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1. Introduction

There are various types of uncertainties in the real world, but few classical
mathematical tools may not be suitable to model these uncertainties. Many intri-
cate problems in economics, social science, engineering, medical science and many
other fields involve undefined data. These problems which one comes face to face
with in life cannot be solved using classical mathematical methods. In classical
mathematics, a mathematical model of an object is devised and the concept of
the exact solution of this model is not yet determined. Since, the classical math-
ematical model is too complex, the exact solution cannot be found. There are
several well renowned theories available to describe uncertainty. For instance, In
[15], Rosenfeld introduced the concept of fuzzy subgroup in 1971 and the theory
of fuzzy sets was inspired by Zadeh [19] in addition to this, Molodtsov [11] have
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introduced the concept of soft sets in 1999. Furthermore, In 2009, Majiet. al., in-
troduced the concept of fuzzy soft sets in [9] and Jacobson introduced the concept
of M-group M-subgroup in [6].

VasanthaKandasamy and Smarandache [17] have introduced the Fuzzy Algebra
during 2003. An introduction to the new definition of Soft sets and soft groups
depending on inclusion relation and intersection of sets were exposed by Akta and
Cagman [1]. MouradOqlaMassadeh, discussed the M — N homomorphism and
M — N Anti homomorphism of an Over M — N fuzzy subgroups in 2012 [12].
In 2010, R.Muthuraj et al., [10] introduced the M-Homomorphism and M-Anti
Homomorphism of an M-Fuzzy Subgroup and its Level M-Subgroups. In [2] Biswas
introduced the concept of anti- fuzzy subgroup of groups. Shen researched anti-
fuzzy subgroups in [16] and Dong [3] studied the product of anti- fuzzy subgroups.
Feng and Yao [5] studied the concept of (A, 1) anti- fuzzy subgroups. Pandiamml et
al, (2010) defined a new algebraic structure of anti L-fuzzy normal M-subgroups In
our earlier work we have discussed the concept of M — N anti fuzzy soft subgroups
in [7, §].

In the present manuscript, we have discussed the concept of M — N anti ho-
momorphism of fuzzy soft subgroups based on the concept of fuzzy soft groups. In
section 2 , we presented the basic definition, notations on M — N anti fuzzy soft
subgroups and required results on fuzzy soft M — N anti level subsets of a fuzzy
soft subgroup. We have also discussed the concept of M-N anti homomorphism of
fuzzy soft subgroups and some of its elementary properties.

2. Preliminaries
In this section, some basic definitions and results needed are given. For the sake
of convenience we set out the former concepts which will be used in this paper.

Definition 2.1. [19] Let X be a non - empty set. A fuzzy subset A of X is a
function A : X — [0,1].

Example 2.2. Let X = {1,2,3,4,5} be aset. Then A = {(1,0.2),(2,0.4),(3,0.6),
(4,0.7),(5,0.8)} is a fuzzy subset of X.

Definition 2.3. [19] The standard union of two fuzzy subset A and B of a set X
is defined by (AU B)(z) = max(A(x), B(x)) for all x in X.

Example 2.4. Let A = {(1,0.2),(2,0.6),(3,0.3)} and B = {(1,0.4),(2,0.2),
(3,0.8)} be two fuzzy subset of a set X = {1,2,3}. The standard union of the
fuzzy subsets A and B is AU B = {(1,0.4), (2,0.6), (3,0.8)}.

Definition 2.5. [19] The standard intersection of two fuzzy subset A and B of a
set X is defined by (AN B)(x) = min{A(z), B(x)} for all x in X.
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Example 2.6. Let A = {(1,0.1),(2,0.5),(3,0.9)} and B = {(1,0.8),(2,0.6),
(3,0.4)} be two fuzzy subset of a set X = {1,2,3}. The standard intersection
of the fuzzy subsets A and B is AN B = {(1,0.1),(2, 0.5), (3,0.4)}.

