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Abstract: In this article, we give some new examples of rectangular b-metric
spaces which are neither rectangular metric space nor metric space. After that we
prove existence and uniqueness of new fixed points for some new contractions in
rectangular b-metric spaces. Then we validate these results with suitable, appro-
priate and innovative examples.
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1. Introduction

The basic result of fixed point theory of Banach contraction principle was given
by Banach in 1922, which was extended in many ways. After this fundamental
contraction principle, several generalized forms of metric spaces were introduced
by various mathematicians (see [2], [3], [6], [7], [9]-[12]).

In 1989, Bakhtin [1] introduced b-metric space and Czerwik, S. [5] presented
some generalizations of well known Banach’s fixed point theorem in so-called b-
metric spaces. He proved the following result: Let (X, d) be a complete b-metric



140 South FEast Asian J. of Mathematics and Mathematical Sciences

space and let T': X — X satisfy

d(Te, T) < pd(¢,v), ¢, € X

where p : RT — RT is increasing function such that lim,_,.. p"(f) = 0 for each
t > 0. Then T has exactly one fixed point u and lim,, . d(T"(¢),u) = 0.
In 2000, Brancieri [4] introduced the concept of rectangular metric space. After
that George et al. [8] presented the notion of rectangular b-metric space in 2015.
In this paper we extend some well known fixed point theorems which are also
valid in rectangular b-metric space. An analogue result of Vildan Oztiirk [13] will
be proved.

2. Preliminaries

Definition 2.1. [1] Let X be a non empty set and s > 1 be a fized real number.
Suppose that a function d : X x X — R satisfies the subsequent conditions:
(bmy) d(u,v) =0 iff u =v for all u,v € X.
(bms) d(u,v) =d(v,u) iff u =v for all u,v € X.
(bms) d(u,v) < s[d(u, w) + d(w,v)] for all distinct points u,v,w € X.
Then the pair (X,d) is termed a b-metric space.

Definition 2.2. [4] Let X be a non empty set. Suppose that a functiond : X x X —
R* satisfies the subsequent conditions:

(rmy) d(u,v) =0 iff u =v for all u,v € X.

(rmg) d(u,v) = d(v,u) iff u =v for all u,v € X.

(rmgs) d(u,v) < d(u,w) + d(w, p) + d(p,v) for all distinct points u,v,w,p € X.

Then the pair (X, d) is termed a rectangular metric space or generalized metric
spaces.

Definition 2.3. [8] Let X be a non empty set and s > 1 be a fized real number.
Suppose that a function d : X x X — R* satisfies the subsequent conditions:

(rbmy) d(u,v) =0 iff u = v for all u,v € X.

(rbms) d(u,v) = d(v,u) iff u=v for all u,v € X.

(rbms) d(u,v) < s[d(u,w) + d(w, p) + d(p,v)] for all distinct points u,v,w,p €
X.

Then the pair (X,d) is termed a rectangular b-metric space.

It is worth noting that every metric space may be a b-metric space, but its
converse is not always true.Also every metric space may be a rectangular metric
space and every rectangular metric space may be a rectangular b-metric space (with
coefficient s = 1). However the converse is not always true.

Example 2.4. Let X = N, defined: X x X — R" by
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0, ifu=wv
d(u,v)= < c), if (u,v) € {4,5} and u # v

A, if w and v do not belong to {4,5} and u # v,
where A > 0 and ¢ > 3.

Hence (X, d) is a rectangular b-metric space with coefficient s = ¢/3 > 1. But
(X, d) is not a rectangular metric space and hence not a metric space, as

d(4,5) = cA > 3\ = d(4,3) + d(3,2) + d(2,5).

Example 2.5. Let X = N, defined: X x X — R* by
0, ifu=wv
8\, ifu=1,v=4
3\, if (u,v) € {1,2,3} and u # v
A, otherwise,
where A > 0 is a constant.
Then (X,d) is a rectangular b-metric space with coefficient s = 8/7 > 1. But
(X, d) is not a rectangular metric space and hence not a metric space, as

d(u,v)=

d(1,4) = 8\ > 78 = d(1,2) + d(2,3) + d(3,4).

