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1. Introduction

In 1933, E. Cartan [2] proposed the theory of an space known as Cartan space.
This space is considered as dual of Finsler space [7]. That is, if we look for dual
of any general Finsler space, that dual is nothing but a Cartan space. The affinity
between these two spaces, Finsler space and Cartan space, has been studied by F.
Brickell [1], H. Rund [10] and others. Igrasi ([3], [4]) was great geometer who first
realized the need of («, 3)-metric in Cartan space, i.e., in dual Finsler space. He
obtained the metric tensors and invariants, which characterize the special class of
Cartan spaces with («, §)-metric. G. Shankar ([12], [13], [14]), H. G. Nagaraja [§]
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and M. Rafee [9] also have made significant contribution to theory of Cartan spaces
with (a, 8)-metric. Motivated by these results we have calculated the conditions
under which the manifold becomes locally Minkowski and conformally flat. The
paper is organized as follows:

In section 2, we give basic definitions and results required for subsequent sections.
In section 3, we deal with Cartan space with slope metric under the influence of
h-metrical d-connection. In section 4, we apply the conformal theory of Finsler
space to Cartan space with slope metric and deduce some important results.

2. Preliminaries

Consider a manifold M and its associated tangent bundle TM = J,.,, T M,
where T, M is a tangent space at a point x € M. The tangent bundle is devised
with a natural projection map 7 : TM — M defined by 7(x,y) = x, which maps
every vector y € T, M to a point x € M at which it is tangent. In the same way,
the disjoint union T*M = (J,c,, Ti M, where T M is a cotangent space at a point
xr € M, is called cotangent bundle of M. The cotangent bundle is also devised
with a natural projection map 7 : T*M — M defined by 7(z,w) = x, which maps
every covector or differential one form w € TYM to a point x € M at which it is a
cotangent.
Now, we define a real valued function K : T*M\{0} — R as follows:

Definition 2.1. Finsler Metric over cotangent bundle.

Suppose M is a differentiable manifold and T* M 1is its cotangent bundle. An smooth
function K : T*M\{0} — R is called Finsler metric over the cotangent bundle
T*M, if K(x,w) satisfies the following conditions:

(a) Positivity: K(x,w) >0 for all w in T;M\{0}.

(b) Positive Homogeneity: K(x,w) is +ve 1-homogeneous on the fibers of the
cotangent bundle T*M , i.e., K(z, \w) = AK(z,w), YA > 0; for any x in M
and w in T M\{0}.

(c) Strict Convezity of K(x,w): The hessian matriz defined by
g7 (z,w) = %%(w,w) is positive definite for all (x,w) in T*M\{0}.

Definition 2.2. Cartan Space.
A differentiable manifold M endowed with a Finsler metric K(x,w) defined over
the slit cotangent bundle T*M\{0} is called a Cartan space.

An n-dimensional Cartan space is denoted by C" = (M, K(z,w)), where
K(z,w) represents norm of covector w € TFM\{0} based at any point z € M
of thr Manifold M. The function K(x,w) is called the fundamental function and
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99 (z,w) =3 aﬁigj (x,w) is called the fundamental metric tensor of the Cartan space
i 0W;

C". The metric tensor g”(z,w) has g;;(z,w) as its reciprocal metric tensor which is
characterized by g;;(z,w)g’*(z,w) = §F, where g;;(z,w) and ¢ (z,w) satisfy sym-
metry as well as zero degree homogeneity conditions in one form w; € T*M. In
Cartan space the metric K : T*M\{0} — R is defined from slit cotangent bundle
T*M to non-negative real numbers, so at a point x € M, K(x,—) eats one-form
w € TyM\{0} and spits non-negative reals, amounts to saying that Cartan space
is constructed on the cotangent bundle 7*M in the same way a Finsler space
(M, F(z,y)), where F': TM — R, is constructed on the tangent bundle T'M.

Definition 2.3. [8] If the fundamental function K(z,w) of a Cartan space C™ =
(M, K(x,w)) is a function of variable a(zx,w) = (aijwiwj)%, Bz, w) = wib'(z),
where a”(x) is a Riemannian metric and b'(x) is a vector field depending only on
x, then C™ is called Cartan space with («, 5)-metric.

