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1. Introduction

The Eisenstein series in terms of L(q), M (q) and N (q) are defined by

Lig)=1-24" 1‘ 1 (1.1)
—q
n=1
et 3. n
M(g):==1+240" ln_qqn (1.2)
n=1
and
00 5. n
N(g)=1-504% 1n_qqn- (1.3)
n=1

where |g| < 1. On pages 44, 50, 51 and 53 in his Lost Notebook [16], Ramanujan recorded twelve
formulas for Eisenstein series. Most of them are representations for certain Eisenstein series in terms of
coefficients of Dedekind eta functions, or more precisely, Hauptmodulus. S. Raghavan and S. S. Ran-
gachari [15] have obtained the proofs for all of Ramanujan’s identities of Eisenstein series by employing
the theory of modular forms, B. C. Berndt et al. [5] have proved Eisenstein identities using the theorems
found in Ramanujan Notebooks.

We define Ramanujan theta-function f(a,b) [1] as follows:

f(a,b) = Z @D (=172 yhere |ab| < 1. (1.4)

TL=—00
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Note that, if we set a = ge?*, b = ge=2"* and ¢ = €™, where z is complex and Im(7) > 0, then
fla,b) = 93(z,7), where 93(z,7) denotes one of the classical theta-function in its standard notation
[19].

Following are the special cases of Ramanujan’s general theta function,

o) =flaaq)=Y ¢ = W, (1.5)
_ 3y - n(nt+1)/2 _ (qZ;qg)oo 16
P(q) = f(q,4%) ;q TP (1.6)
where
(a§Q)9o = H(l - aqn)v‘ q |< L.
n=0

Ramanujan recorded 23 beautiful P — () eta-function identities involving quotients of eta-functions in
Chapter 25 of his notebooks [16]. Three of these P — () identities have been proved by Berndt and
Zhang [6] by classical means on employing various modular equations of Ramanujan [2]. To establish the
remaining P — () identities Berndt and Zhang [3, pp.204-236] have used the theory of modular forms. M.
S. Mahadeva Naika [8] and S. Bhargava, C. Adiga and Mahadeva Naika [7] have obtained a new class of
P — @ identities by employing modular equations belonging to alternative theory of signature 4. These
P — @ identities are extremely useful in the computation of class invariants and the values of ratios of
theta-functions. For more details on P—Q)eta-function identities one can refer [9], [10], [11] and [12].

We introduce the gamma function I'(x) for all complex numbers x # 0, —1, —2, ..., the gamma function

['(x) is defined by

koo (2)p
Recently, M. S. Mahadeva Naika et al., [13] and [14], have established modular relations involving Eisen-
stein series M (q) with M (¢™) and N(q) with N(¢™) and also introduced the parametrization for M (q)
and N (q) and they have studied several properties of them. Motivated by these works, in Section 3, we
establish modular relations for the ratios of Eisenstein series involving L(g). In Section 4, we find the
transformation formulas and also introduce a parametrization j, ; for the ratios of Eisenstein series L(q)
which is analogous to parametrization hy, ,, introduced by Jinhee Yi[17] [18] for ratios of theta functions.
We establish several properties of j,; for particular positive real numbers s and ¢ and several general
formulas for determining explicit values for quotients of Eisenstein series L(q). In Section 5, we establish

modular relations between j ; and ji2, for particular values of k, s, and ¢. These modular equations
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helps us to find values of j,; for particular values of s and ¢. Finally, we end this section by defining
modular equation. The ordinary hypergeometric series » Fy (a, b; ¢; x) is defined by

2Fri(abieix) = Z M7

v (¢)pn!

where (a)o =1, (a)p, =ala+1)(a+2)..(a+n—-1), forn>1, |z|<L
Let z(r):= z(r;x) := 2 F} (,l, le; ;z) and

() ( >2F1(1 ’:17171733)
= q.(x) == exp | —Tcse ,
q 4 P r 2F1(1 ’_1 ;L)
where r =2,3,4,6and 0 < z < 1.
Let n denote a fixed rational number, and assume that

,)Fl(l r‘lll—a) 2F1(1 rlll—ﬁ)

n 1 r—1 - r—1
ZFl( ,. ,]_,(1{) QFI(T: T 7176)

where r = 2, 3, 4 or 6. Then a modular equation of degree n in the theory of elliptic functions of signature

(L.7)

7 is a relation between « and [ induced by (1.7).
2. Preliminary Results

In this section, we list some identities which are useful in proving our main results.

