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1. Introduction and Preliminaries
The study of the g-calculus has captivated the ardent attention of researchers
and in Science and Engineering the g-calculus introduces an important role.
Recently, Rehman et al. [17] investigated some subclasses of ¢-starlike functions
including numerous coefficient inequalities and a sufficient condition. Furthermore,
Srivastava et al. [18, 20, 21, 23] published a series of studies concentrating on the
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Janowski function-related classes of g-starlike functions from various angles. More-
over, in this field Srivastava [19] recently published survey-cum-expository. For
fractional g-derivative operators in fractional g-calculus, the mathematical descrip-
tion and applications in geometrical function theory are carefully treated.

Srivastava [19] discussed the traditional g-analysis, which we used in this article,
as well as the (p, ¢)-analysis. Specifically, the results in this article for (0 < ¢ <
1) the g-analogues, can easily converted into the results for 0 < ¢ < p < 1 the
(p, ¢)-analogues by returning to Srivastava [18] who applied argument variations
and some obvious parametric, the additional parameter p being redundant. As
Significantly by Srivastava et al. [21] the majority of searchers employed (p,q)-
analysis by inserting an apparently redundant parameter p in the already known
findings dealing with the conventional ¢ analysis. Other recent explorations into
the g-calculus can be found at [2, 10]

Assume H is the class that contains all analytic functions in the open unit disk.
D:={{ e C: | <1}, has the form

TE) =6+ a, &, (£€D,T(0)=0,7(0) = 1). (1.1)

Let S be the class of univalent functions as the subclass of H. Further §* is the
class of starlike functions which is subclass of the univalent functions, where any
T € & meet the subsequent conditions:

£ (€)
%{5@)}>Q V¢ € D, (1.2)

Assume the class of convex functions denoted by C* which is subclass of S such
that any function ¥ € C* fulfil the subsequent conditions:

’ / "
%{%}:%{1+€§(S)}>O, V¢ e D. (1.3)
Definition 1.1. Allow p be an analytic function through p(0) = 1 fits to the class
M7, p] with —1 < p < 7 <1 if and only if

14+7¢€

L+p&

This class of analytic functions was introduced and studied by Janowski [8],
according to this 3 a function h € M if and only if p € M|r, u], such that

(e D) — (- 1)
PO = DR — (=1

p(&) <

¢ eD.
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Definition 1.2. [8] (i) A function T € H be in the class S*[r, p] with —1 < p <
7 <1 if and only if

§¥(E)  1+7¢

= .

&) 1+ng

(i1) A function T € H be in the class C*[1, u] with —1 < p <7 <1 if and only if

€3'(§) L 1+7¢
T(E) 14 pg

Definition 1.3. [23] For ¢ € (0,1) the g-number [o], defined by

(1.4)

1+

g

l1—q
l—gq

o—1

>oq if ceN:={1,2,...}.
n=0

, if 0ceC,

0] ==

Definition 1.4. [23] The g-derivative of a function ¥ is labelled as

T(§) — T(q¢€)

) e C\ {0},
DEE) =3 (1—g¢ @ 7 SECMY
3:/<0)7 Zf 5 =0,
Presuming that T'(0) exists, and 0 < g < 1.
If ¢ — 1 then from above definition, we have
: : T(S) — E(q 5) 1
lim D = lim ———>~ = )
qi}q{ qz(f) qig{ (1 o q)§ i3 (é)

Srivastava and Bansal [22] introduced
DX =1+ [nlyan &
n=2

for € U and T € H, In 1990, Ismail et al. [7] employed the g-derivative operator
D, to investigate a g-extension of the class §* of starlike functions in D.

