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Abstract: The objective of the present study is to derive the analytical expression
for deformation field in an orthotropic elastic medium by using repeated character-
istics values as a result of inclined line-load . For the procedure the method of equal
characteristics value and Fourier transformation is used. To represent graphically,
the elastic constants for two distinct elastic materials have been considered. To see
the effect of inclination, the variations in displacements and stresses for different
values of inclination i.e. at § = 0°, 30°,60°,90° have been depicted graphically. It
is found that normal and tangential loading influence the displacement and stresses
significantly for distinct material.
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1. Introduction

Although it is almost impossible to predict an Earthquake, but with the study of
seismology and identifying rock properties, seismologists can find out which is the
most affected zone of earthquakes. In theoretical aspects, mathematical modeling
plays an important role in order to understand Seismology and related phenom-
ena. With the help of an appropriate model one can analyze the effect of loading,
irregularities etc on deformation in distinct media which can proved to be helpful
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in issuing a real time warning and excessive damage can be prevented. Due to
continuous changes in the interior of the earth, scientists have been giving keen
attention to the field of seismology and its related problems. Thus, plane strain
deformation problem and anti-plane strain deformation problem have become of
much concern to the researchers due to their applications in various fields such as
seismological research, geophysics, engineering etc. To examine the rocks around
mining tremors and earth crust’s drilling, the study of line- loading causing defor-
mation has proven to be very useful. This study can also be helpful for theoretical
understanding of seismic sources.

Maruyama [14] and Love [10] derived the analytical expressions for deformation
as a result of line source and strike-slip fault of infinite length respectively in an
isotropic elastic medium respectively. Garg et al. [5] studied anti plane strain
deformation as a representation of seismic source. Authors concluded that the
displacements are affected by both source and dip of the faults.

To resolve the problem of plane strain deformation, eigen value technique has
been proved much qualifying and used by many researchers. Singh et al. [17]
premeditated the case of static deformation of a monoclinic elastic medium and
derived the analytical expressions for deformation in a transformed domain for
distinct eigen values. Madan and Gaba [12] obtained the analytical expressions
considering the elastic medium with the properties of transversely isotropic half-
space. Further Madan et al. [13] derived the analytical expressions for deformation
field for imperfect interface.

Many researchers such as Kar et al. [7], Selim [15], Acharya and Roy [1], Kumar
et al. [8] etc. studied the plane strain problem for distinct medium using eigen
value approach. Kumari and Madan [9] also studied the plane strain problem
and derived the analytical expressions for deformation field due to seismic sources
with imperfect interface. Wenwang et al. [19] studied the elastic field considering
an isotropic elastic medium due to dislocation loops for dislocation and force-like
model. In the absence of initial compressive stress Garg et al. [6] solved the
plane strain deformation problem by considering distinct eigen values and derive
the deformation field due to line-loading and studied the effect graphically.Most
of these studies considered the case of distinct eigen values. Selim and Ahmed
[16] studied the effect of inclined line-load for an elastic medium stressed initially
and derived the set of mathematical expressions for displacements and stresses.
Particular case of the results obtained in the paper was contradicted by Chugh
et al. [2] by proving that the eigen value does not remain distinct for a stress
free elastic medium. With repeated eigen values, Madan et al. [11] studied the
deformation for transversely isotropic elastic medium.
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The upper layer of Earth is termed as Earth’s crust which is acknowledged to
have an orthorhombic symmetry. The combination of vertical cracks with hori-
zontal axis of symmetry caused orthorhombic symmetry. If any plane of the or-
thorhombic symmetry is horizontal, then the resulting symmetry is defined as or-
thotropic symmetry. The Earth is considered to be orthotropic in nature, (Dziewon-
ski and Anderson [4]), therefore for improved estimation, in this paper we have
considered an orthotropic elastic medium and derived the deformation field for the
case of repeated characteristics values. The calculation is made simpler by applying
Fourier transformation technique and matrix method.