Lemma 2.1. [2, Ch.17, Entry 13 (viii) - (ix), p.127] If L(q) is defined as in the equation (1.1), then

: —21 —1 c - k
(i) 2L(e~%Y) — L(e J):1+24Zm:32(1+x), (2.1)
k=1
.. a o =k
(ii) 2L(e=*) — L(e~?) = 1+24Zm =22(1—2z/2). (2.2)
k=1
Fi(3,5:11 )
where z := gFl(% % x)and y:=m gFf(g,%;l;l')

Lemma 2.2. [2, Ch.18, p.215] If 3 is of degree 2 over a, then

5= (1\/1(y>
1+ V1T -«
Lemma 2.3. [2, Ch.19, Entry 5 (ii), p.230 | If B is of degree 3 over a, then

(@B)T +{(1 - a)1 - B8)}1 =1L (2.4)

2
(2.3)
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Lemma 2.4. [2, Ch.18, p.215] If B is of degree 4 over «, then

- (i)

Lemma 2.5. [2, Ch.19, Entry 13 (i), p.280 ] If 3 is of degree 5 over «, then

(@B)? +{(1 - a)(1 - B)}? +2{16aB(1 — a)(1 - B)}* = L.

Lemma 2.6. [2, Ch.19, Entry 19 (i), p.314] If B is of degree T over «, then
(@B)F +{(1—a)(1-3)}% =1.
Lemma 2.7. [2, Ch.17, Entry 10, p.122] We have

(i) o(e™) =z,
(ii) ¢(—e¥) = Vz(1 - )1,
(iii) (e %) = %\/z(mcy)%.

1/4

Lemma 2.8. [4, Ch.35, Entry 1, p.325] Let h — ﬁ, then

(i) ¢(e™™) =h,

(i) ¢(e2™) = h27 12+ V2)/2,

(iii) p(e ) = h27 (1 + 2714,

(iv) ¢(e™™?) = h2~ /4 (V2 +1)V/2,
(v) d(e ™) = h(1 + 2714,

(¥i) (e ™) = h2 e,

(vii) ¢(e™2") = h2™?/4em/4,

(viii) (e ™) = 2 2e7/2(2 — V/2)1/2,
(xi) ¥(e ) = h2 2em(1 — 27 /4y,

() De12) = B85 (F 1)

2.5)

(2.6)

2.7)

2.8)
2.9)

(2.10)
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Lemma 2.9. [2, Ch.16, Entry 27, p.43] If a, b > 0 such that ab = 7>, then

(i) Vag(e™) = Vbo(e™), Q.11)
(i) 2¢ae (e %) = Vbg(—e?). (2.12)

3. Main Results

In this section, we establish some new modular relations for the ratios involving Eisenstein series.

P 22r 1
Throughout this section we set u := PQ , v := —, P, :=Vu¥ + —, and Q. := Vv + —.
Q ur e
2L(¢*) — L(q) 2L(q") — L(¢°)
Theorem 3.1. If P := ————————and Q := ——————=, then
2L(q*) — L(q?) 2L(q®) — L(q*)
7Q% + 8Q + 2Q%P = Q*P? + 16. (3.1

Proof. From the equations (2.1) and (2.2), we find that

o P—-1 o Q-1
a.2(—P+2> and,B.Q(—Q+2>. 3.2)
Now equation (2.3) can be rewriting as
(PQ+2Q)S =4-Q, (3.3)

where S = v/1 — a.  Squaring both sides of the equation (3.3) and then employing (3.2) in the resultant
equation, we get (3.1).

