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1. Introduction

In 1872, Cantor has introduced the notion of the derived set of a set. He also
defined closed subset of the real line as subset containing their derived set. The
notion of weak form of open set [4, 5], namely a-open set in topological spaces was
introduced by Njastad [7] and since then, these sets have been widely explored.
Miguel Caldas [6] introduced and studied topological properties of a- derived set
using the concept of a- open set. Recall that, “A subset A of a topological space
(X, 1) is defined as a-open if A C int(cl(int(A))). The complement of a a-open is
defined as a-closed set and a point x € X is said to be a a-limit point of A if for
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cach a-open set G containing x, G N (A — {z}) # ¢. The set of all a-limit points
of A is known as a-derived set of A”. Lellis Thivagar et al. [1] introduced the
concept, called nano topological space with respect to a subset X of a universe U
which is derived in terms of approximations of X. Also, he introduced and studied
the concept of nano a-open set in nano topological spaces in [1]. In this paper, we
introduce the notion of weak form of nano derived set, namely nano a-derived set
and derive some of their basic properties. Furthermore, we discuss the different
types of nano a- derived set under various cases of lower and upper approximation.

2. Preliminaries

Definition 2.1. [8] Let U be a non-empty finite set of objects called the universe
and R be an equivalence relation on U named as the indiscernibility relation. Ele-
ments belonging to the same equivalence class are said to be indiscernible with one
another. The pair (U, R) is said to be the approzimation space. Let X CU.

(i) The lower approzimation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and its is denoted by Lr(X).
That is, Lr(X) = |J {R(z) : R(x) C X}, where R(z) denotes the equivalence class

zeU
determined by .

(1) The upper approzimation of X with respect to R is the set of all objects,
which can be possibly classified as X with respect to R and it is denoted by Ug(X).
That is, Ur(X) = U {R(z) : R(x) N X # ¢}

zelU

(11i) The boundary region of X with respect to R is the set of all objects, which
can be classified neither as X nor as not-X with respect to R and it is denoted by
BR(X) That iS, BR<X) = UR(X) - LR(X)

Definition 2.2. [3] Let U be the universe, R be an equivalence relation on U and
TrR(X) ={U, ¢, Lr(X),Ur(X), BR(X)} where XC U. Tr(X) satisfies the following

azrioms:
(i) U and ¢ € Tr(X).
(i) The union of the elements of any sub collection of Tr(X) 1s in Tr(X).

(i1i) The intersection of the elements of any finite sub collection of Tr(X) is in
TR (X) .

That is, TrR(X) forms a topology on U called as the nano topology on U with respect
to X. We call (U, mr(X) ) as the nano topological space. The elements of Tr(X)
are called as nano-open sets. A set A is said to be nano closed if A® is nano-open.
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Definition 2.3. [2] If (U, 7r(X)) is a nano topological space with respect to X
where X CU and if A CU, then the nano interior of A is defined as the union of
all nano-open subsets of A and it is denoted by N'Int(A). That is, N'Int(A) is the
largest nano-open subset of A. The nano closure of A is defined as the intersection
of all nano closed sets containing A and it is denoted by N'Cl(A). That is, N CI(A)

is the smallest nano closed set containing A.

Proposition 2.4. [3] Let U be a non-empty finite universe and X CU.

(i) If Lr(X) = 0 and Ur(X) = U, then r(X) = {U,0}, the indiscrete nano
topology on U.

(ii) If Lr(X) = Ur(X) = X, then the nano topology Tr(X) = {U, 0, Lr(X)}.
(iii) If Lr(X) =0 and Ug(X) # U, then Tr(X) = {U, 0, Ur(X)}.
(iv) If Lr(X) # 0 and Ur(X) =U, then Tr(X) = {U, D, Lr(X), Br(X)}.

0
#0
(v) If Lr(X) # Ugr(X) where Lr(X) # 0 and Ugr(X) # U, then
Tr(X) ={U,0, Lr(X),Ur(X), Br(X)} is the discrete nano topology on U.