The boundary condition for normal and tangential loading is used to obtain the
mathematical expressions for displacements and stresses and examined the effect of
inclined line-load. To show the variation in displacements and stresses, graphical
representation of deformation at different angles of inclination § = 0°, 30°, 60°, 90°
has been done. It has been observed that the displacements and stresses are in-
fluenced by different loading and variation in displacements also depends on the
properties of distinct rock forming materials. The results obtained here are theo-
retical but can be proved to be very helpful to experimental research of engineering
problems, crystal physics, geophysics and geodynamics which is certainly the most
interesting geophysical research. Our study is aimed at better understanding of
the role of loading in the plane strain deformation problem.

2. Basic Theory and Equations

As most of the earthquakes are sufficiently large, thus two dimensional ap-
proximation is well justified in the study of earthquakes and related phenomena.
Therefore in this case we have considered plane strain model, parallel to xy-plane,
the non-zero stresses for an orthotropic elastic medium can be written as:

S11 = m11%+m12% (1)
- m12%+ngg—z 2)
- mlg%m%g—;’ 3)
sw = e+ ) ()

Garg et al. [16] gives the equilibrium equations for plane strain deformation prob-
lem considering an orthotropic elastic half-space:
0%u 0%u 0%

Mg + mGGa_yQ + (mes + mlz)aa}@y =0 (5)
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0*u N 9 N v 0 (6)
— Mg + Maam— =

0x0y 06 522 22 oy?

Using Fourier transformation on equilibrium equation (5) and (6) to avoid unnec-
essary mathematical complications (Debnath [3]), we find:

(mee + m12)

d*u N
mn@ — 82m6612 -+ (m66 —|— mlg)(—28>% = O (7)
(g0 + 1) (—i5) 2 + 1265 20 4 gy (~522) = 0 ®)
Mee T M2 (2] dr Mee A2 Mo2(—S8 V) =

where s being the Fourier transform parameter.
The equations (7) and (8) are unified in the following vector-matrix equation.

W dW
le - stgﬁ —*T3W =0 (9)

where

mi1 0 0 Mg + M2 Mee 0
! ( 0 m66) 2 (m66 + Mo 0 ) o ( 0 m22) W <’D)

(10)
Here T1, T» and T3 represents the symmetric matrices. Let solution of equation (9)
is

IS}

W(z,s) = C(s)e”” (11)

where C(s)is a 2*1 type matrix and A being a parameter. Using equation (9) and
equation (11), the characteristic equation is

(m11m66)A4 — (m11m22 — 2m66m12 — m%Q)SQAZ + (m66m22)s4 =0 (12)

As we have considered the case of repeated eigen values, where the eigen values
has been obtained by solving characteristics equation (12) i.e.:
A=+als|, Las|
with
A = Ay = als|, Az = Ay = —als| (13)

2
M11Mao2 — 2MeeM12 — mis

where v =
2my1mes

The corresponding eigen vectors for Ay, Ay, As and Ay can be obtained by
solving the characteristics equations
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(A2T1 — iASTQ — 82T3)V(S) =0
where T}, T; and T3 are given in equation (10). The corresponding eigen vectors
are found to be

M A M -M A M
Vi = Vo= | Vs = Vi= " 14
A Y Rl el L Bl e
where
_.a(m66+m12) ) _ 2
M =i——————= A1 = a"my1 — Mgs, Az = ia(mes + miz), Az = a“mes — Moy

a’my; — meg
- MAz+ Ay 4 — MAy + Ay
TAA;— A2 T A Ay + A2
Therefore for the case of orthotropic elastic medium, we can write the solution of
matrix equation (9) in the form:

Uz, s) = GiVie™P + GoVae™*  GyVae b1 4 GyVje bl (16)

where G, G, G3 and G4 are constants to be determined using boundary conditions
for normal and tangential loading. Using the values of eigen vectors from equation
(14), the inversion of equation (16) gives the displacements and stresses in integral
form as:

