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Abstract: Let G be a graph with vertex set V(G) and edge set E(G). For u €
V(G), Ny (u) ={w € V(G)Jluw € E(G)} and Ng(u) = {e € E(G)|e = uv, for some
v € V(G)}. A bijective function f: V(G)U E(G) — {1,2,3,...,|V(G) U E(G)|}
is said to be a vertex-edge neighborhood prime labeling, if for v € V(G) with
deg(u) = 1, ged {f(w), f(uw)|lw € Ny(u)} =1 ; for u € V(G) with deg(u) > 1,
ged{f(w)|lw € Ny(u)} =1 and ged {f(e)|le € Ng(u)} = 1. A graph which admits
a vertex-edge neighborhood prime labeling is called a vertex-edge neighborhood
prime graph. In this paper we prove K, , © K1, W, © Ky, H, © Ky, F,, ® K; and
S(K1,) ® K are vertex-edge neighborhood prime graphs.

Keywords and Phrases: Neighborhood-prime labeling, vertex-edge neighbor-
hood prime labeling, corona product.
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1. Introduction and Definitions

All the graphs considered here are simple, finite, connected and undirected.
V(G) and E(G) denote vertex set and edge set of G respectively. For various
notations and terminology of graph theory, we follow Gross and Yellen [3] and for
number theoretical results, we follow Burton [1].

Let G be a graph with n vertices. A bijective function f: V (G) — {1,2,3,...,
n} is said to be a neighborhood-prime labeling if for every vertex u in V(G)
with deg(u) > 1, ged {f(p)|p € N(u)} =1, where N(u) ={w € V(G)|uw € E(G)}.
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A graph which admits a neighborhood-prime labeling is called a neighborhood-
prime graph.

The notion of neighborhood-prime labeling was introduced by Patel and Shri-

mali [6]. In [7] they proved that union of some graphs are neighborhood-prime
graphs. In [8] they proved that product of some graphs are neighborhood-prime
graphs. For further list of results regarding neighborhood-prime labeling reader
may refer to [2].
For a graph G, a bijective function f : V(G)UE(G) — {1,2,3,...,|[V(G)UE(G)|}
is said to be a total neighborhood prime labeling, if for each vertex in G hav-
ing degree greater than 1, the ged of the labels of its neighborhood vertices is 1
and the ged of the labels of its incident edges is 1. A graph which admits a total
neighborhood prime labeling is called a total neighborhood prime graph.

Motivated by neighborhood-prime labeling, Rajesh and Methew [4] introduced
the total neighborhood prime labeling. In the total neighborhood prime labeling
conditions are applied on neighborhood vertices as well as incident edges of each
vertex of degree greater than 1. Shrimali and Pandya [5] extended the condition on
the vertices of degree 1 and they defined vertex-edge neighborhood prime labeling.

Let G be a graph. For an arbitrary vertex u in V(G), Ny (u) = {w € V(G)|uw
€ F(G)} and Ng(u) = {e € E(G)|e = uv, for some v € V(G)}. A bijective func-
tion f : V(G)U E(G) — {1,2,3,...,|[V(G)UE(G)|} is said to be a vertex-
edge neighborhood prime labeling, if for u € V(G) with deg(u) = 1, ged
{f(w), fluw)|lw € Ny(u)} = 1; for u € V(G) with deg(u) > 1, ged{f(w)lw €
Ny(u)} =1 and ged{f(e)|le € Ng(u)} = 1. A graph which admits a vertex-edge
neighborhood prime labeling is called a vertex-edge neighborhood prime graph.

In [5], Shrimali and Pandya proved that path, helm, sunlet, bistar, central edge
subdivision of bistar, subdivision of edges of bistar admit a vertex-edge neighbor-
hood prime labeling.

Shrimali and Rathod proved that generalized web graph, generalized web graph
without central vertex, splitting graph of path, splitting graph of star, graph ob-
tained by switching of a vertex in path, graph obtained by switching of a vertex in
cycle and middle graph of path are vertex-edge neighborhood prime graphs [9].

In [10] Simaringa and Vijayalakshmi proved that Petersen graph P(n,2) where
n > 4, prism graph, triangular snake, barycentric cycle, convex polytop, alternate
triangular snake A(T,) for n =4,6,8,10,..., triangular book, rectangular book,
pentagonal book, quadrilateral snake, alternate quadrilateral snake, double triangu-
lar snake, double alternate triangular snake DA(T,,) forn = 4,6,8,10,..., P(n,2)*
Ky, (C, x K3) x K1, T,, x K1, R, * K1, barycentric cycle attached by pendant edge
and m fold petal graphs are vertex-edge neighborhood prime graphs.
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Let G be a graph with n vertices. Corona product of G; with another graph
G is a graph obtained by taking n copies of G5 and joining the i'* vertex of G4
with an edge to every vertex in the i*" copy of Gb.