3. Main Results
In this section, firstly we prove common fixed point theorem in complete rect-
angular b - metric space.

Theorem 3.1. Let (X,d) be a complete rectangular b- metric space with s > 1,
and let f, g be two self maps define onto itself such that

d(fu, gv) < aM(u,v) + BN (u,v) (3.1)

for all u,v € X, where a € [0,1/s), >0 and
M(u,v) = maz{d(u, v), d(v, fu), d(v, gv)}
N(u,v) = min{d(u,v), d(u, fu),d(u, gv),d(v, fu),d(v, gv)}
then f and g have a unique common fized point.
Proof. Let uy be an arbitrary point in X. Define the sequence {u,} in X as
Uopi1 = fuo, and Ug,io0 = gUopsg for n > 1.
Suppose that there is some n > 1 such that u, = u,11.
If n = 2k, then ug, = uggy1 and from (3.1),

d(Uokt1, Uggr2) = d(fuok, guok+1) < aM (usgg, Usgr1) + BN (Uog, Uskt1) (3.2)
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where

M(Uzk, U2k+l) = m(w{d(uzk, U2k+1), d(u2k+la fUZk)a d(U2k+1, gu%ﬂ)}
= maz{d(uap, Ugky1), d(Usks1, Unky1), AUk, Usky2) }
= max{0,0, d(ugky1, Uok+2) }

= d(u2k+17 U2k:+2)

N (ugk, uokr1) = min{d(uag, uaki1), d(tok, fuar), d(ust,
gu2k+1), d(u2k+1, fu2k), d(u2k+1; gU2k+1)}
= mz’n{d(u%, Uk y1), d(uzk, U2k+l)> d(uak, Uzki2),
d(u%—i—h u2kz+1)7 d(U2k+1, U2k+2)}
= min{0, 0, d(ugk, usk+2), 0, d(uogi1, Uskia)}
=0.
Thus we have from (3.2)

d(Ugkt1, Uggr2) < ad(Usgg i1, Uskt2)-

(1 — a)d(ugpt1, ugns2) < 0.
but 1 — a # 0 since o € [0,1/s)
therefore
d(Ugk11, Uskt2) = 0.
Hence
U2k+1 = U2k42 = Uk-
ugy = fugg = guag.
Hence ug is a common fixed point of f and g .
If n = 2k + 1, then using same argument, it can be shown that ug.1 is a

common fixed point of f and g.
Now suppose that u,, # u,.; for all n > 1 and from (3.1),

d(Uon i1, Usnt2) = d(fuon, uant1) < aM (ugp, Uoni1) + BN (uon, uoni1).  (3.3)

where

U2n, U'Qn—‘,-l)a d(u2n+1, fU2n), d(u2n+1; gU2n+1)}
U2n, u2n+1); d(u2n+17 U2n+1)7 d(u2n+1; U2n+2)}
U2n, U2n+1) 0, d(u2n+17 U2n+2)}

)

d(u2n+1, U2n+2)}

M (ugy,, ugni1) = maz{d
= max{d

= max{d

N N

b)
= max{d(uay,, Uzni1),
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N (tgn, ugpi1) = min{d(uazn, Uant1), d(Uzn, frion), d(Usn, SUont1),
d(uznt1, fuzn), d(Ugni1, GUant1)}
= min{d(uzn, Uzp+1), d(Un, Uzp+1), d(Usn, U2n+2),
d(u2n+1, Uzp+1), A(U2nt1, Uzpr2) b
= min{d(usn, Uoni1), d(Uspn, Usni2), 0, d(Unt1, Uzni2) }
=0.

Case -(i): If M= d(uant1, u2nt2) then from (3.3)

d(Ugnt1, Uont2) < ad(Ugp i1, Uspi2)-

(1 — a)d(ugnt1, uznt2) <0

but 1 — a # 0. Therefore d(ug, 1, uz,12) <0
Case -(ii): If M= d(uay, u2n+1). Then we have from (3.3)

d(Ugnt1, Uant2) < ad(Ugp, Usnt1)-

In this way we extend and get

d(Ugnt3, Usn+2) < ad(Usznta, Uspt1)-
So, for all n > 1

d(un-i-la un)é ad(unaun—l)§a2d(un—17un—2) <.. S and(UbUO)

Similarly we can show that d(u, 2, u,) < o™ d(ug,ug) for all n > 1.
Now, we show that {u,} is a rectangular b-Cauchy sequence.
Applying rectangular b-inequality and u,, # x,1 for all n > 1 and

dp = d(Up, Upi1), d = d(Up, Ups2)

For the sequence {u,}, we consider d(u,, u,+,) in two cases.