Definition 2.5. [1] Let (U, r(X)) be a nano topological space and A CU. Then
A is said to be nano a-open if A C Nint(NCI(NInt(A)) 75(X) or NaOU, X)

denotes the family of all nano a-open subsets of U.

Definition 2.6. [1] Let (U, 7r(X)) be a nano topological space and A CU. A is
said to be nano a-closed, if its complement is nano a-open.

Definition 2.7. [1] If (U, 7r(X)) is a nano topological space and A C U, then
intersection of all nano a-closed sets containing A is called the nano a-closure of

A, denoted by Ncl,(A).

3. Nano a-derived set
In this section, we introduce the notion of a weak form of nano derived sets
called nano a-derived sets and study its properties.

Definition 3.1. Let A CU. A point x € U is said to be a nano a-limit point of
A if for each nano a-open set G containing r, G N (A — {x}) # ¢. The set of all

nano a-limit point of A is denoted by N'Do(A) and is called nano a-derived set of
A.

Example 3.2. Let U = {a, b, c,d} with U/R = {{a},{b,d},{c}} and X = {b,d}.
Then 7r(X) = {U, ¢,{b,d}}. Then {b,d},{a,b,d},{b,c,d}, U and ¢ are nano a-
open set in U. If A = {a,d}, then ND,(A) = {a,b, c}.
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Theorem 3.3. If (U, 7r(X)) is a nano topological space, and A, B C U then
(i) NDo(A) C N'D(A)
(ii) If AC B, NDo(A) C N'Do(B)
(i7i) N'Do(A)UNDo(B) = NDo(AUB) and N'Do(ANB) € N'Do(A) NN Do(B)
(iv) NDoy(NDo(A)) — A C N Dy(A)
(v) NDo(AUND,(A)) € AUND,(A).
Proof.

(i)

Let x € ND,(A).Then for every nano a-open set G containing x, G N (A —
{z}) # ¢. If G is a nano-open set containing x, then G is nano a-open and

hence G N (A — {x}) # ¢. Therefore, v € N'D(A)

Let A C B. Let € ND,(A). Then for every nano a-open set G containing
x, GN(A—{z}) # ¢. Since A C B, GN(A—{z}) C GN(B—{z}) and hence
G N (B —{z}) # ¢. Therefore, x € ND,(B). That is, ND,(A) C N D,(B).

Since ACAUB and BC AUB, ND,(A) CND,(AUB) and ND,(B) C
ND,(AU B) and hence ND,(A) UND,(B) € ND,(AU B). Now, let
r ¢ NDo(A)UND,(B). = x € ND,(A) and x ¢ N'D,(B). Therefore there
exist nano a-open sets G and H containing x such that G N (A — {z}) = ¢
and HN (B —{z}) = ¢. Since GN H C G and H and G has no point of
A other than x and H has no point of B other than x, G N H has no point
of A other than x and has no point of B other than x. Also GN H is a
nano a-open set containing x. Thus G N H is a nano a-open set containing
no pt. of AU B other than x.That is,(GN H)N(AUB — {z}) = ¢ =
r ¢ ND,(AU B). Therefore, ND,(AU B) C N'D,(A) UND,(B). Thus,
NDL(AUB) = ND,(A) UND,(B). Since AN B C A and B, using (i),
ND,(ANB) CND,(A)NND,(B).

Let © € NDo(ND,(A)) — A. Let G be a nano a-open set containing x.
Since x is a nano a-limit point of N'D,(A), G N (ND,(A) — {z}) # ¢. Let
y € GN(NDy(A) —{z}). Theny € G and y € ND,(A) and y # x.Since
y is a nano «-limit point of A and G is a nano a-open set containing vy,
GN(A—{y}) #¢. Let z € GN(A—{y}). Then z # x, since z € A but
x ¢ A. Therefore, z € GN(A—{z}) and hence GN(A—{z}) # ¢. Therefore,
x € NDy(A). Thus, NDy(NDy(A)) — A CND,A).
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(v) Let x € NDo(AUND,(A)). If z € A, then the result is obvious. If z ¢
A, then x € NDo,(AUND,(A)) — A. Then for any nano a-open set G
containing x, G N [(AUND,(A)) — {z}] # ¢. That is, GN (A —{z}) # ¢
(or) GN(NDy(A) — {z}) # ¢.Then as in (iv), we get G N (A — {z}) # ¢.
That is, © € N D,(A). Thus, in both cases, © € AUND,(A). Therefore
NDo(AUND,(A)) € AUND,(A).

