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Abstract: Topological indices are studied extensively due to its vibrant applica-
bility in the field of chemical graph theory. These connectivity indices(topological
indices) is a numerical value resulting in an unequivocal process based on the struc-
ture of graph. Numerous topological indices are classified based on their distance
and degree. The Schultz and modified Schultz indices considered in this paper have
been expansively studied by various authors on different types of graphs. In this
paper, we established the results on Schultz, modified Schultz indices and their
polynomials for mycielskian graphs.
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1. Introduction

Let G be a connected graph. V(G) be the vertex set and E(G) be the edge set.
The distance between two vertices v; and vy denoted by d(vq,v2) is the length of
the shortest path between them. The degree of a vertex v is the number of edges
incident with it and is denoted by d,. For undefined terminologies refer [5].
The Schultz index was introduced by H. Schultz [10] in 1989 and is defined as:

1

Se(G) = B Z (dy + dy)d(u,v) (1)
u,veV(G)
The Schultz polynomial is
1 d(u,v)
Se(Ga)=5 Y (dutd)z (2)
u,veV(G)

Modified Schultz index was introduced by S. Klavzar and I. Gutman [7] as:

. 1
S (G) =5 > (dy x dy)d(u,v) (3)
u,veV(Q)
The modified Schultz polynomial is:
* . 1 d(u,v)
Se'(Gha) = 5 D (dyx dy)x (4)
u,veV(G)

The Schultz, modified Schultz indices and their polynomials are studied and com-
puted for various graphs by many authors [2, 4, 6]. Mycielskian graph of a
graph G is denoted by u(G) has the vertex set V(G) U U(G) Uw and edge set
EG)U{vd 1w € E(G)Y U {uw : v € U(G)}. Motivated by [1,3 8, 9], we
have computed the Schultz and modified Schultz polynomial and their indices of
Myecielskian path, Mycielskian cycle and Mycielskian complete bipartite graph.
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2. Results on Mycielskian Path

Figure 1. Mycielskian of P

Theorem 2.1. Let u(P,,) be a Mycielskian of path graph, then for all m > 5
Se(u(Py), z) = (m? + 25m — 34)z + (4m? + 28m — 62)a? + (Tm? — 33m + 32)2% +
(4m? — 32m + 64)x*

Se(u(P)) = 46m? — 104m + 52.

Sc*(u(Pp),z) = (3m? + 38m — 76)x + (Ym? + 2m — 125)2% + (12m? — 64m +
72)x® + (8m? — 72m + 164)z!

Sc*(u(Py)) = 88m? — 367m+546

Proof. Consider Mycielskian path graph u(FP,,), V. m > 5 which contains 2m + 1
vertices and 4m — 3 edges. Among 2m + 1 vertices, four vertices have degree two,
m — 2 vertices have degree three, m — 2 vertices have degree four and one vertex
has degree m. Thus we have four partitions of the vertex set V(u(P,,)) as follow.

= {v e V(u(Pn))/d, = 2}

Vg—{vew (P))/d, = 3}
Vs ={v € V(u(Pn))/d, = 4}
W= {ve\/(v( )/ dy = m}

WPy) =ViUVoUVsUW and ViNVoNVaNW = ¢ thus
E(u(P)| = H21VAl + 3[V3| + 41Va| + ml W] = dm — 3.

We observe from the structure of Mycielskian path graph p(P,,) contains the
distances from one to four for every vertices u,v € V(u(Fy,)).
In other words V u,v € V(u(Py)) 3 d(u,v) € {1,2,3,4} and the diameter D of
Myecielskian path u(FP,,) is equal to D(u(P,,)) = 4. Now, we compute the cases of
d(u,v) - edge paths d(u,v) =1,2,3,4 of u(P,,) in table 1.

For d(u,v) = 1, term of Sc(u(P ),x) and Sc*(u(P,y,), ) will be
5(2)x 4+ 6(4)x 4+ (m+2)2z + 7(2m — 6)z + (m + 3)(m — 2)z + 8(m — 3)x = (m* +
25m — 34)z. and
6(2)x+8(4)x+2m(2)r+12(2m—6)x+3m(m—2)z+16(m —3)x = (3m?++38m —
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Table 1: All cases of d(u,v)