If pis odd say p = 2m + 1 then

[d(um un+1) + d(un+1> un+2) + d(un+27 un+2m+1)]
[dn + dn—l—l] + SQ[dn+2 + dn+3] + ..+ Smdn+2m

d(una un+2m+1)

VAN VAN VANVAN

1
=7 +a23a"d0(so¢2 <1).
— s«

S
S
S[Ozndo 4 anJrldO] 4 52[a"+2d0 4 an+3d0] 4o+ Sman+2md0
S

a™(1+ sa® + s%a* + ..)dy + s (1 4 sa® + s*a* + ...)dy

143
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Hence

d(xn> $n+2m+l) é

In the same manner, we can show that when p is even
AU, Unyom) < [(14+ a)/(1 — sa?)]sa’dy + o dy * . (3.5)

On taking limit n — oo of (3.4) and (3.5) we obtain
d(Up, Upyp)=0 for all p=1,2,3 ...
Hence {u,} is a rectangular b-Cauchy sequence in (X, d).
By completeness of (X, d), there exists r € X such that
Up = fUp_1 — T as n — o0.

Now we show that fr =r.
By rectangular b-inequality

d(fr,r) < sld(fr, gun) + d(gun, un) + d(t,, 7))

%d( Fror) < aM(ruy) + BN(r wn) + d(tnss, un) + d(unr)  (3.6)
where

M (r,u,) = maz{d(r,u,), d(un, fr), d(u,, gu,)}
= max{d(r,u,), d(u,, fr), d(t,, u,12)}
= maz{0, d(u,, fr),0)}
= d(up, fr)

N(r,u,) = min{d(r,u,), d(r, fr), d(u,, gu,), d(r, gu,), d(u,, fr)}
= min{d(r,r),d(r, fr),d(u,, gr),d(r,gr), d(u,, fr)}
= 0.

Putting these values in (3.6) we get

La(r,)

d(fr,r)
(1 —sa)d(fr,r)

IN

ad(r, fr)
sad(r, fr)
0.

IA A
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Since 1 — sa # 0 therefore fr = r. Hence r is a fixed point of f.
Now we show that r is a fixed point of g. Suppose gr # r.

d(r,gr) =d(fr,gr) < aM(r,r)+ BN(r,r) (3.7)
where
M(r,r) = max{d(r,r),d(r, fr),d(r,gr)}
= maz{0,0,d(r,gr)}
— d(r.gr)

N(r,r) = min{d(r,r),d(r, fr),d(r,gr),d(r, fr),d(r,gr)}
= min{0,0,d(r,gr),0,d(r,gr)}
= 0.

Now putting these values in (3.7) we have

But (1 — «a) £ 0 since @ € [0,1/s). Thus gr = r. Hence

fr=gr=r.

Therefore f and g have a common fixed point of X.
Now suppose p and ¢ are two common fixed points.
Then clearly p = fp and ¢ = gq, then

d(p,q) = d(fp,gq) < aM(p,q) + BN(p,q) (3.8)

where

M (p,q) = maz{d(p,q),d(q, fp),d(q,89)}
= maz{d(p,q),d(q,p), d(q,q)}
=d(p, q)

N(p,q) = min{d(p, q),d(p, fp), d(p,gq),d(q. fp),d(q,8q)}

= min{d(p, q),d(p,p),d(p,q),d(q,p),d(q,q)}
=0.

On putting these values in (3.8) we get
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d(p, g) < ad(p,q)
but (1 —a) # 0 thus d(p,q) =0
Hence p = q.

Corollary 3.1. Let (X,d) be a complete rectangular b-metric space with s > 1,
and let f: X — X, g: X — X be two self maps satisfying

d(fu, gv) < aM(u,v) + SN (u,v)

for all u,v € X, where a € [0,1/s) and >0 and
M (u,v)= maz {d(u,v),d(v, gv)}
N(u,v)= min {d(u,v),d(u, fu),d(u, gv)}.
Then f and g have a unique common fixed point.