Definition 2.7. [7] Let G be a group. A fuzzy subset A of G is called an anti fuzzy
subgroup if for x,y € G

1. A(zy) < min{A(z), A(y)}
2. A(x™1) = A(x)

Theorem 2.8. [7| Let G be an M — N group, A and B both be M — N anti fuzzy
subgroup of G. Then AU B is an M — N anti fuzzy subgroup of G.

Example 2.9. A : G — [0,1] where G = {1,—1,i,—i} defined as A(1) = 0.2,
A(—1) =0.4, A(i) = 0.6, A(—i) = 0.6, where A is an anti fuzzy subgroup.

Definition 2.10. [7] Let A be an anti fuzzy subgroup of a group G. For t € [0, 1]
the anti level subset of A is the set Ay = {x € G/A(x) < t}. This is called an anti
level subset of A.

Definition 2.11. [1] Let U be an initial universe set and E be the set of parameter.
Let P(U) denote the power set of U. A pair (F, E) is called a soft set over U, where
F is mapping given by F : E — P(U).

Example 2.12. [1] Let U is the set of house under consideration. E is the set of
parameters. FEach parameter is a word of a sentence £ = { expensive, beautiful,
wooden, and cheap, in the green surrounding, modern, in a good repair, in bad
repair }. In this case, to define a set of means to point out expensive houses,
beautiful houses and so on. The soft set (F, ') describes the attractiveness of the
houses which Mr (say) X is going to buy.

Definition 2.13. [1] Let (F, A) be a soft set over G. Then (F,A) is called a soft
group over G if F(a) is a group G for all a € A. Here (F,A) means f,, fo is a
fuzzy soft subgroup.

Definition 2.14. [1] Let U be an initial universe set and E be the set of parameters.
Let AT E. A pair (F, A) is called fuzzy soft over U, where F' is a mapping given
by F': A — IV where IV denote the collection of all fuzzy subset of U. Here I
means [0, 1].

Example 2.15. [1] Let U = {C4,C5,C3,Cy, Cs} be the set of four cars under
consideration and E = { e;(Costly), ea(Beautiful), es(Fuel Efficient), e;(Modern
Technology), e5 (Luxurious), } be the set of parameters and A = {ey,e,e3} C F,
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then

(F, A) = {F(e) = {C1/0.7,C5/0.1,C5/0.2, C4/0.6}
Fl(ey) = {C1/0.8,C5/0.6,C3/0.1,C,/0.5}
F (63) = {01/01, 02/02, 03/07, 04/03}}

In this fuzzy soft set representing the attractiveness of the car which Mr.X is going
to buy.

Definition 2.16. [1] Let (F, A) and (G, B) be two fuzzy soft set over U. Then
(F, A) is called a fuzzy soft subset of (G, B) denoted by (F, A) C (G, B) if

1. ACB

2. F(a) is a fuzzy subset of G(a), for each a € A.

Definition 2.17. [12] Let M, N be left and right operator sets of group G respec-
tively, if (mx)n = m(xn) for allz € G, m € M,n € N. Then G is said be an
M — N group.

Definition 2.18. [7] Let G be a group and (f, A) be an M — N fuzzy soft set over
G. Then (f,A) is said to be a M — N anti fuzzy soft group over G iff for each
a€AandzxzyeGdG,

1. fo(m(zy)n} < min {fu(2), fu(y)}
2. fo{(mz™)n} < f.(x) hold for each a € A;m € M,n € N, f, is a M — N
anti fuzzy soft subgroup of a group G.
Definition 2.19. [7] Let G be an M — N group and (f, A) be a fuzzy soft subgroup
of G if
(1) fa(mz) < fo(z)

(2) fa(zn) < fo(x) hold for any x € G,m € M,n € N and a € A, then (f, A) is
satd be an M — N anti fuzzy soft subgroup of G.

Definition 2.20. [10] A mapping f from a group G into a group G is said be an
anti homomorphism if for all x,y € G, f(xy) = f(z)f(y).