17 A A
u(x,y)zzﬂ/[<MG1+<824+mM> G2> €a|s|x+<—MG3+G4 <824—xM>>

Ay (15)

e—a\s\x] e~ 18Y g

17 A A .
v(w,y) = o / [<G1 + Go <525 + m)) eclslz 4 <G3 + Gy <525 + m)) e_o“s‘w] e "Yds

(0.9]
! ) A4 . A5
Sll(xay) = % / [Gl(MOém11|3’ - 28m12) + GQ (amll’S’ — Zm12? + ﬂiMam11|3|_
—00
A olsle ) A4 . A5
iszmiz + Mmyy)e + G3(Mama|s| —ismiz) + G4<_amnm —imi =
+ xMamg|s| — iszmyg — Mm11>€—a\s|:p:| oY ]
s12(,9) = % / [Gl (—isM + als|) + G2 <—i54 + aﬁ —istM + als|z + 1> eolslz 4
—00

A A .
Gs (1sM — als]) + G4 <—i84 — aﬁ +iszM — a|s|x + 1> e_a‘s‘x] e "Yds
(17)
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3. Formulation and Solution of the Problem

In the present plane-strain deformation problem parallel to xy-plane, we have
considered an infinite elastic half-space with orthotropic symmetry. The medium is
assumed to be free from initial compressive stress. In the problem x-axis is acting
vertically downwards. Let an inclined line-load (L) per unit length be acting on
z-axis and the angle of inclination with x-axis is denoted by ¢ (figure 1). The
resulting closed form analytical expressions for deformation field at any point of
the medium due to loading shall be calculated using boundary conditions of normal
and tangential loading. For the purpose, we have considered an the elastic medium
consisting of Medium 1 (z > 0) and Medium 2 (z < 0).

L,
Medium 2 (x<0)
Y NV
0 P
Medium 1 (x>0)
Y

X

Figure 1: A vertical line load

The displacement and stress field due to loading are
For Medium 1:

u1<q;7y) :i / —MGs3+ Gy é—xM efa|s|x€fisyds
27 52

. S A |
1 5 —als|lz —is
v (2,y) “or / (Gg + Gy <52 —i—x)) e lslee—isy g

o0
1 , A , A
sh(x,y) =5 / (Gg(Moz|s|m11 —ismia) + Gy <—o¢m11’: — zmlg?5 + xMamg|s|
—00

—18TMm1a — an)) e sl —isy g g
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o0
A A
sto(z,7) :7;—76:3 / Gs (isM — a|s|) + G4 <—is4 — a2 sz M — als|lz + 1>
— 0o

sl (18)

e—a|s|me—zsyds

For Medium 2 :

u2(x,y) :i / <MG1 + <i324 —i—.iL‘M) G2> €a|s|xe—isyd8

1 00 A ‘
2 5 als|x —is
viz,y) =5 / (G1+G2 <82 +m)> eclslze=isy g

o
1 : Ay A
s34 (z,y) =5 / <G1(Moz|5]m11 —ismi2) + Ga <am11|8| - mef +xzMami|s|
—0o0
—iszmis + Mm1)) eclslze—isy g g

o0
m . A As
s2o (2, y) :2—76:5 / G1 (—isM + als|) + G2 <—zs4 + aﬁ —isxM + als|x + 1>
—00

€a|s|cce—isyd8
(19)

3.1. Line-Load acting Vertically

Applying a vertical line-load Ly, per unit length, acting on the interface x=0,
along the z-axis (figure 1). Let at x=0, the boundary conditions be:

ut(z,y) — u?(z,y) =0,

vl (x,y) — v (x,y) =0, 20)
s (2, y) — s, (2,y) = — Lnd(y),
5%2(%9) - 5%2(%3/) =0.

d(y): Dirac delta function that satisfies the following properties

o0

/ S(y)dy = 1,0(y) = % / e~ s (21)

—00
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Applying boundary conditions (20) into the equations (18) and (19) we obtain the
following values of elastic constants.