Remark 3.4. Let U = {a,b,c,d} withU/R = {{a},{b,d},{c}} and X = {b,d}.
Then Tr(X) = {U, ¢,{b,d}}. Let A= {a}. Then ND(A) = {c} but ND,(A) = ¢
and hence N'D(A) # N'D,(A).That is, equality does not hold good in (i) of previ-

ous theorem.

Remark 3.5. ND,(ANB) # ND,(A)NND,(B). LetU = {a,b,c,d} withd/R =
{{a},{b,d},{c}}.Let X = {b,d}. Then tr(X) = {U,¢,{b,d}} . Then T5(X) =
{U, ¢,{b,d},{a,b,d},{b,c,d}}.Let A = {a,b}; B = {a,c,d}. Then An B = {a},
where NDo(AN B) = ¢, ND,(A) = {a,c,d} and ND,(B) = {a,b,c}. Thus,
ND,(A)NNDy(B) ={a,c} # ND,(ANB).

Theorem 3.6. If (U, 7r(X)) is a nano topological space, and A C U then NCl,(A) =
AUND,(A).

Proof. If x € A, then z € NCI,(A) is obvious. Therefore let = ¢ A. If
x € ND,(A), GN (A —{x}) # ¢ for every nano a-open set G containing x.
That is, GNA # ¢. If x ¢ NCl,(A), then x € U — NCl,(A) which is nano a-open
and hence (U — NCl,(A)) N A # ¢. Since A CNCIl,(A), U —NCI,(A) CU— A.
Therefore, (U —-NCl,(A)NAC (U—-A)NA=¢.Thatis, (U —-NCl,(A))NA= ¢,
which is a contradiction. Therefore z € NCl,(A). Thus AUND,(A) CNCl,(A).
Ifx € NCly(A)and z € A, thenx € AUND,(A). If z € NCI,(A) and © ¢ A,then
G N A # ¢ for every nano a-open set G containing x. That is, GN (A — {z}) # ¢
for every nano a-open set G containing x . Therefore x € N'D,(A) and hence
z € AUND,(A). Thus NCl,(A) € AUND,(A). Hence, NCl,(A) = AUN D, (A).

Theorem 3.7. If (U, 7r(X)) is a nano topological space, and x € NCl,(A) if and
only if GN A # ¢ for every nano a-open set G containing x.

Proof. Let © € NCI,(A) and G be a nano a-open set containing x. If GNA = ¢,
then A C U — G which is nano a-closed. Since NCl,(A) is the smallest nano
a-closed set containing A, NCl,(A) CU — G, where x € NCI,(A) but x ¢ U — G.
=<«. Therefore G N A # ¢ for every nano a-open set G containing x. Conversely,
if GN A # ¢ for every nano a-open G containing x, and if x ¢ NCI,(A), then
x €U — NCl,(A) which is nano a-open and hence (U — NCl,(A)) N A # ¢. But
U—-NCIl(A) CU— Asince A C NCIl,(A). Therefore (U — A)NA # ¢ =<
Therefore x € NCl,(A).
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Corollary 3.8. If (U, 7r(X)) is a nano topological space, and A CU. A is nano
a-closed if and only if ND,(A) C A.

Proof. A is nano a-closed if and only if NCl,(A) = A if and only if AUN'D,(A) =
A if and only if ND,(A) C A.