The distance Degrees of Number of Term of Term of modified
d(u,v) =1 dy,d, i-edge paths Schultz polynomial Schultz polynomial
1 2.3 2 5 6
1 2.4 4 6 8
1 2,m 2 (24 m) 2m
1 3,4 (2m — 6) 7 12
1 3,m (m—2) (34 m) 3m
1 4,4 (m — 3) 8 16
P 2.2 3 4 4
2 2,3 (2m — 2) 5 6
p 2.4 4 6 8
2 2,m 2 (24 m) 2m
2 3,3 $(m —2)(m — 3) 6 9
2 3,4 (3m — 10) 7 12
2 4,4 (m — 4) 8 16
2 4,m (m —2) (44 m) 4dm
3 2,2 2 4 4
3 2,3 2(m — 4) 5 6
3 2,4 2(m — 3) 6 8
3 3,4 (m —4)(m —5) 7 12
3 4,4 (m — 5) 8 16
4 2.2 1 4 4
4 2,4 2(m — 5) 6 8
4 4,4 1(m —5)(m — 6) 8 16

76)x respectively.

For d(u,v) = 2, term of Sc(u(Py,),z) and Sc*(u(P,,), z) is equal to
[4(3)+5(2m— 2)+6( )+ (2+m)(2)+6(3(m—2)(m—3))+7(3m—10)+8(m—4)]z* =
(4m? + 28m — 62)z2. and

[4(3 )+6(2m 2)+8(4)+2m(2)+9(5(m—2)(m—3))+12(3m—10) +16(m —4)]z? =
(¥m? + Dm — 125)2?

For d(u v) = 3, term of Sc(u(P,,),z) and Sc*(u(Py), x) is equal to
[4(2)+5(2(m—4))+6(2(m—3))+7(m—4)(m—>5)+8(m—5)]z® = (Tm?*—33m+32)z>
and
[4(2) + 6(2(m — 4)) + 8(2(m — 3)) + 12(m — 4)(m — 5) + 16(m — 5)]2* = (12m?* —
64m + 72)x?
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For d(u,v) = 4, term of Sc(u(P,,),x) and Sc*(u(P,,), ) is equal to

[8(1) + 6(2(m — 5)) + 8(5(m — 5)(m — 6))]z* = (4m? — 32m + 64)z*

and

[16(1) +8(2(m —5)) +16(5(m—5)(m—6))]z* = (8m? — T2m+164)x*, respectively.
Hence from the following definitions the Sc(u(P,,), z) and Sc*(u( Py, ), x) is given

by

Se((P)s2) = Suner oy [ + G740 | S (u(Pa), 2) = Saseruipu (a X

d,)xd)

Se(u(Py), z) = (m? + 25m — 34)z + (4m? + 28m — 62)a? + (Tm* — 33m + 32)2% +

(4m? — 32m + 64)z*.

Sc*(p(P), ) = (3m? + 38m — 76)z + (Lm? + BPm — 125)2? + (12m? — 64m +

72)2% + (8m? — T2m + 164)*.

From the definition, Sc(u(F,,)) and Sc*(u(Py,)) is given by

OSc(u(Pm),x
Selj(Pp) = 24Pl

=1
= Z[(m? + 25m — 34)x + (4m? + 28m — 62)2* + (Tm? — 33m + 32)z° + (4m? —
32m + 64)x?]
= 46m? — 104m + 52

% 8SC* Pm T
S (u(Pyy)) = 25 0ln)x)

vl 5l

= 2[(3m? +38m — 76)z + (
72m + 164)z?]
= 88m? — 367m + 546

Corollary 2.2. The p(P,,) be a Mycielskian of path graph, then for m = 2,3,4 is.
Se(u(Py), r) = 20x + 202%; Sc(u(Py)) = 60

Sc*(u(Py), z) = 20z + 2022, Sc*(u(Py)) = 60

Se(p(Ps), z) = 50x 4+ 51la?; Sc(u(Ps)) = 152

Sc*(u(Ps), ) = 65z + 60x2; Sc*(u(Ps)) = 185

Sc(u(Py),z) = 82z + 11422 + 8x3; Sc(u(Py)) = 334

Sc*(u(Py), z) = 124x + 16122 + 83; Sc*(u(Py)) = 376

m? + Dm — 125)2% + (12m? — 64m + 72)2* 4 (8m? —
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3. Results on Mycielskian Cycle

Figure 2. Mycielskian graph of Cg

Theorem 3.1. Let mycielskian cycle of cycle graph be denoted by u(Cy,) for all
m > 8

Se(p(Cr), x) = m(m + 25)z + 2m(2m + 15)2? + m(Tm — 27)z3 + 4m(m — 7)z*.
Sc(pu(Cr)) = m(46m — 92).