Corollary 3.2. Let (X,d) be a complete rectangular b-metric space with s > 1,
andlet f: X = X , g: X = X be two self maps satisfying

d(fu, gv) < aM(u,v) + SN (u,v)

for all u,v € X,where a € [0,1/s) and § > 0 and

M (u,v)= maz {d(u,v),d(v, gv)}

N(u,v)= min {d(u, fu),d(u, gv)}.

Then f and g have a unique common fized point.

Now, we prove another common fized point theorem with new contraction map-
ping in complete rectangular b- metric spaces.

Theorem 3.2. Let (X,d) be a complete rectangular b-metric space with s > 1,
and let f: X = X, g: X = X be two self maps satisfying

d(fu, gv) < aM(u,v) + SN (u,v) (3.9)

for all u,v € X,where a € [0,1/s) and § >0 and
M (u,v)= maz {d(u,v), %}
N(u,v)= min {d(u,v),d(v, fu),d(u, gv)}.
Then f and g have a unique common fixed point.
Proof. Taking ug be an arbitrary point in X. Define the sequence {u,} in X as
Uopt1 = fug, and Ug,io = gUo,1 for n > 1.
Assume that there is some n > 1 such that u, = u,.1.
If n = 2k, then ug, = ugg11 and from (3.9),

d(Uokt1, Uogr2) = d(fuok, guak+1) < aM (ugk, Usgr1) + BN (ugk, uop+1)  (3.10)
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where

d(Uzk, gu2k+1)d(u2k+17 fuor)
1+ d( fuok, guors1)

d(u%, U2k+2)d(u2k+17 U2k+1) }
1+ d(ugk1, Uokt2)

M (uog, uopsr) = maz{d(ugy, ugki1),

= maz{d(ugg, Uok+1),

0

1 + d(ugk+1, Uzkt2)

= maz{0,

=0

N (ugk, ugg1) = min{d(ugg, zkt1), d(ugks1, fusr), d(uok, Suok+1), }
= min{0, d(uak+1, Uak+1), d(Ugk, Uskt2) }
= min{oa 0, d(UQka U2k+2)}
Now putting these values in (3.9)

d(U2kt1, Ugkt2)< 0
Therefore
U2k+1 = U2k+2-
Thus
Ugk = U2k4+1 = U2k+2-
Ugk = fuzk = gUgk.

Hence ugy; is a common fixed point of f and g.
Now suppose that u,, # u,; for all n > 1. Then from (3.9),

d(u2n+17 U2n+2) = d(fu2n7 8U2n+1) < OéM(Uzm U2n+1) + ﬁN(Uzm U’2n+1) (3-11)
where

d(ugn, guon+1)d(uzni1, [uzn)
1+ d(fu2n7 gu2n+1)

d(uzn, Ugn+2)d(Uznt1, Usn+1) }
1+ d(ugny1, Uzni2)

M (ugp, uspi1) = maz{d(uzn, Uoni1),

= maz{d(uan, Usnt1),

= maz{d(uzy, Uon+1),0}

= d(u2n7 U2n+1)
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N(U2m U2n+1) = min{d(uzm U2n+1)7 d(u2n+17 fu2n)7 d(u2n7 gu2n+1>}
= mm{d(uzn, U2n+1), d(U2n+1, U2n+1), d<u2n7 u2n+2>}
= min{d(ugp, Uan+1), 0, d(Uzp, Uzni2)}
= 0.

Putting these values in (3.11)

d(Ugp i1, Usnio) < ad(Ugp, Ugpy1)-

Similarly
d(uant2, Usnts) < ad(Uzpi1, Uzn2)-

So, for all n > 1

AUy, Un) < ad (U, Up—1)< Pd(Up_1, Up_2) < ... < a"d(u1,up).

In the same manner we can show that for all n > 1
d(un+27 un) < and<u27 Uo).

Now we say that {u,} is a rectangular b-Cauchy sequence. Applying rectangular
b-inequality and w,, # u,41 for all n > 1 and

dn = d(um un+1)7 d:; = d(um un+2)'

For the sequence {u,}, we consider d(uy, u,4,) in two cases.
If pis odd say p = 2m + 1 then

s[d(un, Unt1) + d(Unt1, Unya) + d(Unya, Untomi)]

sldy + dpi1] + $°[dni2 + dis) + oo 4 8" dprom

slady + o™ dg] + s*[a”" 2 dy + P dg) + ... + s™a" TP,

sa™(14 sa? + 2ot + .. )dy + sa'n + 1)(1 + sa® + s2a* + ...)d,
1+«

11— sa?

d(una un+2m+1)

VANVANRVA

IN

sady(sa® < 1).