The wheel W, is defined as the join C,, + K.

The helm H, is a graph obtained from a wheel W, by attaching pendent edge
to each rim vertex.

The fan F;, is defined as the join P, + K;. The vertex corresponding to K is
said to be the apex vertex.

Let G be a graph. If every edge of graph G is subdivided, then the resulting
graph is called barycentric subdivision of a graph G and it is denoted by S(G).

2. Main Results

Theorem 2.1. The corona product K,, , ® K, is a vertez-edge neighborhood prime
graph.
Proof. Let W = U UV be the bipartition of complete bipartite graph K,, .,
where U = {uy,ug,...,un} and V = {vy,vy,...,v,}. Without loss of generality,
we assume m > n. We add new vertices uy, ub, ..., ul v}, v}, ... v/ to obtain the
graph K,,, ® K; and we denote it by G. Let e; ; = vu;, d;j = uju;- and d, = vv,
fort=1,2,...,nand j =1,2,...,m.
Now, we define f: V(G)U E(G) — {1,2,3,...,|V(G) U E(G)|} as follows.
fluj)=2n+2j—-1, 1<j<m
fluj)=2(m+n)+mn+j, 1<j<m
fldj))=2n+2j, 1<j<m
fWH)=2m+n)+mn+m+i, 1<i<n
fleij)=2m+n)+i+n(l—-1), 1<i<n 1<j<m
One can easily observe that the labels of €;1,€;9,...,¢€;, are of the form nk; +
where i = 1,2,...,n, 7 =1,2,...,m and r{,79,...,7, are equal in some order to
0,1,2,...,n—1.
We give the labels to vy, vs,...,v, according to the value of ri,7r5,...,7,. Once
the value of vy,vq,...,v, are assigned, we give labels to d},d,,...,d, in such a
way that the pairs of labels of v; and d}, vy and d,, ... v, and d, are consecutive
numbers. Thus for [ € {1,2,3,...,n}
Case-1. n is odd

n, r =20
flu) =< r, ryis odd

n4r;, r1seven
Fori=1,2,3,...,n f(d}) = f(v;) +1
Case-11. n is even
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() 7, 7115 odd
! n+2+r, r=0orriseven
For:=1,2,3,...,n

N J fw)+1, flo) <n
fdy) = { o) —1, fu)>n
We claim that f is a vertex-edge neighborhood prime labeling. In this graph
Uy, Uy, ., UL, U, VY, ... vl are vertices with degree 1. In view of above labeling
pattern for each i, f(d;) and f(u;), f(d;) and f(v;) are pairs of consecutive integers.
So, the condition is satisfied.
Now uy, ug, ..., Up, V1, Ve, ...,v, are the vertices with degree greater than 1. For
each ¢ and j, Ny(v;) = {ui,ug,...,un} and Ny(u;) = {v1,v2,...,v,}. Since
f(ur), f(ug), ..., f(u,) are consecutive odd integers, ged {f(p)/p € Ny(v;)} = 1.
Since 1 € {f(v1), f(va),..., f(vm) }, ged {f(p)/p € Nv(u;)} = 1. Now for each u,
the incident edges have consecutive labels, therefore ged {f(e)/e € Ng(u;)} = 1.
For each v;, labels of incident edges are of the form nk; +r; where j = 1,2,....,n
and f(d;) = f(v;) + 1 or f(v;) — 1 according to n is even or odd. In any case ged
{f(e)/e € Ng(v;)} = 1. Hence the conditions are satisfied. Thus, f is a vertex-
edge neighborhood prime labeling. Hence K, , © K is a vertex-edge neighborhood
prime graph.
INlustration 1. Vertex-edge neighborhood prime labeling of Kg5 ©® K is shown
in Figure 1.

/ ! ) )
vy v vz Uy v

Figure 1: Vertex-edge neighborhood prime labeling of Kg5 © K .
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Theorem 2.2. The corona product W,, ® K; is a vertex-edge neighborhood prime
graph.