Theorem 3.9. If A is a singleton subset of U, then N D,(A) = NCl,(A) — A.
Proof. If z € ND,(A), then G N (A — {z}) # ¢ for every nano a-open set
G containing x.Then = ¢ A since A is singleton. Since N'D,(A4) € NCI,(A),
r € NCly(A). Thusz € ND,(A) = 2 € NCl(A)butx ¢ A= 2z € NCI,(A)—A
Therefore N'D,(A) C NCI,(A) — A. If z € NCI,(A) — A, € NCI,(A) but
x ¢ A. Therefore, G N A # ¢ for every nano a-open G containing x. That is,
G N (A—{z}) # ¢ for every nano a-open G containing x. Hence, x € N'D,(A)
.Therefore NCl,(A) — A C N Dy(A). Thus, NDy(A) = NCl,(A) — Aif A is a
singleton set.

4. Different forms of Nano a-derived set
In this section, we study about the characterization of Nano a-derived sets
under different types of lower and upper approximations.

Theorem 4.1. If Lr(X) = Ugr(X) in a nano topological space (U, Tr(X)) and
A C U has more than one element, then
(U, if A C Lr(X)
b, if AC Lr(X)¢
U—{x}, if A has a single element of Lr(X) &
at least one element of Lr(X)“
U, if A has more than one element of Lr(X) and
\ at least one element of Lr(X)®
Proof. The nano a-open sets in U are U, ¢ and any B O Lg(X).

ND,(A) =<

(i) Let A C Lr(X). If x € Lr(X), Lr(X)N[A—{z}] # ¢, since A has more
than one element. Also, BN[A—{z}] # ¢ for any B D Lg(X) since Lr(X)N
[A—{z}] € BN[A— {z}]. Thus for every nano a-open set G containing x,
GN(A—{z}) # ¢. Therefore, every element of Lr(X) is a nano a-limit point
of A, If v € U — Lg(X), then z ¢ A. Also, Lr(X) U {z} is the only nano
a-open set containing x apart from U and further [Lr(X)U{z}|N[A—{z}] =
Lr(X)NaA = A # ¢, unless A = ¢. Thus, every element of U — Lr(X) is also
a nano a-limit point of A. Therefore, N D,(A) = Lr(X)N[U — Lg(X)]|=U
if AC Lg(X).

(11) Let A Q LR(X)C Ifx e LR(X), LR(X) N [A - {I}] = LR(X) NA= ¢ and

hence x is not a nano a-limit point of A. If x € &/ — Lr(X), then nano a-open
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(iii)

(iv)

sets containing x are U and Lg(X)U{z} where [Lr(X)U{z}|N[A—{z}] =
Lr(X) N A = ¢.Therefore x is not a a-limit point of A.Thus, N'D,(A) = ¢

Cc

Let A have a single element, x, of Lr(X) and atleast one element of Lr(X)®.
Since Lr(X)N(A—{x}) = ¢, x is not a nano a-limit point of A. Let y € Lr(X)
but y # z. Then Lg(X)N[A — {y}] # ¢ since x € Lr(X) N (A — {y})
and also, BN [A — {x}] # ¢ for every B O Lgr(X). Therefore, every y €
Lr(X) such that y # z is a nano a-limit point of A. If y € Lg(X)¢, then
y # x. Also, Lr(X) U {y} is the only nano a-open set containing y and
[Lr(z) U{y}| N[A —{y}] = Lr((X) N A # ¢, since x € Lr(X) N A. That
is, any element of Lr(X)¢ is a nano a-limit point of A. Thus, every element
of Lr(X) other than x and every element of Lr(X)¢ is a nano «-limit point
of A. Hence, ND,(A) =U — {z}, if A has a single element x of Lr(X) and

atleast one element of Lr(X)°.

Let A have more than one element of Lz(X) and atleast one element of
Lr(X). If x € Lr(X), Lr(X)N(A—{z}) # ¢ and BN (A — {z}) # ¢ for
every B D Lg(X). Therefore, every element of Lr(X) is a nano a-limit point
of A. If v € Lp(X)%, [Lr(X)U{a}]N[A - {2}] = Lr(X) N A # ¢, since A
has alteast two elements of Lz(X). Therefore, every element of Lr(X) is a
nano a-limit point of A.