2L(¢%) — L(q)
2L(q*) — L(q?)

and Q i— _2L(q6) — L(¢%)

Th 3.2. If P :=
corem 3.2. 2L(q12) — L(¢°)

, then

26Q; (3P, — 4P3) — Qo (4628 + 192P5) + 896Q3P; — 539Qy

(3.4)
+ 1216Py + 2P, + 2142 = 0.
Proof. Using the equation (3.2) in the equation (2.4), we find that
652PQ — 4SPQ + 2Q +4PQ + 125%Q — 85%Q — 453 PQ — 85Q
(3.5)

+2P —16S8% —85%P — 8SP — 16S + 245% — 8 4+ 125°P = 0,

where S = (a3)'/%.  Now by eliminating S from the above equation (3.5) and setting v := PQ and

vi= 6 along with Py, and Q, in the resulting equation, we arrive at (3.4).
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2L(¢%) — L(q)
2L(q*) — L(q?)

4 28 24
(28’02 — 8—;) +49 <u2 + —2> + 28 (24'0 + E) - <u + —>
v U v u

2L(¢%) — L(¢*)

Th 33. If P .= —_— =
corem 334/ 2g™) — ()

then

and Q =

X (448 +10 (241; + %)) + 28 (\/E+ %) (22\@ - %) (3.6)
4 <\/E+ \2/—26) [(26\/5 %) - (160\/5 %)] 1832 = 0.

Proof of the equation (3.6) is similar to the proof of the equation (3.1) except that in place of the

equation (2.3), we use the equation (2.5).

2L(¢*) — L(q) and Q — 2L(¢") — L(¢°)
2L(q*) — L(q°) - 2L(¢*) - L(q'?)

Theorem 3.4. If P :— , then

10241Q4 — 15362, — 46080P, — Q5 (32000, + 1280P, — 184335)
— 1280Q, (11P; — 12P3) — 1280Q3 (39P; — 4P3) — 17920Q5P; (3.7)
+30Q4 (27P; + 4659) + 281580 = 0.

Proof of the equation (3.7) is similar to the proof of the equation (3.4) except that in place of the

equation (2.4), we use the equation (2.6).

2L(¢*) — L(q) _ 2L(¢") — L(¢)
2L(q") — L(q?)

Theorem 3.5. [f P :=

23937893793Qs — 1123634550528, — 170516295936/, — 1488811622414

— 188116992P5 + 23514624Q; (40133P; + 4218P; + 1488P5 + 2°P;)

+ 367416Q5 (2429904P5 + 164672P; — 5120Pg + 9796063) — 5878656Q;

x (210335P; + 43164P5 + 1664P5) + 5878656Q5 (58209P; + 3700P3) + oy
183708Qy (97376P, — 5216P; — 2549119) — 367416Qg (88208P + 234903)

— 20822199552QP; — 7999815713274 = 0.

The proof of the equation (3.8) is similar to the equation (3.7) except that in place of the equation (2.6),

we use the equation (2.7).
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4. Transformation Farmula and the Parametrization j; , for the Eisenstein's Series L(g)

In this section, we find transformation formula for Eisenstein’s series L(g) and introduce a parametriza-

tion js ¢ for all positive real numbers s and ¢, we then establish their properties.

Theorem 4.1. If a.b > 0 such that ab = 72, then
a(2L(e™?%) — L(e™*)) = 2b(2L(e~**) — L(e™?")).
Proof. Employing the equations (2.8) and (2.9) in the equation (2.1), we obtain
2L(e™) — L(e™¥) = ¢*(e™) + 2% ¥ah (e72).

Using the equations (2.11) and (2.12) in (4.2), we arrive at

2U(e) ~ Le™) = 2" () + 2oH ().

Employing the equations (2.8) and (2.9), we get (4.1).

Definition 4.1. For any positive real numbers s and ¢, we define j, ; as

1/ 2L(¢*) — L(g)
(2L(q2t) - L(tﬂ)) ’

js,t - n

where g = e "V*/",

Theorem 4.2. If s and t are any positive real numbers, then
(i) js,tj%,t =1,
(ﬁ) Jox =1,
(i) ja, — 1,
(iv) Js¢ = j%,

proof of (i). Leta = wﬂ and b = w\/g in the equation (4.1), we find that

w3 (21 V) pe T = [ (e VT ape 2T

Again let a = 7+/st and 74/ 1/st in the equation(4.1), we obtain

w5t (2L(e7 ) - L ™)) = 7T\/It (1L(e 4Vt —ap (e 2V

S

@.1)