Definition 1.5. A function T € H belongs to the class S; iff

1
D. 1.
<1_q,£€ (1.5)

& 1
%Dq’}:(g) i
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The class S of g-starlike functions and the right-half plane diminishes to the
acquainted class &* by the closed disk )w — ﬁ‘ < l—iq for ¢ — 17. Consistently,

from definition of analytic functions and subordination, the inequality (1.5) wrote
as below
§

B 1+¢
S(E)Dqs(g) TS

One method to generalize the class S*[7, u] of definition 1.2 is to substitute
the function (1 4+ 7&)/(1 + p&) in (1.4) with the function (1 +¢)/(1 — ¢&) which
is involved in (1.6). The appropriate definition of the corresponding g-extension
S;[7, p] is specified below.

Definition 1.6. A function ¥ € H belongs to the class S;[t, u] iff

(1.6)

D) _ T+ VIO~ (-1 . (1.7)

T(6) (n+1)FE) — (n—1)°

where Lt
+
TE¢) = ——=,
€)= 1=
which can be written as follows by using the definition of the subordination:
§D,F(8)
=< ¢(&),
g O
where

(T+1DE+2+ (71— 1)g¢
(H+1DE+2+ (n—1)g¢

Remark 1.1. (i) We can observed that

¢(§) = ,—1<pu<7<1,q€(0,1).

lim Sg[r, p] = S*[r, 4.

q—1-

Also, S;[1,—1] = Sy, see ([7]).

(1) From Duren [4], we have

T e Cylr, u] & EDE(E) € Sy, 1l
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The generalized Bessel function w; is defined as (See [3]),

wi(§) = i Sk > (g)MH; §eC

o ! <l+n+b;—1 !

which is the specific solution of the following linear differential equation
Ew (&) +alw (&) +{b& -1+ (1—a)ljw() =0

where a, b, [ € C.
Now, the generalized Bessel function (normalized function) is defined as

2(4 7

n=0 U)n

m\»—t

w (€) = 2 (z + n@)'
where

_ 1
1, for n =0 (a‘g )’07&0,_1,—2...),

Jn:{ 1) (o +1), fornecN. (o =1+

Normalized Bessel function defined by using the convolution between two functions,

in below
n 1

§ul 5—1—2 ln_l) fn

In this paper, we investigate and obtain the sufficient conditions of g-starlikeness
and g-convexity for functions which are linked with generalized Bessel function by
using following sufficient conditions obtained by Srivastava [23]. A similar work be
also investigated by Gour et al. in [5] and Seoudy in [17] and Goyal et al. obtained
sufficient conditions of starlikeness for the multivalent functions in [6].

Lemma 1.1. [23] Suppose T € S;[1, ], if it is achieving below condition

>~ (2l = 1+ 15+ Dinly = (7 + 1) | )laal < =7 | (18)

n=2
Lemma 1.2. 23] Suppose T € C;[1, ], if it is achieving below condition

o0

> lnl(2aln = 1], + 1+ Dy = 7+ D) | laal < =7 ] (1.9)

n=2
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2. Main Results
Theorem 2.1. Let E(o,q) be defined as follows:

EW#V=<@jiii94%T+D)oﬂ(ﬁaﬂgb

1—g¢q
O (o o) -

If the inequality
E<O-7Q) < |lj’_ T|

holds, then function §u; (§) fits to the class S;[T, p].
Proof. Since
~b)

Eur(€ f+§j 4 )5”56D

we know that from Lemma 1.1, any function T € S;[r, u] fulfils (1.8). Then, for
f(&) := &) it is sufficient to show that (1.8) holds, for

(7! 1—q"
n — ) d = :
o v TH L Ul g
Using the triangle’s inequality we get
Z(2q[n—uq+ [Vl = (1) [ ) o |
n=2

<ZQ ]an|+z,u—|—1

|an|+ZT+1 | ay |
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= (P o) (o (el §1) 1) - R o (e 5E) )

= (B o (e 1) - SR (o ) +

=: E(0,q)

and the theorem’s assumption implies (1.8).

Hence {u;(§) € S;[7, .