Thus, ND(A) = U, if A has more than one element of Li(X) and atleast one
element of Lp(X)®. Hence the theorem follows.

Theorem 4.2. In a nano topological space (U, Tr(X)), if Lr(X) = ¢, then for
any A CU with more than one element

NDy(A) =

U, if A CUg(X)
¢, if AC Ur(X)“
U —{z}, if A has a single element z of
Ur(X) but more than one element of U

Proof. Since Lr(X) = ¢, 7p(X) = {U,¢,Ur(X)}. Then Ugr(X) and any set
B D Ugr(X) are the nano a-open sets in U.

(i)

Let A have more than one element of Ug(X). If z € Ugr(X), then Ug(X) and
any B O Ug(X) are the nano a-open sets containing x and Ur(X) N[A —
{z}] # ¢ and hence BN [A — {z}] # ¢ for any B DO Ug(X), since A has
more than one element of Ug(X). Therefore, every element of Ur(X) is a
nano a-limit point of A. If z € [Ur(X)]¢, then Ug(X)U B for B C [Ug(X)]*
containing x is a nano a-open set containing x and [Ur(X)UB]N[A—{z}] # ¢,
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since A has more than one element of Ur(X). Therefore, every element of
[Ur(X)]¢ is a nano a-limit point of A. Thus N'D,(A) = U if A has more than
one element of Ur(X). (A may or may not have elements of Ur(X)®).

(i) Let A C Ug(X)°. Let x € Ur(X). Then Ur(X)N(A—{z}) =Ur(X)NA=
¢ and hence x is not a nano a-limit point of A. Let © ¢ Ug(X). Then
Ur(X)U B where B C [Ug(X)]° containing x is a nano a-open set containing
x and In particular, Ur(X) U {z} is a nano a-open set containing x and
(Up(X)U{z}) N (A —{z}) = Ur(X) N A = ¢. Therefore, x is not a nano
a-limit point of A. Thus, N'D,(A) = ¢ if A C Ur(X)©

(i) Let A have a single element say x, of Ug(X), so that A will have alteast one
element of Ur(X)° since A has more than one element of . Then Ug(X) is a
nano a-open set containing x and Ug(X)N(A—{z}) = ¢. Therefore, x is not
a nano a-limit point of A. If y € Ug(X) and y # z, Ur(X) N (A — {y}) # ¢,
since x € Ur(X) N (A —{y}) and BN (A —{y}) # ¢ for all B DO Ur(X)
and hence y is a nano a-limit point of A. If y € Ur(X)¢, then y # x and
[Ur(X) U BN [A - {y}] # ¢ for every B C Up(X)® containing y. Therefore
every y € Ug(X)¢ is a nano a-limit point of A. Thus, N'D,(A) = (Ugr(x) —
{z}) U[URr(X)]* =U — {z} if A has a single element, x, of Ug(X).

Hence the theorem holds.

Theorem 4.3. In a nano topological space (U, Tr(X)),if Lr(X) # ¢ and Ur(X) =
U then for any sbset A of U with more than one element,
([ Lr(X), if AC Lp(X)
Br(X),  if AC Bg(X)
U—A{z,y} if A has one element, z, of Lr(X) and
one element , y, of Br(X)
ND,(A) =< U—{z}, if A has a single elt. x of Lr(X) and
more than one element of Br(X)® (or) A has
one element, z, of Br(X) and more than
one element of Lr(X)
| U, otherwise
Proof. Ur(X) = U and Lr(X) # ¢, the nano topology with respect to X on
U is given by 1r(X) = {U, ¢, Lr(X), Br(X)} where Br(X) = Lg(X)®. Then
U,p, Lr(X) and Bgr(X) are the only nano a-open sets in U.

(i) Let A C Lg(X). If z € Lg(X),then Lg(X) and U are the nano a-open sets
containing x. Also, Lr(X)N(A—{x}) # ¢ since A has more than one element
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of U, in particular, of Lg(X). Also U N (A — {z}) # ¢. Therefore, every
element of Lz(X) is a nano a-limit point of A.If v € Br(X), Br(X) and U are
the nano a-open sets containing x. Since Br(X)N(A—{z}) = Br(X)NA = ¢,
and hence, x is not a nano a-limit point of A. Thus, no element of Br(X) can
be a nano a-limit point of A. Therefore N'D,(A) = Lr(X) if A C Lr(X) .

