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Abstract : In this note, we have obtained a novel extension of a bilateral generating relations
involving modified Gegenbauer polynomials, C)+”(z) from the existence of quasi-bilinear
generating relation by group-theoretic method.

1. Introduction:
The Gegenbauer polynomials, C}(z) is defined by [2]:

(3]

i) = S (1)

p=0

(Nnp(22)" 7%
p! (n—2p)!
In[1], the quasi bilateral generating function is defined by

Gz, u,w) = Z an P (x) ¢ (u) w",
n=0

where a,,,the coeflicients are quite arbitrary and p£f‘) (), qfﬁf) (u)are two special func-

tions of orders n, m and of parameters o and n respectively.If qﬁ,’f )(u) = pﬁ,’f) (u),the
generating relation is known as quasi bilinear.

The aim at presenting this note is to prove the existence of a more general gen-
erating relation from the existence of a quasi-bilinear generating relation involving
modified Gegenbauer polynomials by group theoretic method. In [3], authors have
proved the following theorem on bilateral generating functions involving C2*"(xz),
a modified form of CX(z) by group-theoretic method.

Theorem 1: If there exists a unilateral generating relation of the form
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G(z,w) = Z an COT(z) w™ (1.1)

then

—w)M3 T wy(l —w -
U ) G(( T vl ) ) = Z w" on(x,y), (1.2)

(I — w+wz?) 1 —w + wx?)z (1—w+w$2)%

n=0
where
. (%)nfk(k_;)nfk A—n+2k k
O-n<$7y) = Zak‘ (n . k)'(l . )\ - k) K Cank (‘E> Yy

k=0
The importance of the above theorem lies in the fact that whenever one knows
a gencrating relation of the form (1.1) then the corresponding bilateral generating
relation can at once be written down from ( 1.2). So one can get a large number of
bilateral generating relations by attributing different suitable values to a,, in (1.1).
In the present paper, we have obtained the following extension (Theorem 2) of
the Theorem 1 from the existence of quasi bilinear generating relation.

Theorem 2: If there exists a quasi-bilinear generating relation of the following
form:

G(z,u,w) = Z an COF(2)C" (1) w" (1.3)

n=0

then

(1 B Qw)/\+§{1 _ 2w(1 _ 12)}7>\(1 - Qw)*%

X G< - T - T =y 3> (14)
{1—2w(l—22)}7 (1-2w)z {1—-2w(l—2x2))2
B o 00 o whtPta B (’]’L)(I(?’L‘f— 1)211 An—p nt "
o Z Z Z Gn plg! 2177 1—A— n)p Cn+2p (z) OO (u)y™.
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2. PROOF OF THE THEOREM
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For the Gegenbauer polynomials, we consider the following operators|3,4]:

2 3 2 2 2
y- 0 0y’ 0 22°y* 0y
— (1l -2l — 4+ (1— LA Z 4 L
Ry =al >~3 Ox (-3 )23 dy 2?2 0z
and
0 0
_ 7 9 27
Rs uta + t8t+mt
such that
An n A o (n + 1)(” + 2) An—1 n+27)\—3
Rl (Gn, (1’) Yy z > - 2(1 - /\ —TL) CIL+‘) ('I) Y ~ )
Ry (CZ(U) > = 2nCpH (w)t™*!
and

2
e f(z,y,2) = {1 - 2w}
T y(1l — 2wi’—§) z(1 — 2wZ—§)

(2.1)

)

Xf({l —2w(1 —22) 5} {1 - 2w(l —22) 535 {1 - 2w(l — a2)

wit = — )_% - .
2 f(u,v) = (1 — 2wv) f<(1—2wv) (1_2“”’))

Let us now consider the generating relation of the form:
G(x,u,w) Za7LC')‘+” YO (u) w™

Replacing w by wvy and multiplying both sides of (2.5) by 27, we get

G, u, woy) Z an (C)"™(@)y™ 2Y) (O (u) v™)w™.
n=0

z—i}><2'3)

(2.4)

(2.5)

(2.6)
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Now operating e e on both sides of (2.6), we get

ewhiL it |:Z/\G(:E,u, wvy)} = vl gl [i an (C2T"(2)y™ 22) (O (u) v™)w" .
n=0
Now the left member of (2.7), with the help of (2.3) and (2.4), becomes
2\ A\ +1 2y =\
<1 - 2w%> {1 —ow(l - xQ)%} (1 - 2wv) % 2
" G< x u woy(l — 2w3’2’—§) )
(1 —2w(1 —22)%}2" (1 —2w0)7 {1 —2w(l —22)5}3(1 —2wv) /)
(2.8)

The right member of (2.7), with the help of (2.1) and (2.2), becomes

Z Z Za“ ( ) (n—|— )217021;; p( )C,’qu(u)y””pz’\*?’pvnﬂ.

| —\ —
i plq! (1=A—n)
(2.9)
Now equating both members, and then substituting Z—j =1,v=1, we get
A3 Y
<1 - 2w> {1 —2uw(l — gﬂ)} (1 —2w) %
y G( x 1 u wy )
{1—2w(1 —22)}2 (1 -2w)z {1 —2w(l—a2)}2
= Z Z a,nw = 2q—p(1) (T)L\+ )2p02jr-gp p( ) C:,Tq(u)yn
n=0 p=0 ¢=0 P (L=A=mn)p
(2.10)

This completes the proof of theorem 2.

Corollary: If we put m = 0, we notice that G(z,u,w) becomes G(z,w) since
" () = 1. Hence from (2.10), we get
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Replacing {ﬁ} by y and then 2w by w on both sides, we get

x wy(l — w) | )
{1-w(l—22)} {I-w(l -2}

T,L1n+p (TL + 1)2:[, An—p n
] 9 N n+2p (;C)y :
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w' (n=p+ 1y rin—2 .
ey —— C Plx)y™ P.
Ap—p p! 22p(1 o Tl)p n+p (J?>’L

|
L[]

n =

Therefore we have

3

x wy(1 — w) )
-l - - — )

(1—wMz{l —w(l—2?)}> G<

= Z w" Un($7y)7

n=0
where
- (55)n-p(BF)n-p - a-nr2
on(Z,y) = a C,;IL p,jL' yp’
( ) — P (n _p>|(1 Y _p)”_p 2n—p ( )

which is Theorem 1.
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