In the above definition, it is to be remarked that K (z,w) satisfy all the stipu-
lations set in definition Cartan space.

Definition 2.4. The metric given by

a?(z,w)

K= alr,w) — B(r,w)

,a—p3>0

a?(z,w) )
a(z,w)—PB(z,w)

determined with Matsumoto or slope metric, is called Matsumoto space. This met-
ric was first introduced by M. Matsumoto [5] during investigating the model of a

Finsler space.

Definition 2.5. Let C" = (M, K(a(z,w),B(z,w))) be a Cartan space with a
(e, B)-metric. Then the space constructed over the same manifold M along with
Riemannian metric a(x,w), i.e., (M, a(z,w)) is called associated Riemannian man-

ifold.
Let us consider a Cartan space C" = (M, K(x,w)) with a («, §)-metric, known

18 known as Matsumoto or slope metric. Then the structure (M, K =

as Matsumoto metric or slope metric, K(z,w) = a‘“—_zﬁ, where o = (a¥ (2, w)w;w;)?
and 8 = w;b'(z).
The [3] fundamental tensor ¢'™(x,w) and its reciprocal tensor g, (z,w) of the

Cartan space C" = (M, K(a, )) are given by

glm — palm+p0blbm+p_1(blwm+bmwl) +p_2wlwm7 (1)
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where p, po, p_1 and p_s are invariants, given by

1 a—20 a?
= —K,= P = 5 K ;
P~ % 2a— BT 2T By
1 1 1 36— a
-1 = _Ka - y P—2 — Kaa Ka =
P =90 = Tla—pp 22( ) 2a(a — B)?
and
Imn = OQmp — UObmbn + O-fl(bmwn + bnwm) + 0_oWmWn, (2)
where
1 _ Po
0= —0p=—),
p pT
T= O-+0-OB2+/)*1B70-71 = E70-72 - ga
pT pT

where B? = b'b;. Here B represents the norm of the differential form £(z,w) =
wib' ().
The Cartan torsion tensor C™" [6] is given by

1
O = =2 [rab b7 + {p 1™V + popa W + bW

r_sblw™w™ + l|mln} + r_w'w™w"] (3)
where
1 3a? 1 —a — 20
1=K = ——g. 0= —Kagg = ———7
r_1 o 1888 (a—ﬁ)‘“rQ o0 BB (a — B)

1 1 33
-3 = 3T 5 Kaa - _Ka R
Y ( S 6) ala— p)*

1 3 3 3(a? + B2 — 4ap)
= — | Kpoa — —Koo + =K, | =
T ( ot T ) 203(a — B)*

= 243

and I|m|n denotes the cyclic sum in the indices [, m, n.
Let %’:k be Christoffel symbols which is defined using the metric a;;. Whenever we
talk about Christoffel symbols vjk defined from a;;, we mean

i 1 i Qaw Oai;;  Oaji
ik = 34 (sz + Oxk Ox!

Throughout the paper we use the symbol ;" to indicate covariant derivative with
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regard to 7% Since wir = 0 and from Ricci’s theorem of tensor calculus [11]

we have, afi = 0. Also, let F;k(p) = %gir(ajgrk + Okgjr — Orgji) be the Christof-
fel symbols constructed from fundamental metric tensor g;;(z,w) of the Cartan
space (M, K(z,w)). Now, for the Cartan space (M, K(x,w)), we state canonical

d-connection

DT = (Nj,, Hy, CI%),

where
1 .
Nij = Ffjwk - §Firwkwrahgij @
i 1 i
ik = 59 (9i9rk + Okgjr — Or i) ©)

9g’* (z, w)
ow"
are respectively called canonical N-connection, Christoffel symbols and d-tensor

field of type (2,1).
Throughout the paper, we use the symbol ’|} to indicate h-covariant derivative

with regard to DI". Now, we utilize the following definition in the section that
follows.

Definition 2.6. [8] A d-connection DI" over a Cartan space C™ = (M, K(o(z,w),
B(w)) with (c, B)-metric is said to be h-metrical, if following properties is satisfied:

CI*(2,w) = — 2 gip ()

5 = gir(z,w)C"* (1, W). (6)

(i) h-deflection tensor D;;(= w;;) = 0,
(i) a) =0,
(iii) g = 0.

It is to noted that "HMDC” is abbreviation of hA-metrical d-connection in the
section that follows.