(ii) Let A C Br(X). If x € Lg(X), then Lr(X)N(A—{z}) = Lg(X)NA = ¢
and hence x is not a nano a-limit point of A. If x € Bg(X), then Br(X) N
(A —{z}) # ¢, since A has more than one element of U/ and hence atleast
two elements of Br(X). Since Br(X) C U,U N (A — {z}) # ¢. Thus, any
element of Bg(X) is a nano a-limit point of A. Therefore, N'D,(A) = Br(X),
if AC Bgr(X) .

(iii) Let A have one element of x, of Lr(X) and one element y of Br(X). That is
A = {xz,y}. Then x and y are not nano a-limit points of A, since Lg(X)N(A—
{z}) = ¢ and Br(X)N(A—{y}) = ¢. Let z € Lg(X) such that z # x. Then,
Lr(X)N(A—{z} #¢sincex € Lr(X)N(A—{z}) andU N (A —{z}) # ¢.
Therefore, every element of Lz(X) other than x is a nano a-limit point A.

Similarly, it can be shown that every element of Br(X), other than y is a
nano a-limit point A. Therefore, ND,(A4) =U — {z,y}.

(iv) If A has one element, x of Lr(X) and more than one element of Bg(X), x is
not a nano a-limit point of A, since Lr(X) N (A — {z}) = ¢. If y € Lr(X)
such that y # z, x € Lr(X) N (A — {y}) and hence Lg(X) N (A —{y}) # ¢.
Therefore, every element of Lg(X) other than x is a nano a-limit point of A.
If y € Br(X), Br(X)N (A —{y}) # ¢ since A has more than one element
of Br(X) and hence every element of Br(X) is a nano a-limit point of A.
Thus, ND,(A) = (Lr(X) — {z}) U Br(X) = U — {z}. Similarly, if A has
one element, x of Br(X) and more than one element of Lr(X),then it can be

shown that N'Dy(A) = (Br(X) — 2) U Lp(X) =U — {z}.

(v) If A has more than one element of Lg(X) and more than one element of
Br(X), then it is obvious that Lg(X) N (A — {z}) # ¢ for every x € Lg(X)
and Br(X) N (A —{y}) # ¢ for every y € Bgr(X). Hence ND,(A) =
Lr(X)UBgr(X) = U.

Theorem 4.4. In a nano topological space (U, Tr(X)), if Lr(X) # Ur(X) where
Ur(X) # U and Lr(X) # ¢, and A C U has more than one element of U, then
ND,(A) is given by



226 South FEast Asian J. of Mathematics and Mathematical Sciences

([ (Lr(X) — {z}) U [Ur(X)]¢, if A has one element, x of Lr(X)
and no element of Br(X)
(Br(X) —{z}) U[Ur(X)]¢, If A has one element, = of Br(X)
and no element of Lr(X)
U—A{x,y}, if A has one element, x of Lp(X)
and one element, y of
Bgr(X) and may or may not have
elements of [Ur(X)]°
U—{x}, if A has one element, x of Lp(X)
and more than one element of
Bgr(X) or A has no element,
of Br(X) and more than
one element of Lr(X)
| U, otherwise
Proof. Since Lg(X) # Ur(X), the nano topology 7r(X) = {U, ¢, Lr(X), Ur(X),
Br(X)}. Then the nano a-open sets in U are U, ¢, Lr(X),Ur(X) and Bgr(X) and
any set O Ugr(X).