3. M — N fuzzy soft subgroups of an M — N group G under M — N anti
homomorphism

In this section, we shall define the M — N anti homomorphism of fuzzy soft
subgroup and define the M — N anti level subsets of a fuzzy soft subgroup. We
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have also discussed the concept of M — N anti homomorphism of fuzzy soft groups
and some of its elementary properties.

Definition 3.1. Let G and G’ be any two M — N groups. If (f, A) is an fuzzy
soft subgroup of an M — N group G, then the function f, : G — G' is said be an
M — N anti homomorphism of fuzzy soft subgroup if

(1) falxy) = fa(x)faly) for all 2,y € Gia € A

(2) fao(mzx) =mf,(z), for allx € G,a € A and m € M

(3) folyn) =nf,(y), for ally € G,a € A andn € N

Note 3.2. If X\ is a constant and ker f, is an M — N anti fuzzy soft subgroup, then
(1) fa(N)fa(max) = AN(mzx) = ANz), for allz € G,a € A and m € M.

(2) fa(A) fa(zn) = Xan) = X(z), for allz € Ga € A andn € N.

Theorem 3.3. Let f, be an M — N anti homomorphism of fuzzy soft subgroup
from an M — N group G onto an M — N group G'. If X is an M — N fuzzy subgroup
of G and X is an f,— soft invariant, then f.(\), the image of X under f, is an
M — N anti fuzzy soft subgroup of G'.

Proof. We know that A is a constant and ker f, is an M — N anti fuzzy soft
subgroup. Now,

faA) (fa(@) fa(W)) = fa(A) (fa(zy)), for all 2,y € G,a € A
= A(zy), since by the Note 3.2

< max{A(z), A(y)}, since by the Definition 2.7
< max {fu(A) (fa(x), fa(A) fa(y))}, since by the Note 3.2 .

Therefore fo(A) (fa(7)fa(y)) < max{fa(A) (fa(2), fa(A)fa(y))}-
Clearly f,()\) is an anti fuzzy soft subgroup of G'.

To prove that f,(\) is an M — N anti fuzzy soft subgroup of G*.
Let f,()\) € G', then

(1) fa(X) (mfo(2)) = fa(A) (fa(mz))
= A(mz)
< A(x), by the definition A(mx) < A(x)
= fo(A) fa(z), by the Note 3.2

Therefore £,(A) (mf, (@) = fa(\) ful(2).
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(2) fa(A) (falz)n) = fa(A) (fa(zn))
= A(zn)
< A(z), by the Note 3.2
Hence f,()\) is an M — N anti fuzzy soft subgroup of G*.

Theorem 3.4. The M — N anti homomorphic pre- image of an M — N anti fuzzy
soft subgroup of an M — N group G' is an M — N anti fuzzy soft subgroup of an
M — N group G.

Proof. Let f, : G — G! is said be an M — N anti homomorphism of fuzzy soft
subgroup.

Let u be a fuzzy set on the M — N anti fuzzy subgroup of G'. Now

Mzy) = u(fo(zy)) for alla € A and z,y € G
= pu(fa(x)faly)), since f, is an anti homomorphism
< max {uf.(z), ufa(y)}, since p is an anti fuzzy subgroup of G'

= max{A(z), AM(y)}
That is M(xy) < max{A(z), A(y)}.

Let z € G,

AMae™) =n(fa (=)
=pu( fa(yc))f1 , since f, is an anti homomorphism of fuzzy soft subgroup
= 1 (f.(x)), since p is an M — N anti fuzzy subgroup of G'
= Az)

A(z7h) < A=)

Clearlyy, ne N=me M
Amz) = p(fo(mzx)), foralln € N and z € G

=p(mf,(x)), since f, is an M — N anti homomorphism of an fuzzy soft group
< ufu(z), since uM — N anti fuzzy subgroup of G
= \(x)

That is A(mx) < A(x). Next

AMzn) = p(fu(zn)), foralln € N and x € G

=pu(nf,(x)), since f, is an M — N anti homomorphism of an fuzzy soft group
< ufu(z), since uM — N anti fuzzy subgroup of G
= Az)
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That is A(xn) < A(x).
Hence A is an M — N anti fuzzy subgroup of G.