61 = Ludt)B1 |1~ 5
Gy = Lyd(y) [Bi(ls| — ) — Ba(s* — [s])]
. . (22)
G3 = —Ln0(y)Bs L | g} ;
Gy = —Lyd(y) [Bs(ls| —s) = Ba(s* = |s])] ,
where As(MAs + Ay) M As(M A5 — Ay)

e 2am11(M2A§ - Ai)’ T 2a2m11(M2A§ - A?Q, 5 20[777,11(M2Ag - AZ)
Now using the values of elastic constants from equation (22) in to the equations
(18)-(19) and using Wolfram Mathematica for integral calculations, we obtain the
following analytical expressions of displacements and stresses for vertical line-load.

Lnd(y)

2

+ B2A4<

w () =S [ =B (M As 5 A (log(o%e +47) 7 20 () )

—iy F am) ( (a?x? — y?) £ 2iaxy

—_ 2cM| — B

0222 + o2 T 1 (a2 + y?)?

—2iy(3a?z? — y*) F 20z (a?z? — 3y2)>} (23)
(0222 + y2)3

+ By

Y

Loly) |Bi(As F 43)(log(a%a® +32) F 2itan~" (1) )

2
+ B2A5<

oM (z,y) =
—iy F ax (a?x? — y?) £ 2iazy
5 (a2 1 )
—2iy(3a?z? — y?) F 20z (a®z? — 3y2)>} (24)
(222 + y2)3

Lno(y +ax 41y
Sﬁ(x,y) = N27T< >[2M1—

;) +20( £ B,

+ By

2,2 2 -
2,2 2+2M2(04$ 2_2 )i22§04$y
a?r? 4y (a?2? + y?)
az(a?z? — 3y?) + it(3a’2® — y?)
(a?z? + y?)?
(atz? — 6022%y? + y*) + diyax(a’z? — y?)
(a2x? 4 y2)4 ]

+ 4M;

—12M, (25)
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sto(,y) =

Lyd(y) [ +azx + iy oM (a?2? — y?) & 2iaxy
2 * 0222 4 2 O (a2 + y?)?
ax(a?x? — 3y?) +it(3a’z? — y?)
(222 + 42)?
(atzt — 6a22?%y? + y*) £ diyax(a’z® — y?)
(0222 + 2)

+ 4M7

— 12My (26)

where
M, = Bi(Mamy; + imis — amqg As — mya),
My = —Mmq By F am1 AyBy — imya As B,
M3 = xMamllBl + ?:ZEmlgBl + MmllBg,
My = xMamqy By — txmq9Bs,
M5 = —Bl(’lM == ’lA4 + OZA5), M6 = :l:Bl — iA4B2 F O[AE)BQ,
M7 = —ZZEMBl — l‘OéBl - BQ,
Mg = :F(’LZEMBQ + ZL‘CYBQ).
The superscript (N) is used to show the deformation due to vertical loading Ly
and superscript (T) is used to show the deformation due to tangential loading L.

3.2. Line-Load acting Horizontally

Here we apply a line-load (L7, per unit length),that is acting at the origin in
the positive y-direction (figure 2). At x=0, let the required boundary conditions
be:

Lt
> Medium 2 (x<0)
>
3
h
) s
Medium 1 (x>0)
vx

Figure 2: A horizontal line-load
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(l’,y) U2($,y) :0,
v (x,y) — v*(,y) =0,
sh(z,y) — 2 (z,y) =0, (27)
5%2(5573/) - 8?2(1; y) = — Lpd(y)

Applying boundary conditions (27) into the equations (18) and (19) we obtain the
following values of elastic constants.