N Da(A) =

(i) Let A have one element x, of Lr(X) and no element of Bg(X). Since Lr(X)N
(A —{z}) = ¢, x is not a nano a-limit point of A. Let y € Lr(X) such that
y # x. Then Lg(X), Ur(X) and any set B O Ugr(X) are the nano a-open
sets containing y and, Lg(X) N (A — {y}) # ¢, since x € Lr(X) N (A —{y})
and hence Ur(X)N(A—{y}) # ¢ and BN(A—{y}) # ¢ for any B D Ugr(X).
Thus, every element of Lr(X) other than x is a nano a-limit point of A. If
y € Br(X), then y is not a nano limit point of A since Br(X)N(A—{y}) =
Br(X)NA,= ¢. Therefore, no element of Br(X) can be a nano a-limit point
of A. If y € [Ur(X)], then Ur(X)U{y} and U are the only nano a-open sets
containing y and (Un(X)U{y}) (A~ {y}) # 6, since y ¢ Un(X), y ¢ La(X)
and hence y # x. Thus any element of Ur(X)¢ is a nano a-limit point of A.

Thus, N'Do(A) = (Lp(X) — {2}) U Ur(X)".

(ii) If A has one element, x of Br(X) and no element of Lgr(X), then it will
automatically contain atleast one element of Ug(X)¢, since A has more than
one element. Then as in (i), it can be show that only, element of Br(X) other
than x and elements of Ug(X)¢ are the nano a-limit points of A and hence

NDa(A) = (Br(X) — {z}) UUr(X)".
(iii) Let A have one element x, of Lr(X) and one element y of Br(X).

(a) If A has no other element of U, then x and y are not nano a-limit points
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A, since Lr(X)N(A—{z}) = ¢ and Br(X)N(A—{y}) = ¢ and any z # z
in Lr(X) is a nano a-limit point of A, since Lr(X) N (A — {z}) # ¢ and
BN (A—{z}) # ¢ for any B O Ur(X). Hence every element of Lp(X),
other than x is a nano a-limit point of A. Similarly, every element of
Br(X) other than y is a nano a-limit point of A. If z € (Ur(X))¢, then
Ur(X) U {z} and U are the nano a- open sets containing z. Therefore,
[Ur(X)U{z}|N[A—{z}] # ¢, as both x and y belong to this intersection.
Thus, z is a nano a-limit point of A. Therefore, N D,(A) = [Lr(X) —
{2} U[Br(X) —{y}JU[UR(X)]" = [Ur(X) —{z, y}JU[Ur(X)]* = U—{z, y}.

(b) If A has at least one element of Ugr(X)®, then as in (a), every element of
Lr(X) other than x and every element of Bg(X) other than y are nano a-
limit point of A. if 2 € Ur(X), then again [Ur(X)U{z}|N[A—{z}] # ¢
since x and y belong to this intersection. Thus, N D,(A) =U — {x,y} as
in (a).

Let A have only one element, x of Lg(X) and more than one element of
Br(X). Then every element of Lg(X) other than x is a nano a-limit point
of A. If y € Br(X), then Bg(X)N[A —{y}] # ¢, since A has more than
one element of Br(X) and hence B N[A — {y}] # ¢ for any B D Ug(X) also.
Thus every y in Br(X) is a nano a- limit point of A. If y € Ur(X)®, then
Ur(X) U {y} and U are the nano a- open sets containing y. Also (Ur(X) U
{y}) N (A —{y}) # ¢ and hence U N (A — {y}) # ¢. Thus any element of
[Ur(X)]¢ is a nano a-limit point of A. Thus, N'D,(A4) = (Lr(X) — {z}) U
B(X) U [Un(X)]* =t — {x}.

Let A have more than one element of Lr(X) and more than one element of
Br(X). Then every element of Lr(X) and every element of Br(X) are nano
a-limit points of A. Also for any element z € [Ur(X)]°, (Ur(X) U {z}) N
(A — {x}) # ¢, since A has atleast one element of Lr(X) and atleast one
element of Br(X). Thus, any element of [Ur(X)] is a nano a-limit point of
A. Hence ND,(A) =U.

5. Conclusion

In this paper, we developed the concepts known as Nano a-derived sets and also
studies their properties as well as characterization under various forms of Nano
topology. We believe that these results will enhance the further study of Nano
topological spaces in different aspects and it will helps to establish the applications
through Nano topology.
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