Here o F}(—;; x) is the special case of Gauss hypergeometric function o F} (€, 7;7; x).
On taking 7=1-2¢,0<¢ <1, and pp = —1, we have S;[1 — 2§, —1] =: §7(¢)

and Theorem 2.1 reduced in result given follows:

Corollary 2.1. Let E*(0,q) be defined as follows:

b 2 b
o8] - 2o (- o) 4200

2q
E*(0,q) = <1T +2(1- T))0F1 (—,
If the inequality
E*(o,q) < 2|t — 1|
holds, then function £ u(§) € S;(§).
For £ = 0, we have the following example:
Example 2.1. Let E(a, q) be labelled as follows:

i) - 2o +2

~ 2

OF1<_7
q

If the inequality

E(o,q) <2
holds, then function £ u;(§) € S;7(0).
Theorem 2.2. Let G(o,q), be demarcated as follows:

Glo,q) = {q+u+2+r(1—q))0m(_;g; E)

u
—q(T(l —q)+2u+q+5) OFI(_;U§}%‘> +¢*(u+3)

oFi (=0 quz{) +(T+p+2)(1 - q)2}

If the inequality
G(Ja Q) < |1u - 7—|
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holds, then function £ w(§) € Cr[T, p].

Proof. We Know that from Lemma 1.2, any function T € C;[7, p if it fulfils (1.9).

Then for T(§) := {wy(§), it is sufficient show that (1.9) holds for

() 1—q"
n 5 d == .
a s (n = 1] and [n], -
Using first triangle’s inequality, we have
> [nlg(2qln — U+ | (w+ Dl = (r+1) ) | an |
n=2
< 2gMnlg[n =g | an [+ (n+Dnlgnly [ an |+ (1 +1)0]
n=2 n=2 n=2
—., 1-q"1—¢ - ¢"1—q"
- n 1 n
e o e DT
n=2 n=2
[o.¢] o qn
1 n
+n§;(f+ )=l an|

=2t (D) + (1)1 —q) 2+ (p+1) ,,
-3 AU RO I 4 3

q|an|

n |

_Z(¢+1)(1—q)(;rfé/;2+1)+2q+2qn| N
SRS o | TR REIERS
M+3 - 2n
+(1_Q)2n:2 | an |
q+u+2+7(1—Q)§: () T(l—q)+2pu+q+5
(1-¢)° = 1(0)na(n—1)! (1—-¢q)
S G o A P R I N & LA
; (@)nr(n— 11| +(1—Q)2; (@)na(n—1)1|"
gt pt24T 1—q = |=[" T(l—q)+2u+qg+5 _Thn
(1—q) ; (1—q) ; (@)n(n)!
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3 o ‘%n 2042
e NEwmi
Cqtpt2+7(1—9) . rl-g) £ 2t qt5
g WRGelh - -
b 2 bg’
(il S -1) + 2 B )

1 b
b b o2
o1 (=303 |2]) + P+ 3) oFs (=03 |

=:G(0,q)

|) +(r+p+2)(1 —q)2}

Therefore, the Theorem’s assumption implies (1.9), hence { w;(§) € Ci[r, u].

On taking 7 =1—2£,0 < ¢ <1 and p= —1, we have C;[1 — 27, —1] =: C;(§),
and Theorem 2.2 reduced in result given follows:

Corollary 2.2. Let G*(0,q) be defined as follows:

G'(0.q) = ﬁ{za (1= 0)) oFs (=03 3]) 202~ (1~ )
0F1<—§U§ |%|> +2q2 0F1<—§US ’quzD +2(1-7)(1— Q)Q}
If inequality

G*(o,q) < 2|t — 1|

holds for 0 < 7 < 1, then function {u(§) € C;(§).
For £ = 0, we have the following example:

Example 2.2. Let é—’(m, q) be defined as follows:

Glo,q) = ﬁ{%ﬂ(—;g; E}) — 4q oF1<—;o; !%!)
+2¢° oFl(—;U; IquQD +2(1 — q)2}

If for any j € {1,2} the inequality

G(o,q) <2
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holds, then function {u;(£) € C;(0).

3. Conclusion
In this paper, we obtained sufficient conditions for g-starlikenss and g-convexity
for a function associated with normalized Bessel function as following Srivastava

([19]).
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