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Abstract: In this paper, by making use of ¢g-derivative, we define a new subclass
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ered in earlier investigations.
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1. Introduction
We indicate by A the collection of functions, which are analytic in the open
unit disc given by
D={zeClz| <1}

and have the following normalized form:

f2) =2+ a.2" (1.1)
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We denote by S the sub-collection of the set A consisting of functions, which
are also univalent in . According to the Koebe’s one-quarter theorem [3], every
function f € S has an inverse f~! defined by

f7f) =2 (2€D)

and
st =o (lol <mhint) = 1)

where
g(w) = [ (w) = w — ayw?® + (2a3 — az)w® — (5a3 — bagas + ag)w* + ... (1.2

We say that a function f € A is bi-univalent in D if both f and its inverse f~!

are univalent in . Let ¥ stand for the family of bi-univalent functions in D given
by (1.1).
Next, we recall the definition of subordination between analytic functions. For two
functions f,g € A, We say that f is subordinate to ¢ in D, written as f < g¢
provided there is an analytic function w in I with w(0) = 0 and |w(z)| < 1 such
that f(z) = g(w(z)). It follows from Schwarz Lemma that

f(z) <g(z) < f(0)=g(0) and [f(D)Cg(D), zeD.
Jackson [6] introduced the g-derivative operator D, of a function f as follows:

f(2) = f(qz)
(1-q)z

For a function f € A defined by (1.1), we have

D,f(z) = 0<g<1,2#0).

Dof(z) =1+ Z[n]qanznil,

n

l—q
1—q°

Recently, Horzum and Kocer [5] studied the Horadam polynomials h,,(x), which
are given by the following recurrence relation [4]:

where [n], =

ho(x) = prhy_q(x) + ohyo(x) (r€R; neN={1,23..}) (1.3)

with
hi(z) =a and hy(x) = bz,
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for some real constants a,b,p and o. Moreover, the generating function of the
Horadam polynomials h,(z) is given by

(z, 2) = Z ho(2)2" ! = ot (b—ap)zz (1.4)

1 —prz—o022

Remark 1.1. We record here some special cases of the Horadam polynomials h,,(x)
by appropriately choosing the parameters a,b, p and o.

(i) Taking a =b = p =0 =1, we obtain the Fibonacci polynomials F,(x).
(i1) Taking a = 2,b=p =0 =1, we get the Lucas polynomials L, (x).
(111) Taking a =0 =1 and b = p = 2, we have the Pell polynomials P,(x).
(iv) Takinga =b=p=2 and 0 =1, we find the Pell-Lucas polynomials @Q,(x).

(v) Takinga =b=1,p=2 and 0 = —1, we obtain Chebyshev polynomials T, (x)
of first kind.

(vi) Taking a = 1,b = p =2 and 0 = —1, we have Chebyshev polynomials U, (z)
of second kind.

Definition 1.2. A function f € A of the form (1.1) belongs to the class S5 («, z, q)
for 0 < a <1 and z,w € D, if the following conditions are satisfied.

—Dq(Zqu(z)) -« z T,z —a

e D, (wD,g(w))
—qw qgw — w T, w — Qa
(P2 4 (1 0)Dygw) < M) +1 -

where a is real constant and the function g = f~1 is given by (1.2).

Remark 1.3. The family S&(a, x,q) generalizes the following known families of
bi-univalent functions.

(1) S&(a,x,1) = G*(a, ), the class of bi-univalent functions established by Orhan
[7].

(11) S5(0,z,1) = ¥'(x), the class of bi-univalent functions studied by Al-Amoush

[2].
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(111) Ss(1,2,1) = K,(x), the class of bi-univalent functions investigated by Abi-

rami [1].
Theorem 1.4. Let f € A be in the class S&(a, x,q). Then
las| < bav/ba
- \/| [1Blg(a([8]g = 2) + 1) = [212a((2); — 1)] 22?2 — [2]2(a([2], — 2) + 1)%(pba? + 0a)|
(1.5)
and ; )22
bz ’ (1.6)

5l < B, -+ 1] T e, —2) 1

Proof. Letf € S&(a,x,q). Then there are two analytic functions w,v : D — D
given by

u(z) = urz + ug2® + usz® +...(z € D) (1.7)
and
v(w) = viw + vow?® + vaw® + ...(w € D) (1.8)
with «(0) = v(0) = 0 and max{|u(z)|, |[v(w)|} <1 (z,w € D), such that
Dy(=D/(2)) -« z z,u(z —a
o (D) (1 @)D f(e) < e+ 1
Dy(wDyg(w)) -« w z,v(w —a
o (PE2D ) (1 - )Dyglu) < o) + 1=
Equivalently
D,(zD,f(2)) L B
o (Fgt )+ 0 (19
= hy(x) + ho(2)u(2) + hs(z)(w(z))* + ... + 1 —a
and
D, (wD,g(w)) W "
) ( Dyg(w) ) (1= @) Dyglw) (1.10)
= hy(z) + ho(2)v(w) + ha(z)(v(w))* + ... + 1 — a.
Combining (1.7)-(1.10) yields the following relation:
D,(zD,f(z)) . B
) ( Dy f(z) ) + 1= 2D, f(2) (1.11)

=1+ hy(2)urz + [ha(z)ug + hs(z)ui]z? + ...
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and

o (P2 1 (1 - D)

(w) (1.12)
=1+ hg( )vlw + [hz( )’Uz + h3< )vl]w + ..
It is known that, if
max{|u(z)], [v(w)|} <1 (z,w e D),
then
lu;] <1 and lv;] <1 (Vz € N). (1.13)

Now, by comparing the corresponding coefficients in (1.11) and (1.12), we find that

2], [a([2]; — 2) + 1] aa = hao(x)uy (1.14)
[3]q [a([8lg — 2) + 1] a3 — [2ga([2], — 1)aj = ha(@)us + hs(x)u] (1.15)
—[2[a(2lg = 2) + Hag = ha(x)vy (1.16)

~[3Jqla([3]g—2) +as +{2[3]g(([3]g — 2) + 1) — [2]5([2]g — D)o} a3 = ha(z)v2+hs(x)vf.

