' = ( ;k, G}, 0) of the Finsler space
with (o, 8) metric L (v, 5) . It is well known that

Gl = OGE,2G" = Gy (= Gly") . G = 0,G".

We shall denote the homogenous polynomials in (3) of degree r by hp(r) for
brevity and the subscript 0 means contraction by y*, for instance; t, = t;y°.
Now the following Matsumato’s theorem [7] is well known:

Theorem 2.1 A Finsler space F™* = (M"™ L) with an («, 8)-metric L(c, 5) is
projectively flat of and only if for any point of space M, there exist local coordinate
neighborhoods containing the point such that vj-k satisfies:

1 i ’7000yi ) (aLﬁ ) i (Laa ) QT oo a?b’ ;

=7~ l C (S--v) =0 @

5 (o = 250) + (Tt (F2) €+ 50 (5~ 2)
where a subscript 0 means a contraction by y', L, = 2, Lg = 2% [, = %«

Oa? W’ O’
0Ly

Lgg = 7 and C is given by
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C+ ((:;2LL:)SO + (Zfzz)((sz _ 52)(0 + O;?) =0. (3)

By the homogeneity of L, we know that &*Lao = B%Lys, so the formula (3) can be
rewritten in the following form:

{1+ (%i)(oﬂb? -} o+ O;TBOO) _ (%){TOO _ 265550}, (1)

If 1+ i%i(oﬂbQ —a?) # 0, then we can eliminate (C' + %55*) in (2) and it is

written as the form:

{1 (G - 5 0n - 250) + (F2) )+ (32) (55)

{rm = (552)0} (5 —v) =1

(5)
Thus we have

Theorem 2.2 If 1+ (%)(oﬂb? — %) # 0, then a Finsler space F™ with an
(cv, B)-metric is projectively flat if and only if (5) is satisfied.

It is known [3] that if a? contains 3 as a factor, then the dimension is equal to
two and b*> =0. Throughout this paper, we assume that the dimension is more than
two and b? # 0, that is, a® 20(mod 3).

3. Projectively Flat Finsler space with infinite series («, )-metric
Let us consider the r-series (o, §)-metric

F(a,ﬁ)=5§ (%)k

where we assume o < 3.
If r=1, then F(a,3) = o + [ is a Randers metric.
If r=2, then F(a,8) =a+ [+ %
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If r=3, then F(a,3) =a+ 5+ O‘T; + g—j

If r = 0o, then the above metric is expressed in the form

2
. (%
!
It is called infinite series («v, 5)-metric and the space equipped with this metric
is called the Finsler space with infinite series («, 3)-metric.
We consider the Finsler space L with infinite series («, §)-metric (6). We can
easily find that

F(a,p) =

/32
fe=—ap
_ 8(8=20)
SN
_
Laa - Wa
202
bos = oy g

From (6) and (7), we have the following identities.

L= Gy
L=
Lo = o
e = BQZ;f%;)Q ®
Now, cquation (3) can be written as
(s G B - (G o
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Now, using (7) in (9), we get

QarToo

23 ) = (B — a)[argB — 2500 (8 — 2a)] (10)

Using this value in (2) with the help of (7), we get

2{p* — 3a3* + 2a°b*} (C +

(o 2y 4 (W2 (2l B2y

)

(11)
which gives
{B8(*75 — q000y") + 20°(8 = 20)sp }(6° — 3aB® + 2a°6%) 4 20° (105 —
250c(8 — 2a)) (b’ — By') = 0
which can also be re-arranged as follows
a{a®(—8b%si + 8b'sy) + ot (126%s)) + 2Bb*7y + 2reeh' B — 8s08y") +
a?(28%sh — 33398, — 28b* 000y — 2r003%y") + 387000y’ } + b (46%3s},
—4b's08) + a*(4s08%y" — 48%sh — 65°s5) + B8 — B0y’ = 0

(12)
which is of the type Pla + Q° = 0, where
P = a%(—8b%s + 8b'sg) + ot (1257s) + 28b°~i, + 2reob' B — 8508y") +
a2(2ﬁ436 - 3537’30 - 2/Bb2’7000yl - 2T00/82yl) + 3,3370003/Z
(13)
Q" = a4 sy — 4b'sof) + o' (4s08%y" — 45%s; — 65%sp) + a®(150)
—5470003/1
(14)

From (13) and (14), we observe that both P’ and @Q° are rational function in (2, y")
and « is irrational function in (27, y").
Hence Pla + Q% = 0 will be satisfied if and only if P* = 0 and Q° = 0.
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2

From Q' = 0, we observe that 8%y’ has a factor a?. Therefore, there exists
YooolY

function \;(x) such that

Yooo — ()[2A0. (15)

Using (15) in P* = 0, we observe that 2b'8rqy has a factor a?. Therefore, there
exist a function p(z) such that

roo = o u(x). (16)
Using (15) and (16) in Q' = 0, we get

ot (4b%sh — 4b'sg) + a?(4seBy’ — 106%s8) + B8 — By’ = 0. (17)

From (17), we observe that 3%(7{, — \oy’) has a factor a?. Therefore there exist a
function v’(x) such that

B (160 — Moy') = o' (x) (18)

Transvecting (18) by y; = a;,y" and using (15), we get vy = 0, which gives v* = 0.
Using this in (18), we get

Yoo = Aoy’ (19)
This equation gives,
V' yF = Aoy

or AV yt = Ay (20)
Differentiating (20) with respect to y!, we get

vji-kyjdf = )\Syi(Sf + /\sysdf.

Yy =Nyt + Ay’ (21)
Differentiating (21) with respect to y™, we get

Vi = Mebt AL
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This equation shows the pro'ective flatness of the associated Riemannian space of

Finsler space with metric 5= Putting (19) in PP =0, we get
. —2bas
b= — 22
S0 362 ( )

Contracting (22) by y; and using sjy; = 0, we get so = 0. Using (15) and (19) in
(13), we get

sh(2a2 8% + 126%a* — 8b%a%) + sp(8b"a’ — 8asoBy') — a* B> Ay’
+2rg0Ba? (b — By') =

s(28% +128%a% — 8b%a*) + so(8b'a* — 8a?syBy’) — a?Bb* Aoy’ +
2r003(ab’ — By’) =0

(23)
Since s} =0, s;; =0 ( from (1)).
From (22), we get A .
Broo(a®b" — By') =0 (24)
Too = 0 (25)

Since rgg = 0, we get r;; = 0 (rgg = r4;6'¥) (from (1)). Hence, we get b;.; = 0.

Conversel;f assume that the associated Riemannian space of Finsler space with

metric % is projectively flat and b;,; = 0. Then, since 2s;; = b;; — b;,; and

B
2r;; = bi.; + bj., we get r;; = 0 and s;; = 0 which gives ryy = 0, so =0, sy =0.
Using all these results with equation (19), we see that equation (12) is satisfied

identically. Therefore, the Finsler space with infinite series («, 5)-metric % is

B
projectively flat.

Theorem 3.1 A Finsler space with infinite series («, 3)-metric F = % s pro-
jectively flat if and only if the associated Riemannian space is projectively flat and

bi;j =0.
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