4.2)

4.3)

“4.4)

(4.5)
(4.6)
4.7

(4.8)

“4.9)

(4.10)
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Using the equations (4.9), (4.10) and (4.4), we get (4.5).

proof of (ii). Using (4.4) and replacing a, b by /2 /t, m1/t/2 respectively in (4.1), we obtain
2L(6727r\/2/t) o L(efﬂ'\/Q/t)

.727f - 2L(6_27T\/Z) - L(e_ﬂ_@) (411)
Since proofs of (iii) and (iv) are similar to the proof of (ii), we omit the details.
Theorem 4.3. For all positive real numbers s, r and t, we have
Jera Jirs = J2 4+ (4.12)

T

Proof. Replace respectively a, b by mw+/sr/t, mv/t/sr and w\/tr/s, w+/s/rt in the transformation for-
mula (4.1) and using (4.4), we get (4.3).

Corollary 4.1. If a, b and c are any positive real numbers, then

7 (4.13)

jff,a =]

e

(ii) Jaba = Ja,2Ja2 b (4.14)
proof of (i). By putting r = %7 s =aand t = § in the equation (4.12), we find that

Jabpi g0 = Jg 4. (4.15)
Using (4.8) in the equation (4.15), we arrive at (4.13).
proof of (ii). Letting r = a,t = b and s = a in the equation (4.12), we find that

Ja2p = Ja ajaba- (4.16)
Using (4.5) in the equation (4.16), we arrive at (4.14).
Theorem 4.4. If a, b and ¢ are any positive real numbers, then

Jbe = Jag Je b (4.17)

Proof. From (4.4), we find that, for all positive real numbers a, b and ¢,

o <2L<e‘2“\/¥> LT —>>
b\ or(e=2V%) — [(e-"VE)

Jo,eJa

2]

Sy =

. (4.18)

Hence the result.
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Theorem 4.5. If for all positive real numbers x,a, b, c and d, with ab = cd, then
ja,b jzc,xd = jc,djza,zb- 4.19)
Proof. From (4.4), we find that, for all positive real numbers x, a, b, ¢ and d,

o 1 2L(e_2”m) N L(e_”m)

'ra.m ab — . (420)
Jza,zb] b xT 2L(e—2wﬂ'm) _ L(e—wﬂm)
and
. 1 1 2L(e—27r\/a) _ L(e—rr\/a) (4 21)
JzcadJe g = — . .
ad d T 2L(672m7r\/a) _ L(efmr\/a)
The result follows from (4.20), (4.21) and the hypothesis ab = cd.
Corollary 4.2 For all positive real numbers s and t, we have
jst,st = jt,t st,st2 . (422)

Proof. The result (4.22) follows from (4.6) and the equation (4.19) witha = 2, b = t?, ¢ = d = t and

T =s.
Theorem 4.6 For all positive real numbers a, b, c and d, we have

) Jad,be
]%73 = ja_ (423)
ac,bd

Proof. From (4.4), we find that, for all positive real numbers a, b, ¢ and d,

(4.24)

=7

>le
ale

)

L d[2L(eVE) — L(e V)
Jadbe Jyepd — P

2L(e”?™ViET) — L(eT™V )

Hence the theorem.
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Theorem 4.7 Ifh = 3 735

1/4
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and L(e %™) = % then

6 3

(i) L(e™™) ==~ Sht,
T 2
3 3
.. —4m\ 2 i 4
(ii) L(e %) = o Sh, ,
(i) L(c 5) = 3 3}#(3 +2V72)
ir 32 ’
o 12
(iv) L(e ™?)=—=- §h4(3 +2v2),
s
33

(v) L(e'°7) =

T 8w 128
24 3

— + RM[(T+6v2) + 4(2Y1 4+ 2%/

(vi) L(eﬂf/‘l) == §h4[(7+6\/§)+4(21/4+23/4)]_

Proof of (i) to (vi) follows from the equation (4.2) and the Lemma (2.8).

