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1. Introduction

The concept of fuzzy set was introduced by Zadeh (1965) [13] as a new way to
represent vagueness in everyday life. A large number of renowned mathematicians
worked with fuzzy sets in different branches of Mathematics, Fuzzy Metric Space
is one of them. This paper uses the concept of fuzzy metric space introduced by
Kramosil and Michalek [6] and modified by George and Veeramani [1] with the
help of a t-norm. Grabiec [2] obtained the fuzzy version of the Banach contraction
principle, which is a milestone in developing fixed point theory in fuzzy metric
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space. In the sequel, Vasuki [12] introduced the concept of R-weakly commuting
in fuzzy metric space and proved the common fixed point theorem. Jungck [4]
proposed the concept of compatibility in 1986. In 1993, G. Jungck, P. P. Murthy
and Y. J. Cho [5] gave a generalization of compatible mappings called compatible
mappings of type (A) which is equivalent to the concept of compatible mappings
under some conditions. The concept of compatibility in fuzzy metric space was
proposed by Mishra et al. [8]. In 1996, H. K. Pathak, Y. J. Cho, S. S. Chang and
S. M. Kang [9] introduced the concept of compatible mappings of type (P) and
compared with compatible mappings of type (A) and compatible mappings. K. B.
Manandhar et al. [7] introduced the notion of compatible mappings of type (F)
and obtained a common fixed point theorem for self mappings in complete fuzzy
metric space in 2014. K. Jha, V. Popa and K. B. Manandhar [3] introduced the
concept of compatible mappings of type (K) in metric space. Rao R. and Reddy
B. [10] have obtained fixed point theorems for compatible mappings of type (K)
in complete fuzzy metric space in 2016, where four mappings are needed to be
continuous. In this paper, a theorem has been proved on a common fixed point for
six self mappings in complete fuzzy metrics space, using compatible of type (K)
and generalizing the result of K. B. Manandhar et. al. [7] and similar previous
results.

2. Preliminaries

Definition 2.1. [13] Let X be any set. A fuzzy set A in X is a membership func-
tion with a domain in X and values in [0, 1].

Definition 2.2. [11] A binary operation = : [0,1] x [0,1] — [0, 1] is called a con-
tinuous t-norm if it satisfies the following conditions:

(i) * is associative and commutative,

(i) * is continuous,

(iii) ax 1 = a, for all a € [0,1],

(iv) axb < cxd, whenever a < ¢ and b < d for all a,b,c,d € [0, 1].

Examples of t-norms are

a*b=min{a, b} (minimum ¢-norm),

a*b=ab (product t-norm).

Definition 2.3. [1] The 3-tuple (X, M, x) is called a fuzzy metric space if X is
an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X?* x (0,00)
satisfying the following conditions

(FM-1) M(z,y,t) > 0,

(FM-2) M(z,y,t) =1 if and only if x =y,
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(FM_‘?) M(l’,y,t) = M(y,l’,t),

(FM-4) M(z,y,t) * M(y,z,s) < M(z,2z,t+s),

(FM-5) M(z,y,.) : (0,00) — [0,1] is continuous,

forall z,y,z € X and t,s > 0.

Let (X, d) be a metric space and let axb = ab or axb = min{a, b} for alla,b € [0, 1].

Let M(z,y,t) = sforall x,y € X and t > 0.

t+d(x,y)
Then (X, M, ) is a fuzzy metric space, and this fuzzy metric M induced by d is

called the standard fuzzy metric [1].

Definition 2.4. [2] A sequence {x,} of a fuzzy metric space (X, M, x) is said to
be convergent to a point x € X, if lim M(x,,x,t) =1 for allt > 0. Further, the
n—oo
sequence {x,} is said to be Cauchy if Um M(z,, Tpip,t) = 1, for all t > 0 and
n—oo

p > 0.

The space (X, M, %) is said to be complete if every Cauchy sequence in X is con-
vergent in X.