Definition 2.7. Suppose M is an n-dimensional differentiable manifold equipped
with two different Finsler metrics K (x,w) and K (z,w). Then K (z,w) is said to be
conformal to K(z,w) if 3 a position dependent function o(x) such that K(z,w) =
e’ K (z,w).

3. Cartan Manifold with Slope Metric under h-metrical d-connection
In this section we impose a condition on d-connection DI" of the Cartan space
with slope metric to be h-metrical and in consequence we assess what shapes the
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corresponding Cartan space assumes.
First we take the h-covariant derivative of slope metric:

o
K =
)=
2
i,y O
(g wle>\h Oé—ﬁ
] i (= D) x 2o, — a® X (aqn — Bin)
g7 X (wiw;) i + wiw; X g3 =
e+t 9 (0= Bp
i o (a—B) x 2aap — o? x (a —
9" (wiwjin + wiwin) + wiw;gh = =) a?ah_ ;‘)2 (@p = Bin)

As we have stipulated the d-connection DI of associated Cartan space is h-metrical,
therefore by Definition 2.6, we have

_ _ _ o
Wjlh = O7wi|h - 07 Ay = 079‘}1 =0
Using these values in above expression, we get

Bu=0 (ra0,870) (7)
(wib'(2))p =0 (. B(z,w) = wib'(2))
w; X bi(x)‘h + b (x) x wijp =0

Since the d-connection DI of the Cartan space is h-metrical, therefore by Definition
2.6, we have

Wilh = 07
Using these values in above expression, we get

w; X b () + b (x) x 0=0
w; X b (), =0

Now, we find h-covariant derivatives of the coefficients of metric tensor g% and then
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use conditions of HMDC of Cartan space as follows:
N 1 a—20
SP= 2ot T W
1(a = B)* x (oqn — 28n) — (o = 28) x 2(a — B) (o4 — Bn)

RIS B (Oz — 6)4
pin = 0. (9)
o?
Po = (o — )
_(a B)? x 2a x ajp — a? x 3(a — 5)2Oé|h - 5\h)
Poln = (o — B)6
Poln = 0. (10)
pP-1=— 4
(a—p)3
b= (a=8)° x B — B x3(a—B)*(yn — Bpn)
B (a—p)s
p—1n = 0. (11)
30—«

R 2a(a — 5)3
La(a—B)*(38n — ap) — (38 — a)(ala — B)*)

SopP—2h = § a2<a — 5)6
188 a)(alo - B
e R

p—2n = 0. (12)

Differentiating Equation (1), we get
g = pajy + a” pi + po(b'6)jp + bV po + p1 (bw’ + bw)+
(V'w + VW) p_1jp + p2 (W'’ )i +w'w! p_gp
g = pajy + a” pi + po (b"b{h + bjbfh> + 6"V pojn + p—1 (b"wfh + Wby, + Vi, + wib{)
P1jn (biwj + bjwi) + p_an <w"w‘jh + ijfh) + wiwjp_g‘h
Using the conditions of HMDC of Cartan space and Equations (8), (9), (10), (11)
and (12), above equation reduces to

g"}]l = 0.
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Thus, allowing d-connection DI' of Cartan space to be h-metrical, it gives two
important quantities namely aTiL = 0 (by definition of h-metrical d-connection) and
g‘l,]l = 0, i.e., h-covariant derivatives of fundamental metric tensors of associated
Riemannian space and Cartan space vanishes.

Now, since affl = 0 and gr}]l = 0, therefore there corresponding Chritoffel symbols
will also be same, i.e., H}h = 7;.h and its equivalent condition, from Theorem 35 of
6], is given by

b, =0 (13)

Now, since H}, = 7}, therefore both the d-connection DI' and the Riemannian
connection RI' = (7§k> ’y;.kyi, 0) has same curvature tensors, i.e.,

i pi
hik = Lhjk

If Riemannian curvature tensor vanishes, i.e., R}'ij = 0, then curvature tensor of
d-connection also vanishes, i.e., D} ;. = 0. The whole discussion can be summarized
as follows:

Proposition 3.1. Suppose (M, K = aa—fﬂ) is a Cartan manifold under the ef-
fect of HMDC. It is said to be flat in local environment if and only if associated
Riemannian manifold is also flat in their local environment.