Proof. Let uy be the apex vertex and uq, us, ..., u, be the rim vertices of wheel
graph W,,. We add new vertices u, u}, us,...,u, to obtain the graph W, ® K;
and we denote it by G. Let e; = wou;, €, = wu;i11, d = uouy and d; = w;u; for
i =1,2,...,n where values of i taken modulo n. In the graph G, vertex set V(G) =
{uo,uo,u,, Z/z =1,2,...,n} and edge set E(G) = {e;, €},d;,d/i =1,2,...,n}. So,
V(G)| =2n+2 and |E( ) =3n+1.

Now we define f: V(G)U E(G) — {1,2,3,...,|V(G) U E(G)|} as follows.

flug) =1

flup) =5n+2
flu))=2i+1, 1<i<n
fu)=4n+14+1i, 1<i<n
fle)=2n+1+2i, 1<i<n
fleh)=2n+2i, 1<i<n
fd)=2i, 1<i<n
f(d)=5n+3

Figure 2: Vertex-edge neighborhood prime labeling of Wg ©® K;



352 South FEast Asian J. of Mathematics and Mathematical Sciences

In G, ug, ul, ..., u, are the vertices of degree 1. For wy, ged { f(ug), f(uoug)} = 1 be-
cause f(ug) = 1. For u; 1 <i <n, ged {f(w;), f(d;)} =1 because f(u;) and f(d;)
are consecutive numbers. So the condition for vertices of degree 1 is satisfied. Let
w be any vertex of degree greater than 1. If w # wug, ug € Ny (w). Since f(ug) =1,
ged {f(p)/p € Ny(w)} = 1. If w = ug then Ny (w) = {ug,us,...,u,}. Since
f(ur), f(uz),..., f(u,) are consecutive odd numbers, ged {f(p)/p € Ny(w)} = 1.
For any vertex w, at least two incident edges have consecutive labels. Therefore,
ged {f(e)/e € Ng(w)} = 1. Thus, f satisfies the conditions of vertex-edge neigh-
borhood prime labeling. So, the graph G is a vertex-edge neighborhood prime
graph.

Ilustration 2. Vertez-edge neighborhood prime labeling of Wy ® K is shown in

Figure 2.

Theorem 2.3. The corona product H, ® K is a vertex-edge neighborhood prime
graph.

Proof. Let ug be the apex vertex, uy, us, ..., u, be the rim vertices and vy, vo, ..., v,
be the pendent vertices of helm graph H,. We add new vertices wy, u}, ub, ..., u,,
vy, Uy, ..., vl to obtain the graph H, ® K; and we denote it by G. Let e = uguy, ; =
Ui, € = Uiy, di = wv;, ¢; = wu, and g, = v;v) for ¢ = 1,2, ..., n where value
of ¢ taken modulo n. In G, vertex set V(G) = {uq, uf), u;, ul, v, vi/i = 1,2,...,n}
and edge set E(G) = {e,e;,€;,d;, gi,91/i = 1,2,...,n}. So, |V(G)| = 4n + 2 and
|E(G)| =5n+ 1.

Now, we define f: V(G)U E(G) — {1,2,3,...,|V(G) U E(G)|} as follows.
flug) =1

flup) =9n+ 2

flu))=Ti—4, 1<i<n

fwj)=8n+1+1i, 1<i<n

flo)=T7i—2, 1<i<n

f)=7-3, 1<i<n

fle;))=Tn+1+i, 1<i<n

flehy=T7i+1, 1<i<n

flg))=Ti—=5, 1<i<n

flg)=7—-1, 1<i<n

fld)=7, 1<i<n

f(d)=9n+3

Upy, Uy« oy UL VY, Ve, ..., 0L are the vertices with degree 1 in the graph G. For v]

and w}, the pairs f(v;) and f(g.), f(u;) and f(g;) are of consecutive numbers for
each i and for u(, f(up) = 1. So, the condition for vertices of degree 1 is satisfied.
Let w be any vertex with degree greater than 1. If w = v;, Ny (w) = {u;, v)} and
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f(u;) and f(v!) are consecutive numbers, if w = u;, {f(p)/p € Ny (w)} contains
1 and if w = ug, {f(p)/p € Ny(w)} contains n integers of the form 7k + 3 where
k=0,1,2...,n— 1. In each case ged {f(p)/p € Ny(w)} = 1. For any vertex w,
{f(e)/e € Ng(w)} contains at least two consecutive numbers, so ged {f(e)/e €
Ng(w)} = 1. Since f satisfies all the conditions of vertex-edge neighborhood prime
labeling, G is a vertex-edge neighborhood prime graph.

Illustration 3. Vertex-edge neighborhood prime labeling of Hg ® K is shown in
Figure 3.