(1.17)
It follows from (1.14) and (1.16) that
Uy = —uy, provided — ho(x) =bx #0 (1.18)
and .
o = P, —g T ) (1.19)

If we add (1.15) to (1.17), we find that

2 [[Blq(a([Bly = 2) + 1) = 215([2], — Da] a3 = ha(2)(ua + v2) + ha(x)(u + 7(}%)- |

1.20

Upon substituting the value of u?+v? from (1.19) into the right hand side of (1.20),
we deduce the following result:

2 - (h2(2))* (uz + v2)
2 2{(ha(@))? [Blg(a(Blg — 2) + 1) — [22a([2]g — 1)] — ha(2)[202(([2]g — 2) + 1

2}
1.21)
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By further computations using (1.3), (1.13) and (1.21) we obtain
ba/bx

lag| < .
IBla(0 ([l —2) + 1) — 230((2l, - 1] 2207 — 23(a((2], - 2) + 12(pba? + oa)|

Next, if we subtract (1.17) from (1.15), we can easily see that
23] [a([3]g = 2) + 1] (a3 — a3) = ha(2)(uz — v2) + ha(x)(uy —v).  (1.22)
In the light of (1.18) and (1.19), we conclude from (1.22) that

(
ha(@)uz = vs) | (ha@)?(ud +02)

2 2(2))
2By(al8ly—2) +1) 225 (a([2], —2) + 1)*

Thus, by applying (1.3), we obtain the following inequality

a3 =

b | N ba?
Blola([3lg = 2) + 1] [23[a([2], —2) + 1]*

las] <

In the next theorem, we present the Fekete-Szego inequality for S&(«, z, q).

Theorem 1.5. Let f € A be in the class Si(a, x,q) and pu € R, then

b
Bl (el -2+ 1)’
|[8la(a((3la — 2) + 1) — 2IZa((2ly — ] e — 22 (a([2lg = 2) + D (pba® + oa>|>

) P23l (a(Bly —2) + 1)
las =~ nazl < b s — 1]
[[Bla(aBly —2) + 1) - 2a(Rls - 1] %07 - 2R (a(2ly - 2) + D?(pba? + 00|
<# C 1y BBl = 2) +1) - Pa(2ly — ] e — 2152l —2) + 1 (pba? + oa>|> |

- P23l (a(Bly —2) + 1)

lp—11 <

Proof. It follows from (1.21) and (1.22) that
ha(x)(ug — v2)

. 2 2 . 2
1 = S e, —2) £ 1] T
_ ha(z)(u2 —va)
2[3]g[([3]q — 2) + 1]
B (ha(2))* (uz + va)
ta M)Q{(hz(x))Q [[Blg(([3]g —2) + 1) — [2]2([2]g — 1)] — hs(2)[2]2(([2]g — 2) + 1)?}

_ ha(2) 1
= [(”(“’x”{a]qqu}q

o) e () - e, 2T 5)"]
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(ha(2))*(1 — p) |
ha(2))? [[Ble(a([3lg — 2) + 1) — [23([2]g — D] — ha()[2]3(e([2]g — 2) +1)2
Thus, according to(1.3), we have the following inequality:

n(p, ) = (

|bx| . 1
o et < | BBl 210 0= OIS B oy

. 1
|b$H77(,ua 33)| if ’77(:“’ 33)| > [3]q(04([3]q _ 2) + 1)

which, after simple computation, yields the following inequality:

( |bx|
Blg(a([3]g —2) + 1)’

1) < LBla(e(Blo = 2) 1) ~ PEa(2), ~ ] b2 - P(a((2ly = 2) + 1 pbe? +aa>>
) = b222[3], (a3l — 2) + 1)
a3 — paz] < b3 — 1]

[[Bla((Bl, —2) + 1) — 22a(2]; - )] a2 — 22(a(2)q - 2) + 12 (pba? + 0a)]
1) 5 L[l =)+ 1) - a2l — 0] ¥a? — 2lja(2l, = 2) + )% be + cm>>
\ = b2a2(3] (a[3]y — 2) + 1)

we have thus completed the proof of Theorem 1.5.
By putting ¢ = 1 in Theorem 1.5, we are led to the following corollary.

Corollary 1.7. Let f € A be in the class S5 (o, x,q), then
|ba|
Bly(a([3] —2) + 1)

las — a3| <

Remark 1.7.

(1) If we take ¢ — 1 in our Theorems, we have the corresponding results for the
family G*(a, ) of bi-univalent functions which was considered by Orhan [7].

(11) If we put « = 0 and ¢ — 1 in our Theorems, we have the corresponding
results for the family X' (x),which was studied recently by Al-Amoush [2].

(111) If we put « = 1 and ¢ — 1 in our Theorems, we have the corresponding
results for the family IC,(x), which was discussed by Abirami [1].
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