1+«
Hence d(tn, Uniomi1) < 7oz50"dy.

In the same manner, when p is even then we can show

(sa"dg) + a"2dg * .
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On taking limit n — oo we get
d(tp, Upyp) =0

for all p=1,2,3, ... Hence {u,} is a rectangular b-Cauchy sequence in (X, d). By
completeness of (X, d), there exists € X such that
Up = fU,_1 — 7 asn — 0.

Now we prove that fr = r. By rectangular b-inequality,

d(fr,r) < sld(fr, gua) + d(gun, un) + d(tn, 7))

1/sd(fr,r) < aM(r,u,) + BN(r,u,) + d(tnir, un) + d(tp, 1) (3.12)

where

d(r, guy,)d(un, fr)}
L+d(fr, gun)

d(r, wpy1)d(un, f1)
T+d(friug.q)

M(r,u,) = maz{d(r, u,),

= maz{d(r, u,),

= max{0,0}
=0

since Uy, = fu,_1 — rasn — oo

and

N(r,u,) = min {d(r,u,), d(uy,, fr),d(r,gu,)} — 0 as n — 0.
Now putting these values in (3.12) we get

L d(fr,r) — 0 as n — oo implies that fr =r.

Hence r is a fixed point of f.
Now we have to show that gr = r. Suppose gr # r.

d(r,gr) =d(fr,gr) < aM(r,r)+ BN(r,r) (3.13)

where

M(r,r) = maz{d(r,r), d(r.gr)d(r, fr)

}

L+d(fr,gr)
o d(r,gr)d(r,r)
n {0, L+d(fr,gr) }
—0

N(r,r) =min{d(r,r),d(r, fr),d(r,gr)}

= min{0,d(r, fr),d(r,gr)}
=0
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Thus
d(r,gr) <0.
Therefore gr =r
Hence fr =gr=r.
Therefore f and g have a common fixed point.
Suppose that r and r; are two different common fixed points. Then

d(r,ry) =d(fr,gr1) < aM(r,r) + BN(r,r1) (3.14)

where

d(r,gri)d(ry, fr)
1+d(fr,gr)

d(r,ry)d(ry, )
1+d(r,m)

M(r,r) = maz{d(r,rm),

= maz{d(r,r),

=d(r,m)

N(r,r1) = min{d(r,r),d(r,gr1),d(r, fr)}
= min{d(r,r),d(r,r),d(r,r)}
=d(r,m).

Now putting these values in (3.14) we get

d(r,rm) < ad(r,ry) + pd(r,m)
S (O[_’_B)d(ra Tl)
d(r,r)(1 —a—p) <0.

Since 1 — a — 8 # 0, therefore d(r,r1) =0

Hence, r = ry.

Example 3.1. Let X=[1,2] J 4, where A = {1, 4,1, 1,3} and B=[1,2].
Define d : X * X — [0, 00) such that d(u,v) = d(v,u) for all u,v € X and

p

d( 3,3 d(1,¢)=0.16
d(3,5) =d(35,5)=025
a(11) = a(1,1) = 0.00
d(3,5) =d(: ) =004

( d(z,y) =|u—v]? otherwise
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Now, we see that

1 1 11 11

d(l,—) d(l,—) d(—,—) (=, =
5) > d(1lg) Td(53) TdE35)
16 1 0164 0.09

95~ 1 '

.64 > .2540.25
.64 > .5
s =128>1.

Therefore (X, d) is neither a metric space nor a rectangular metric space. But
(X,d) is a rectangular b-metric space with coefficient s = 1.28 > 1.
Let f: X — X and g: X — X be defined as

1 .
|3 fue A
f(u)—{% if ueB
LifueAd
_J) 1
g(u)—{é if ueB

Then f and g satisfy all conditions of Theorem 3.2 with « € [0, %) and 8 > 0 and
has a unique fixed point u = i .
4. Conclusion

In this article we have given two fixed point theorems and some corollaries for
existence and uniqueness of new fixed points in rectangular b-metric spaces and
we proved them with suitable examples. We have made some new examples which
are neither metric spaces nor rectangular metric spaces but they are rectangular
b-metric spaces with coefficient s > 1.
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