Sc*(p(Cr), ) = m(3m+40)x 4+ Z(17m + 95)x* 4+ 4m(3m — 11)a® + 8m(m — 7)a*.
Sc*(u(Cy,) = m(88m — 189).

Proof. Consider the Mycielskian cycle graph p(C,,), ¥m > 8 and it contains
2m + 1 vertices and 4m edges. From the structure of Mycielskian cycle there are
m vertices that have degree 3 and m vertices that have degree 4 and one vertex of
1(C,,) that has degree m. Thus we have three partitions of the vertex set V (u(C,y,))
as follows.

Vi={veV(u(Cn))/d, =3}
Vo ={v e V(u(Cp))/d, = 4}
W ={v e V(u(Cn))/dy = m}

p(Cp) =ViUVaUW and ViNVoNW = ¢
thus | E(u(Co))] = L3IV | + 4IVa| + m| W] = 4m.
From the structure of Mycielskian cycle graph p(C,,) , we observe that there are
distances from one to four V w,v € V(u(Cy)) 3 d(u,v) € {1,2,3,4} and the
diameter D of Myecielskian path p(C,,) is equal to D(u(Cy,)) = 4.
Now we compute the edge paths d(u,v) ={1,2,3,4} of u(C,,) in table 2.
For d(u,v) =1, term of Sc(u(Cy,), z) and Sc*(u(Cp,), x) will be
7(2m)x + (3 + m)mx 4+ 8mx = m(m + 25)z.
12(2m)z 4+ 3m(m)z 4+ 16mx = m(3m + 40)x.
For d(u,v) = 2, term of Sc(u(Ch,), z) and Sc*(u(Cp,), ) is
62 (m — 1)a® + 7(3m)x* + 8ma® + (4 + m)ma® = 2m(2m + 15)x*
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The distance Degrees of Number of Term of Term of modified
d(u,v) =1 dy,d, i-edge paths Schultz polynomial Schultz polynomial

1 3,4 2m 7 12
1 3,m m 3+m 3m
1 4,4 m 8 16
2 3,3 F(m—1) 6 9

2 3,4 3m 7 12
2 4,4 m 8 16
2 4,m m 44+m 4m
3 3,4 m(m — 5) 7 12
3 4,4 m 8 16
4 4,4 Z(m—1T) 8 16

92 (m — 1)2* + 12(3m)x® + 16ma® + 4m(m)z* = Z(17m + 95)a?

For d(u,v) = 3, term of Sc(u(Cy,),z) and Sc*(u(Cp,), x) is

[7m(m — 5) + 8m]a® = m(7Tm — 27)x?

[12m(m — 5) + 16m]z® = 4m(3m — 11)z?

For d(u,v) = 4, term of Sc(u(C,y,), z) and Sc*(u(Cy,), z) will be 4m(m — 7)z* and
8m(m — 7).

Hence from the following definitions the Sc(u(C,),x) and Sc*(u(Cp),x) is
given by
Se(p(Cn), x) =
d,)xd)
Se(p(Cr), ) = m(m + 25)x 4+ 2m(2m + 15)2* + m(7m — 27)z3 + dm(m — 7)a*.
Sc*(u(C), x) = m(3m +40)z + 2(17m + 95)2* + 4m(3m — 11)2* + 8m(m — 7)a*

From the definitions, Sc(u(C,,)) and Sc*(u(Ch,)) is given by

Se(p(Crn)) = PG

r=1
= Z[m(m+ 25)z + 2m(2m + 15)2* + m(7Tm — 27)2* + 4m(m — 7)z"]

= 46m? + 4m — 112

% aSc* Cm L
Set (u(C)) = Ptz

D uwev () (du+ do)z? ) Se*(U(Crn), ) = 3 ey (u(cm) (du X

=1
= 2[m(3m + 40)z + 2 (17m + 95)a® + 4m(3m — 1)z + 8m(m — 7)z"]
= 88m? + 3m — 224

Corollary 3.2. u(C,,) be the Mycielskian of cycle graph, for m = 3,4,5
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( (C3),z)) = 84x + 602%; Sc(u(C3)) = 204
Sc*(u(Cs), ) = 57x + 992% ; Sc*(u(C3)) = 255
( (Cy), 7)) = 1162 + 76x2; Sc(u(Cy)) = 268
Sc*(u(Cy), ) = 88z + 21422 ; Se*(u(Cy)) = 516
( (Cs),)) = 60x + 25022 ; Sc(u(Cs)) = 560
Sc*(1(Cs), z) = 275z + 4502% ; Sc*(u(Cs)) = 175

Corollary 3.3. u(C,,) be the Mycielskian of cycle graph, for m = 6,7 is,
Se(p(Cry ) = m(m + 25)z + 2m(2m + 15)2? + m(Tm — 27)23

Sc(p (C’ )) = 30m? + 4m

Sc*(p(Cr), x) = m(3m + 40)z + 2(17m + 95)2* + 4m(3m — 11)z®
Sc*(u(Cy)) = 56m? + 3m.