] S -
Gy = —Lid(y)Cy |ads | — — = + M |1- 2|,
s 5] L sl
Go = 2L76(y)M [a01[|s| — 5]+ Co[s* — s3] (28)
1 1] I 1]
Gg = —LT(S(y)Cg O./A5 — — =+ M|1- i s
L Lsl s8] L Isll]
Gy = —2L76(y)M [aCs[|s| — s] + Co[s* — s|s]]] ,
MAs + Ay M MAs — Ay

where C] =

202(M2A2 — A2) C2 = 202(M2A2 — A2)’ Cs = 202(M2AZ — A2)
Now using the values of elastic constants from equation (28) in to the equations
(18) - (19) and using Wolfram Mathematica for integral calculations, we obtain the
following analytical expressions of displacements and stresses for horizontal line
load.

() = LT257T( y) [:I:MC’l(A5 — A4)< — log(a?z® + ¢?)) + 2itan ™" (i) )

o
(ax + 1y) a?x? —y?) + 2iaxy
(222 + 12 (0222 + 12)?2
2iy(3a?z? — y?) + 2ax(az? — 3y?)
2,2 1 42)3 (29)
(a22? +y?)

OM(CyAs — MCY) 2z M? (Cl<

+ Oy
LT5(Z/)

UT(xa y) -

+2(MCy — CyAs5)

[Cu(4s = A2~ log(ea? + ) £ 2itan™" () )

o?x? — y?) + 2iawy
(0222 + y2)2

(ax +1iy)
(a?2? +¢?)
2iy(3a”z? — y?) + 2ax(a?z? — 3y?)

(0222 + 2)° )}
L16(y) [QMI fax + 1y
2m

+ 2 M (Cl (

+ Ch

Lo (a?x? — y?) £ 2iaxy
1 o2x? + y2 2 (a2$2 + y2)2

S?l(xa y) -

22?2 — 3y?) + it (3a’z® — y?)
(@222 4 y2)3

+4Mslozx(oz
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—12M]

L76(y) +ax + iy
T T T
shaley) =55 2 S

(atx? — 6022y + y*) £ diyax(az? — y?)

(0222 + y2)° ]

(a?x* — y?) £ 2iazy
(0222 + 2)?

+2M{

! az(a?z? — 3y?) + it(3a’2® — y?)
(022 + y2)3
1o (atz? — 6a22%y? + y*) + diyax(a?a? — yQ)]
(0222 + y2)4

where

Mll = aClA4m11M + i01m12A4 — aClA4m11 + i01m12A5,

M = —iaCy M*my; + amiCoAy — iMmas F imya AsC2 + CyMmyy,
M3[ = :I:a:onmHC'l + ixmlgCl - MmHC'Q,

Mi = :FaconmHC'g + iImlgcQ,

M5I = :FZM01A4 — CYClA4 + iClA4 + OéClA5,

MGI = iClM2 + OéMOl — i02A4 + OéCQAg, F 01,

M! = FCy — izMC, — zalh,

M =ixMCy + zaCs.

3. Inclined Line Load

(32)

When an inclined line load Ly is applied (figure 3), we have the following rela-

tions with normal and tangential loading: Ly = L;cosd,Ly = Lysind.

L1

Mediom 2
5 (x=<dl)

Mlediom 1
(x=0

A

X

Figure 3: An inclined line load
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The final formulated problem of deformation due to inclined line load is:
u'(z,y) = u™ (2, y) +u’ (2,y)
v(z,y) = o (2, y) + 0" (2, y)
s11(2,y) = st1(,) + 511 (2, )
$12(%,y) = s12(,y) + s15(2, )
The deformation due to vertical line load Ly has been obtained in equations (23)-

(26) and the deformation due to tangential line load Ly has been obtained in
equations (29)-(32).