Theorem 3.5. If f, : G — G' is an M — N anti homomorphism of a fuzzy soft
subgroup of a group G, then

(1) fu(e) = €', where € is the unit element of G'

(2) fu(z™) = (fu(z))™" forallz € G.

Proof. Given that f, : G — G'is an M — N anti homomorphism of an fuzzy soft
subgroup of a group G.

(1) = Suppose f,(mx)e' = f,(mx) = f,(x), for somem € M, a € Aand z € G
= fu(ze), since e is an identity element in G
= fu(z)fu(e), since f, is an anti homomorphism of
an fuzzy soft subgroup
fa(z)er = fo(z)fa(e), by left cancellation law

Therefore f,(e) = e!
Similarly, we can prove that f,(zn)e' = f,(zn) = f,(x), for some n € N,a € A
and x € G. That implies f,(e) = e'.

(2) = We know that e' = fa(me), since A(mz) < A(z)
= fa(e)
= fa (:Ua:’l)
= fo(z)fu(z™1) f. is an anti homomorphism of an fuzzy

soft subgroup
e!(fa(2))™" = falz™)

Similarly, we can prove that e! = f,(en), since A(xn) < A(x). That implies
(fa(z)) ™" = fu (). Hence the proof.

Definition 3.6. Let p be an M — N anti fuzzy subgroup of an M — N group G.
Then the M — N subgroup p fort € [0,1] and t < p(e) are called anti level M — N
subgroup of .

Theorem 3.7. The M — N anti homomorphic image of a level M — N subgroup
of an M — N fuzzy subgroup p of an M — N group G s a level M — N subgroup
of an M — N fuzzy soft subgroup f.(u) of an M — N soft subgroup G*, where p is
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fa— soft invariant.

Proof. Let G and G* be any two M — N group.

Let f, : G — G' be an M — N anti homomorphism of an fuzzy soft subgroup of a
group G.

Let 4t be an M — N fuzzy subgroup of G.

Clearly f,(u) is an M — N fuzzy soft subgroup of G'.

Let p; be a level M — N subgroup of an M — N fuzzy subgroup u of G.

Since f, is an M — N anti homomorphism fuzzy soft subgroup, f,(x) is an M — N

soft subgroup /(1) of G and f, (1) = (fulu))s
Hence (f,(u)), is a level M — N soft subgroup f,(p) of G*.

Theorem 3.8. The M — N anti homomorphism pre - image of a level M — N soft
subgroup of an M — N fuzzy subgroup j of an M — N group G' is a level M — N
subgroup of an M — N fuzzy soft subgroup f.*(u) of an M — N group G.

Proof. Let G and G* be any two M — N group.

Let f, : G — G' be an M — N anti homomorphism of a fuzzy soft subgroup of a
group G.

Let o be an M — N fuzzy subgroup of G*.

Clearly f,'(mp) = f;1(u) and £, (un) = f71(p) is an M — N fuzzy soft subgroup
of G.

Let 1 be a level M — N subgroup of an M — N fuzzy subgroup u of G'.

Since f, is an M — N anti homomorphism fuzzy soft subgroup, f;! (y;) is an M — N
soft subgroup of f, ! (u) of G and f; ! () = (f; (1)), is an M — N soft subgroup
of an M — N fuzzy soft subgroup f;!(u) of G.

That is (f; (), is a level M — N subgroup of an M — N fuzzy soft subgroup
[ 4 (1) of G. Hence the proof.

4. Conclusion

The main results in the present manuscript are based on the concept of M — N
anti homomorphism of fuzzy soft subgroup [10] and [12]. We have also defined the
M — N level subsets of fuzzy soft subgroup and its some elementary properties are
discussed.
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