Now, we find h-covariant derivatives of the coefficients of Cartan torsion tensor
C'* and then use conditions of HMDC of Cartan space and Equation (7) as follows:

o 3a?
o (a-p)

- (o — B)* x 6aay, — 120% (o — B)*(ap, — Bpn)
o (a—B)F

7"—1|h =0 (14)
g = 0t26

T (a- B
) B (a — 5)4 X (Oz|h + 2ﬁ|h) — (a + Qﬁ) X 4(a — ﬁ)g(a‘h — ﬁ|h>
T—2lp = —

(a —B)®
T (15)
30
T3
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_ B oo — )" x 38, — 38 x (04 x 4(a = B)* (eyn — Blh))
SoT_3h = &2(& _ 6)8
r—sp =10 (16)
o 3a*4+ B2 —4ap
) ad(a— p)*

Similarly, it can be shown that
T —4lh = 0 (17)

Thus, we have h-covariant derivatives of the coefficients of Cartan torsion tensor
C¥* yunder the HMDC of Cartan space vanishes.
Now we calculate the value of h-covariant derivative of d-tensor field Cij * of type
(2,1) under the assumption of HMDC as follows:
O = gy, CT
E Ciﬁh = (ngC”j)\h
= Gpr X Cﬁfj + C"™ X Groin
= gerrhij
= —gkr%[r_lbrbibj +r_ob" bW+ r_gb Wi + r_ywwie’ 4+ p_1a" b+
p—aa”w’ + rlilg]n
= —g;wé[r_l X (brbf“bj)vZ + 00 x Ty + T2 X (brbif,uj)vZ + bW’ x
T_gjp +7-g X (VW) + 0w X rogp +r_g X (wrw’w])m + ww'w! x
o+ p—1 X (a7 )+ a”V X p_yp + poa X (07w ) + a”lw? x
p—ajn + (r[i]7)n]
= _gkr%[rl(bTbibj)h + (00w ) + ros (D w'w? ) + rog(Ww'w? )+
(@) + poaa”w? )+ (r]i]7)in]
— _gm%[r_l(brbibf + 000, + DV, + o (B W, + VWb, + D b, )+
(brwlw‘h + b wwl, + w'w b|h) +r_g(wWw wlh + wwwh, + wiwlw,)+
( mb\]h + bj&\h) + p_a(a” w|h +W]a|h) + (73] 5) 1]

C’”

W = (18)
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One knows that ([14], [18]) h-covariant derivative of d-tensor field, C}/, vanishes,
ie. C’,’j'h = 0, iff associated Cartan manifold becomes affinely-connected space or

Berwald space. So, from Equation (18), we reach at the following conclusion:

Proposition 3.2. Suppose (M, K = a—ﬁ) 1s a Cartan manifold. It becomes a
Berwald manifold provided that (M, K = %) is under the effect of HMDC.

In [14], it has been deduced that a Berwald manifold becomes locally Minkowski,
provided that its curvature tensor discards. Hence, from the Propositions 3.1 and

3.2, we come to an interesting result as follows:

Theorem 3.3. Suppose (M, K = aa—;) is a Cartan manifold under the effect of
HMDC. Then the Cartan manifold s locally Minkowsk: if and only if associated
Riemannian manifold (M, a(z,w)) bears local flatness.

4. Conformal Transformation of Cartan Space with Slope Metric
In this section our aim is to conformally transform a Cartan manifold (M, K (z,w))

to another Cartan manifold (M, K (x,w)) and then to determine the nature of cur-
vature tensor D;zjk in the conformally transformed space (M, K (x,w)) under the
influence of h-metrical d-connection on the original Cartan space (M, K(x,w)).
That is, we are going to determine the shape of conformally transformed space
(M, K (x,w)) under the condition of h-metrical d-connection on (M, K (x,w)).