4. Results on Mycielskian of Complete Bipartite Graph

Figure 3. Mycielskian graph of K3,

Theorem 4.1. Let Mycielskian of complete bipartite graph be denoted by p(Kpm),
for allm > 2 is

Se(pu(Kmm), ) = 2m(5m? + 4m + 1)z + 4m(2m?* + 6m + 1)z?

Sc(p(Km)) = 2m(13m? + 28m + 5)

Sc*((Kmm), ®) = 4m*(2m? + 2m + 1)z + m(6m® + 19m? + 12m — 1)a?
Sc*(W(Kmm)) = 2m(10m? + 23m? + 14m — 1)

Proof. Consider Mycielskian of complete bipartite graph p(K, ), ¥m > 2 and it
contains 2m + 1 vertices and 3m? + 2m edges. From the structure of Mycielskian
complete bipartite graph we could observe that 2m + 1 vertices have degree 2m
and 2m vertices have degree m 4+ 1. Thus we have two partitions of the vertex set
V(i(Kmm)) as follows.

Vi ={v e V(u(Knm))/do = 2m}

Va = {0 € V(i Koum))/dy = m -+ 1}

p(Kom) = ViU Vy and Vi NV, = ¢ thus
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|E(1(Kmnm))| = 3[(2m + 1)|[Vi] + 2m|Va|] = 3m? + 2m

From the structure of Mycielskian complete bipartite graph p(P,,), we see that ¥
u,v € V(u(Kpm)) 3 d(u,v) € {1,2} and the diameter D of mycielskian complete
bipartite graph p(K, ) is equal to D(u(Kpm)) = 2.

Now, we compute the cases of d(u,v) - edge paths d(u,v) = 1,2 of p(Kp,.m) in
table 3.

Table 3: All cases of d(u,v)

The distance  Degrees of Number of Term of Term of modified
d(u,v) =1 d,,d, i-edge paths Schultz polynomial Schultz polynomial
1 2m, 2m m? 4m 4m?
1 2m,m+1 2m? + 2m 3m+1 2m? + 2m
2 2m, 2m m? +m 4m 4m?
2 m+1,m+1 m(2m—1) 2m + 2 (m+ 1)
2 2m,m + 1 6m 3m+1 2m? + 2m

for d(u,v) =1, term of Sc(u(Kpmm), x) and Sc*(u(Kpm), ) will be
4m(m?)z + (3m + 1)(2m? 4 2m)x = (10m?® + 8m? + 2m)z
and
4m?(m*)z + (2m? 4 2m)(2m? 4+ 2m)x = (8m* + 8m?3 + 4m?)z
for d(u,v) =2, term of Sc(p(Kpmm),x) and Sc*(u( Ky, ) x) will be
dm(m?*+m)z* + (2m~+2)(m(2m —1))z* + (3m+1) (6m) = (8m3 +24m? + 4m)z?
and
4m*(m? + m)z® + (m + 1)?(m(2m — 1))a® + (m? + 2m)(6m)z?* = (6m* + 19m> +
12m? — m)x?
Hence from the following definitions, the Sc(u( K m)) and Sc*(u(Kpm), ©) is given
by
Se(p(
d ) d(u,v
Sc(p(Kmm), z) = 2m(5m? + 4m + 1)x + 4m(2m? + 6m + 1)a?
Sc* (Ko, ) = 4m2(2m? + 2m + 1)z + m(6m® + 19m? + 12m — 1)2?
)

OSc(u(Km,m),x
Se(u(K, z) = (M(ax m),T)
=1
[2m(5m +4m + 1)x + 4m(2m?* + 6m + 1)2?]
m[13m? + 28m + 5]

ISc(u(Km,m),x
St (W Kpm)) = (u(ax, ),T)

5

myT) = Zu,ve\/(u(Km,m)<du+dU> , S (U(Kpm, ) = ZU,UEV(M(KWL,M)<duX

=

MQ’|Q>
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1]

[10]

0
Oz
=2m
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4m?(2m? + 2m + 1)z + m(6m® + 19m? + 12m — 1)2?]

[10m? + 23m? + 14m — 1]
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