Lemma 2.5. [2] Let (X, M, *) be a fuzzy metric space. Then M is non-decreasing
forall z,y € X.

Remark 2.6. Let (X, M, x) be a fuzzy metric space. Then M is a continuous
function on X? x (0,00).

Throughout this paper (X, M, *) will denote the fuzzy metric space with the fol-
lowing condition:

(FM-6) nh_g)lo M(z,y,t) =1for all z,y € X and ¢t > 0.

Lemma 2.7. [8] If there exists k € (0,1) such that M(x,y, kt) > M(z,y,t) for all
r,y€e X andt >0, then x =y.

Definition 2.8. [8] Let f and g be self-mappings on a fuzzy metric space (X, M, *).

The pair (f,g) is said to compatible if

lim M(fgx,,gfx,,t) =1, for allt > 0,

n—oo

whenever {x,} is a sequence in X such that lim fx, = lim gz, = z, for some
n—oo n—oo

z e X.

Definition 2.9. [5] Two self-mappings f and g of a fuzzy metric space (X, M, *)
are said to be compatible of type (A) if

lim M(fgxn,ggen,t) =1 and lim M(gfx,, ffx,,t) =1,

n—oo n—oo

for allt > 0, whenever {x,} is a sequence in X such that im fz, = lim gz, = z,
n—oo n—oo

for some z € X.



248 South FEast Asian J. of Mathematics and Mathematical Sciences

Definition 2.10. [9] Two self-mappings f and g of a fuzzy metric space (X, M, *)

are said to be compatible of type (P) if

Tim M(f fn, ggan,t) =1,

whenever {z,} is a sequence in X such that lim fx, = hm gr, = z, for some
n—oo

z€eX.

Definition 2.11. [7] The self-mappings f and g of a fuzzy metric space (X, M, *)

are said to be eompatz'ble of type (E) iff

whenever {z,} is a sequence in X such that lim fqzn = hm gxr, = z, for some
n—+00

ze X.

Definition 2.12. [10] Two self-mappings f and g of a fuzzy metric space (X, M, *)
are said to be compatible of type (K) iff
lim M(ffxn, gz,t) =1 and lim M(ggzxy, fz,t) =1 allt > 0,

whenever {z,} is a sequence mn X such that lim fx, = llm gxr, = z, for some

ze X. A

Obviously two compatible of type (F) mappings are also compatible of type (K)
however the converse is not true.

The following examples show that the mappings compatible (compatible mappings
of type (A), compatible mappings of type (P)) and compatible mappings of type
(K) are independent

Example 2.1. Let X = [0, 2] be a complete metric space, f and g are two self-maps
on X defined by

x, ifxelo,
2, if z € [0,1] — {1} 0.2)
2, if x = %
flz)=1<¢ 0, if v =3 and g(x) =
O, T e (5 1:|
1—2 (1,2 )

choose a sequence x, =1+ % for n € N then

1 1 1
lim fe,=lm f{l+—-)=1lm |-—— ] =
n—00 n— 00 n n—oo \ 2 2n

1

2

1 1 1 1

lim gz, = limg(l—l— >— lim (—+—>—§,

n—00 n—o0 n—oo

= lim fz, = lim gz, = —.
n—soo n—o00 2



Common Fized Point of Compatible Type (K) Mappings ... 249
Hence as n — oo fz,, and gz, both converges to 1/2.
1 1
1 1 1 1
lim ffr,=1lm ffll1+—)=1lm f|l=-——|=2=¢g(=),
n—oo n—oo n n—oo 2 Qn 2
1
2

1
lim ggx, = lim gg (1 + —) = lim g¢
n

n—oo n—oo

2
. . 1 . 1 . 1 1
lim fgx, = lim fg(1+4+ —) = lim f ) =lim f{=+—) =2
n—oo n—o0 n n—oo 2 n—oo 2 2’n
1 1+1 1 1 1
lim gfz, = limgf|(14+—)=1limg|1— L)l=lmg(=-——) =~

Therefore, the mappings are not compatible, compatible of type (A) and compatible
of type (P), compatible of type (E£) but the mappings are compatible of type (K).