Theorem 4.8 If P, :=

QL(szmr) o

L((,)fnﬂ')

, then

2L(674n7r) _ L(ef2n7r)

(i) b=

(i) P =

1
i) Py =— |52+ 192v3 — 77
(iii) P = (5+9\/§ 7(\/5929+

(IV) P4 =

(v) Ps=

2

)

—4  8&/2

7+7’

19968+/3
5929

18432

143 1 1
- — _+-(VC-D¥E),
360 360VA+DB 2 ( )

)

(2 2905 — s 3088+ g

2926

)

(4.25)

(4.26)

4.27)

4.28)

(4.29)
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where,

1/3
A = 15488 — 55688955 x 52/3 (Z) ,
a

B =15 x 7/3(5a)"/3,
968 3712507 (7 1/3
2025 864 \5a ’
72/341/3
864 x 52/3
101208431
162004/2(A + B)’

and

a = 11564095955 + 3841/1154784010847370.
Proof of (1). Setting « = b = 7 in the transformation formula (4.1), we arrive at (4.25).
Proof of (ii). Setting ¢ = e~ ™ in the equation (3.4) and using (4.25), we find that
7Q* +8Q — 16 = 0. (4.30)
Solving the above equation (4.30), we obtain (4.26).

Proofs of (iii), (iv) and (v) are similar to the proof of (4.26), hence we omit the details.

5. Explicit Evaluations

In this section, we obtain the explicit evaluations of j, o and ji2,0 for k = 2,3,4,5,7 and s =
1 1/2 2/3.2/5, /7 2/9,2/25. Throughout this section, we set

K= \/_n \/L_'Ur\/—_

Theorem 5.1 If K = 4§, 2jas2 and L = J‘l 2 then

7L+2\/f<\/?+j—j_():<l(+§>. (5.1)

Proof. Using (4.4) witht = 2 in (3.1), we arrive at (5.1).
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Corollary 5.1. We have

1 3vV2

(i) jrz2= g5+ T\/_’ (5.2)
6v2 4

(ll) j4’2 = \7/_ — ? (53)

Proof of (5.2) and (5.3). Setting s = 1 in (5.1) and using the fact that j; 2j4,2 = 1, we arrive at (5.2) and
(5.3).

Theorem 5.2. If K = 45, 5j9s,2 and L = 4952 tpen

Js2’

2611 (3K; — 4K3) — Lo (4628 + 192Ks) + 896L3K;

(5.4)
— 5394 + 1216K, + 26K, + 2142 = 0.
Proof. Using (4.4) witht = 2 in (3.4), we arrive at (5.4).
Corollary 5.2. We have
o 13 43
() jzo= {3+ (5.5)
o 143 443
(i) Jo2 = 157 ~ o1 (5.6)
(i) o, = 34 18V3 V724 78V3 5.7
B2t T ™ '
(i) jua— 21 48V3 472+ 78V3 5.8)
8.2 = Ty 7 ' '
Proof of (i) and (ii). Setting s = 2/3 in (5.4) and using the fact that j%,g.f&z = 1, we find that
(1122 — 262 + 11)(z 4+ 1)%(7T2? — 222 + 7)? = 0. (5.9)

where x = j§,2. We observe that the first factor of (5.9) vanishes for particular value of ¢ = ¢ ™V 173,

whereas the other factors do not vanish. Hence, we obtain

1122 — 26z + 11 = 0. (5.10)
Solving the equation (5.10) for x, we arrive at (5.5) and (5.6).
Proof of (iii) and (iv). Setting s = 2 in (5.4) and using the fact that j; » = 1, we find that

8624yt — 5824y% — 21984y> — 5824y + 8624 = 0. (5.11)
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On simplification we obtain

8624Y2 — 5824Y — 39232 = 0,

where Y =y + i Again solving for y, we arrive at (5.7) and (5.8).

Theorem 5.3 If K = 4j 251652 and L = “65 2 then

847 28 37 24
2812 — 49 K? + — 26 (24 K+ =
( 12 ) +49 ( e ) * T K

><<448+1o(24L+3L))+28< K3 \/T) (NZ—%)

4<\/E+ \%) [(26\/_ \iﬁ) (160\/_ %)} 1832 =0.

Proof. Using (4.4) with t = 2 in (3.6), we arrive at (5.13).