/
vy

46

Figure 3: Vertex-edge neighborhood prime labeling of Hs ® K;

Theorem 2.4. The corona product F,, ©® Ky is a vertez-edge neighborhood prime

graph.

Proof. Let ug,uy,us, ..., u, be the vertices of the fan graph F,,, where ug is the
apex vertex. We add new vertices ug, uy, ub, . . ., u), to obtain the graph F,, ® K7 and
we denote it by G. Let e; = uou;, d; = w;u; and d = uoug fori =1,2,...,n. Let e, =

wiuipy for i =1,2,...,n — 1. In the graph G vertex set V(G) = {uo, up, u;, u;/i =
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1,2,...,n}and edge set E(G) ={d,d;,e;/i =1,2,...,n}|J{e;/i=1,2,...,n—1}.
So, [V(G)| =2n+ 2 and |E(G)| = 3n.
Now, we define f: V(G)U E(G) — {1,2,3,...,|V(G) U E(G)|} as follows.

f(up) =4n+2

flu;))=2i+1, 1<i<n

fu)) =4n+2+i, 1<i<n

fle;)=2n+2i, 1<i<n

fley=2n+2i+1, 1<i<n-—1

f(d)y=4n+1

ug, uy, . .., ul, are the vertices with degree 1 in the graph G. For u}, f(d;) and f(u;)
is pair of consecutive integers, where ¢ = 1,2,...,n and for uf, f(ug) = 1. So, the
condition of vertices of degree 1 is satisfied. wug, uy, uo, ..., u, are the vertices with

degree greater than 1 and f(ug) € {f(p)/p € Ny (u;)} for i =1,2,3,...,n. Since,

flug) = 1, ged{f(p)/p € Nv(u;)} = 1. {f(e)/e € Ng(u;)} contains at least two
consecutive numbers, so ged {f(e)/e € Ng(u;)} =1, fori =10,1,2,3,...,n.
So, G is a vertex-edge neighborhood prime graph.

Ilustration 4. Vertez-edge neighborhood prime labeling of Fg ® Ky is shown in
Figure 4.

35 :
2 36 ” 37 ” 39, 30 @, 08, e, 29,
e 4 |4, 6 |ds 8 |du 10 |ds 12 |ds 14 |dy 16 |ds
3lw a5 lu e 7du; ¢ glu € 1 us e 13 us G 15 du; & 17l
19 2T 23 25 27 29 31
e e €3 € €5 €6 er €8
18 2 22 24 26 28 30 32
1 T%
33| d
3@,
U

Figure 4: Vertex-edge neighborhood prime labeling of Fy ® K;
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Theorem 2.5. The corona product S(Ki,) ® K is a vertex-edge neighborhood
prime graph.

Proof. Let S(Kj,) be barycentric subdivision of star graph Kj,. Let ug,uq,
U, - .., Up, V1, Va,...,0U, be the vertices of S(Kj,), where uy is apex vertex,
Uy, U, - . . , Uy, are the vertices of degree 2 and vy, v, . . ., v, are the pendent vertices.
We add new vertices ug, uy, ub, ..., u,, v, v5, ..., v, to obtain the graph S(K;,)©®
K; and we denote it by G. Let g = uguy, e; = uou;, d; = w;v;, g; = wu, and g, = v;v}
for i = 1,2,...,n. Here, vertex set V(G) = {uo, uy, u;, u,, v, vl /i = 1,2,...,n}
and edge set E(G) = {g,€i,d;,9i,9./i = 1,2,...,n}. So, |V(G)| = 4n + 2 and
|E(G)| =4n + 1.

17
93 U:/s

Figure 5: Vertex-edge neighborhood prime labeling of S(K;7) ® K; .

Now, we define f: V(G) U E(G) — {1,2,3,...,|V(G) U E(G)|} as follows.

fug) =1
flug) =Tn+2
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(u))=T7i, 1<i<n
| 8n+2, 1=1
()_{7n+1—|—i, 2<1<n
flv))=Ti—5, 1<i<n
f)=7i—1, 1<i<n
fle)) =T7i—2, 1<i<n
fld)=7i—3, 1<i<n
flg)=Ti+1, 1<i<n
flg)=Ti—4, 1<i<n

In view of the above labeling pattern, one can easily see that all the conditions
of vertex-edge neighborhood prime graph are satisfied. So, G is a vertex-edge
neighborhood prime graph.

Illustration 5. Vertez-edge neighborhood prime labeling of S(K,7) ® Ky is shown
in Figure 5.
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