For that, we take into account an specific n-dimensional Cartan manifold (M, K =

()[2
a—p
o : K — K such that K(&,j3) = e’ K(a, 8), we have the another Cartan space
C" = (M, K (&, B)), where & = ¢« and § = €73

Putting o = (a¥(x, w)wiwj)% and 8 = w;b*(z) in the above relations, we get

), where a = (a¥(x, w)wle)% and 8 = w;b'(z). By a conformal change

a=e’a
& = e’ (a(x, w)wzwj)%
= (¢*a" (2, w)wiw;)?
— (@)
— d” e*7a" (z,w)

and
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B = wi&

b = e7bi(x)
Now we calculate the Christoffel symbols 47, in conformally transformed space
(M, K(x,w)) as follows:

We know from Riemannian geometry that Christoffel symbols of second kind ~?,
from fundamental metric tensor a??(z,w) can be defined as

%CLZP (86%[ 4 8alq _ (‘9aqk>

p f—
Tk oxd  Oxk ox!

Similarly, we can also define the Christoffel symbols AP in conformally transformed
space (M, K(x,w)) as

1 oa oa oa
P _ =lp kl lq . qk
Tak = (3x‘1 o T o )

Lo 0e*ay(z,w) e ay(r,w)  Je*ag(z,w)
—2 (x,w)( Oz * oz oz

Oa 0e?° da Oe?° Oa; 0e?°
20 1 20 kl 20 lq 20 79
3¢ {(6 Ozt i Ozt > - (6 Ox* R 8:5’“) a (6 o ok O

0 0 0 0
—e20qlp |:(€20 Akl +2620akl60> + (620 Z.lq +2620alq6_::k)_

oxd

1
2
1
2
,0a do
( qk + 262‘7aqk @)]
1
2

) B B do 0 0
e4¢7alp |:( agl + Qlq B Clqk) + (zakla +2alqao;€ —2aqk—;>]

ox?  Oxk ox!

1 Oa da da,
¥ Ip kl lq qk lp lp lp
=e —a — + (aPayo, + aPay,0, — aPao
{2 (8xq Oz 8xl> G o a* l)]

= et hgk + (51,;0(1 + oboy — aqkai)}

Hence, the components of Christoffel symbols %’;k, constructed from a”?, in confor-
mally transformed space are given by

:qu F)/qk + qu? (19)

where Bf;k = 03,08 + 040 — aggo?, o = o,a’.

Now, differentiating covariantly o w.r.t. AP, yields
V) = e (b, + 204b° + V0,08 — o b ) . (20)
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Transvecting the Equation (20) by b*, and putting

AP
MP = - (b b — n—+4> 7 (21)

we have o? = MP — MP?, from which we get op = M?P — M,,. Substituting the values
of 0, and o” in Equation (19) and using D}, = 75, + 8, My + 0y My + 07 My, — MPay,,
we find .

Dy, = Dpy (22)

In the above equation, qu and qu are respectively linear connections in the

Cartan manifold (M, K = %) and conformally transformed Cartan manifold

(M, K = ;‘—_25) Further, equality of these linear connections is called conformal
invariance of linear connection Diq over the manifold M.
The whole discussion can be summarized by a proposition as follows:

Proposition 4.1. Suppose (M, K = aa—jﬁ) is a Cartan manifold. Then, there exists

a conformally invariant symmetric linear connection Df;k on M.
Next, if we denote the curvature tensors of DY, by Dy . and D? . by D? g then
from the Equation (22), we get
DP

hak = Dhaie (23)

From Equation (13), we have b5 = 0. Put the value of ¢!, in Equation (21), we
get M* = 0. Hence, we deduce that D¥ =/, and D} , = R} ..
Thus we have the following proposition.

Proposition 4.2. Suppose (M, K = ao‘fﬂ) 1s a Cartan manifold admitting HMDC.
Then

1. linear connections of Cartan manifold and associated Riemannian manifold
, ; ; ; p _ P
will coincide, t.e., Dy = g

2. curvatures of Cartan manifold and associated Riemannian manifold will co-
LT P _ pp
incide, i.e., Dy, = Ry .

Next, if we impose the condition of local flatness on the associated Riemannian
manifold (M, a(z,w)), that is, quk = 0, then from Proposition 4.2 and Equation

(23), we deduce that f)zqk = 0, that is, the space C" is conformally flat.
Hence, in the light of above calculations, we arrive at the following result:

Theorem 4.3. Suppose (M, K = %) is a Cartan manifold admitting HMDC.
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2

Then the Cartan manifold (M, K = 2= will be conformally flat if and only if the

a—p3

associated Riemannian manifold (M, a(x,w)) is locally flat.
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