4. Numerical Results and Discussion
In this section, we wish to examine the effect of inclined line-load L; on dis-
placement and stresses against the horizontal distance (y) in an infinite

(33)

&
- adf %
% n| :
ﬁ* .
=T
=
Horizontal distance (y)
a
| E
e o
% T e . 90
ﬁ* 3
o o
g .
gr, {
[_. B

Horizontal distanes (y)
b

Figure 4: (a) Normal displacement (u) and (b) Tangential displacements (v) against
the horizontal distance (y) at 6=0°, 30°, 60° and 90°
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eue)

Mormal stress

Horizontal distanes (y)

eue|

Tangential stress

Horizontal distance (y)
b

Figure 5: (a) Normal stress (s11) and (b) Tangential stress (s15) against the hori-
zontal distance (y) at 6=0°, 30°, 60° and 90°

orthotropic elastic medium. As different rock forming materials have different prop-
erties and influence of loading also depends on different rock materials, therefore
for detailed observation of the variation in displacements and stresses due to load-
ing, we have computed graphical results by considering elastic constants for two
different materials Olivine [18] and Topaz [10].

As Olivine is most common mineral in earth’s crust, thus we have used the
value of elastic constants for olivine material in figure (4) and figure (5) i.e
mi1 = 3240, Moo — 198.0,m33 = 249.0,7’)112 = 59.0,m23 = 78.0,m31 =79.0
Mee = 79.3, Mg = 66.7, M55 = 81.0 in terms of unit stress 10 dynes em 2.

Figure 4(a) and 4 (b) depict comparison in variation of normal and tangential
displacements against the horizontal distance y influenced by distinct angle of in-
clination (6 = 0°,30°,60°,90°) Comparison between stresses against the horizontal

distance y due to various angle of inclination has been done in figure 5(a) and 5(b),
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considering the rock properties of olivine materiel.

o -:El_.
3 |
'?.';* "
H
IR s i
Horizontal diztance (v)

a

: -J{E;
i 1 60
g g
'E-' a
=]
E -
|'—|

Horizontal distance (y)
b

Figure 6: (a) Normal displacement (u) and (b) Tangential displacements (v) against
the horizontal distance (y) at 6=0°, 30°, 60° and 90°

Topaz in rare silicate material which usually forms fractures and cavities of
igneous rocks, therefore in figure (6) and figure (7) we have used elastic constants
for Topaz material i.e
mi1 = 2870, Moo = 3560, m3z3 = 3000, mio = 1280, Mo3 = 900, ms1 = 860
Mg = 1100, ms5 = 1350, mgg = 1330 in terms of unit stress 10°dynes cm?

Figure (6) and figure (7), shows the variation in displacements and stresses at
different values of inclined line-load against the horizontal distance y for Topaz
material.

From these figures it is observed that the line-loading affect the displacement and
stresses significantly but the variation of minerals present in the medium also in-
fluence the deformation field.
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Figure 7: (a) Normal stress (s;1) and (b) Tangential stress (s12) against the hori-
zontal distance (y) at 6=0°, 30°, 60° and 90°

5. Conclusion

Two dimensional approximation is useful to study Earthquakes as most of the
Earthquakes are adequately large and shallow for eg. San Andreas Fault. Thus
we have considered a plane strain deformation problem and examined the effect of
loading on displacements and stresses for an orthotropic elastic medium that is free
from initial compressive stress. To obtain the analytical expressions for deforma-
tion we used the technique of equal characteristics value and Fourier transforma-
tion. With minor substitution, the results for isotropic and transversely isotropic
medium can also be derived.

The obtained graphical results clearly shows that the affect of distinct loading in
the variation of displacements and stresses varies as the rock material properties
changes. As the rock forming minerals of deep crust and upper mantle are different
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therefore in the present study we have considered Olivine and Topaz materials for
graphical computations.

The graphical representation can proved to be helpful in experimental study of
analyzing field, mining tremors and also the study of loading is useful for the theo-
retical understanding of seismic and volcanic sources. The results are obtained by
considering orthotropic elastic half-space therefore this study may find applications
in geological and engineering problems.
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