Corollary 5.3 We have

L 1

(i) jio = 5" V2,
o -2 4V2
(i) js2 = - + —

Proof of (i) and (ii). Setting s = 1/2 in (5.13) and using the fact that j%gjg,g = 1, we find that
(42? — 4z — 7) (22 — 1)?(42? — 42 — 11)? = 0,

where z = j 1o We observe that the first factor of (5.16) vanishes for particular value of ¢ = e

whereas the other factors do not vanish. Hence, we obtain
4o® —dx — 7 =0.

Solving the equation (5.17) for x, we arrive at (5.5) and (5.6).

Theorem 5.4. If K = 4j 252552 and L = ”: 2 then

10241Lg — 1536K, — 46080K; — L, (32000K> + 1280K, — 184335)
— 1280 (11K, — 12K3) — 12803 (39K; — 4K3) — 17920Ls Ky
+ 30Ly4 (27Ky + 4659) + 281580 = 0.

Proof. Using (4.4) with t = 2 in (3.7), we arrive at (5.18).

13

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

—ma/1/4

(5.17)

(5.18)
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Corollary 5.4 We have

97 N 725 N 124/97v5 — 58

i) j2o = 1
O T 209 : (5-19)
(i) joa = 2T 1 72v5 121975 — 58 (5.20)
1027569 " 200 200 >
183  736v5  8v/4209v/5 + 9400
(iii) jz o = + V5 f+ , (5.21)
5= 1463 1463 1463
L 183 736v5  8v/4209v/5 + 9400
(iv) Jso.2 = — — . (5.22)
1463 1463 1463
Proof of (i) and (ii). Setting s = 2/5 in (5.18) and using the fact that j2 55102 = 1, we find that
(20921 — 38843 + 10227 — 388w + 209)(x — 1) (2 + 1)2(72? — 182 + 7)* = 0. (5.23)
where z = j 2.0 We observe that the first factor of (5.23) vanishes for particular value of ¢ = e™™ 175,
whereas the other factors do not vanish. On simplification, we obtain
209X2 — 388X — 316 =0, (5.24)
where X = o + % Again solving for = , we arrive at (5.19) and (5.20).
Proof of (iii) and (iv). Setting s = 2 in (5.18) and using the fact that js o = 1, we find that
10241y* — 5124y° — 3071412 — 5124y + 10241 = 0. (5.25)
By setting Y = y + % in the above equation (5.25), we deduce that
10241Y?% — 5124Y — 51196 = 0. (5.26)
Again solving for y, we arrive at (5.21) and (5.22).
Theorem 5.5 If K = 4j 2jags 2 and L = 2422 then
23937893793ILs — 1123634550528 Ky — 1705162959361K, — 14888116224K¢
— 188116992Ks + 235146241, (40133K; + 4218K3 + 1488K5 + 2°K7)
+ 3674161, (2429904K, + 164672K, — 5120K¢ + 9796063) — 58786561
(5.27)

x (210335K; + 43164K; + 1664K5) + 5878656L5 (58209K; + 3700Ks3) +
183708IL4 (97376K, — 5216Ko — 2549119) — 3674161Lg (88208Ks + 234903)

— 20822199552L7K; — 7999815713274 = 0.
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Proof. Using (4.4) with ¢t = 2 in (3.8), we arrive at (5.27).

Corollary 5.5. We have

71 16V7
) jzo=—+ — 5.28
(1) ‘7%,2 57 + 57 ( )
1 16V7
i) jig0=— — . 5.29
(ii) Jjia.2 = 57 (5.29)
Proof of (i) and (ii). By setting s = 2/7 in the equation (5.27) and using the fact that
j%’2j1472 = 1, we find that
(5727 — 142 + 257)(232 + 202° — 15022 + 202 + 23)?
(5.30)

(# + 1)*(112? — 262 + 11)* = 0,

where x = j%,g. We observe that the first factor of (5.30) vanishes for particular value of ¢ = e~ "V 17,

whereas the other factors do not vanish. Hence, we obtain
5722 — 1422 + 257 = 0. (5.31)

Solving the equation (5.31) for =, we arrive at (5.28) and (5.29).
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