Example 2.2. Let X = [0, 2] be a complete metric space, f and g are two self-maps
on X defined by

z, if o €[0,1] — {3} 5, ifzel0,1]
fay={ 14 ife=} B TR
1-£, (1,2 i |

Now choose a sequence x, = 1+ % for n € N. Then as n — oofx, and gz, both

converges to %
= lim, o fr, = lim, . gr, = %, and value of f (%) = }l and g (%) = %

S|
~
Il
=0
g B
VR
N —
|
[\
3|"
~
Il
N | —
Il
K
VR
N —
N~

lim ffx, = lim ff (1—1—
n—oo n—oo

N——
Il

S —

1

8

lim ggx, = lim gg <1 + im g

n—oo n—00

lim fgx, = lim fg

n—oo n—o0

VR
—
_|_

— 3= 3=
N—
I
=
g E
7 _
| — N
+
[\
Sl
N——
I
=
g E
VR =
N —
+
[\
Sl
N——
I
N | —

I
J =
g E
@
VR
DN | =
|
[N}
;%|H

lim gfx, = lim gf <1+—
n—o00 n—o00 n

—

ffen = lim gga,.
n—oo

=

= lim fgzr, = lim gfz, = li
n—oo n—oo n—oo



250 South FEast Asian J. of Mathematics and Mathematical Sciences

Shows that the mappings are compatible, compatible of type (A) and compatible
of type (P) but not compatible of type (K).

K. B. Manandhar et al. [7] proved the following result:

If A, B,S and T are self-mappings in fuzzy metric space (X, M, ), we denote

M(Sxz, Ax,t) * M(Ty, By,t) * M (Sx,Ty,t)
“\ *M(Ty, Ax,at) * M(Sz, By, (2 — a)t) ’

for all z,y € X, o € (0,2) and ¢ > 0.

Theorem 2.13. [7] Let (X, M,x*) be a complete fuzzy metric space with a*a > a
all for a € [0,1] and with the condition (FM-6). Let one of the mapping of self-
mappings (A, S) and (B,T) of X be continuous such that,

(2.13.1) AX C TX, BX C SX;

(2.13.2) There exists k € (0,1) such that M (Ax, By, kt) > M,(z,y,t) for all
x,y € X, a€(0,2) and t > 0.

If (A,S) and (B,T) compatible of type (E) then A,B,S and T have a unique
common fized point.

3. Main Result

Our result generalizes the results of [7] as we are using the concept of compati-
ble of type (K) and proving the result for six self-maps in a complete fuzzy metric
space using another inequality.

Theorem 3.1. Let (X, M,*) be a complete fuzzy metric space and let A, B, P, Q)
and T be mappings from X into itself such that the following conditions are satis-
fied:
(8.1.1) A(X) C TP(X), B(X) C SQ(X);,
(8.1.2) TP = PT,BP = PB, AQ = QA,SQ = QS;
(3.1.3) (A, SQ) and (B,TP) is compatible of type (K) where one of them is con-
tinuous;
(3.1.4) There exists k € (0,1) such that
| M(SQz, Ax,t), M(T'Py, By,t), M(SQx, TPy,1),
M(Az, By, kt) 2 min { M(TPy, Az, at), M(SQz, By, (2 — a)t) ’

forallx,y € X, o € (0,2) and t > 0.

Then A,B,S, T, P and ) have a unique common fixed point in X.

Proof. Let zq be an arbitrary point in X. According to (3.1.1) A(X) Cc TP(X),
B(X) C SQ(X) there exists some points x1,xs € X such that

Axrg=TPxi =1yy and Bz, = SQzs=y.



Common Fized Point of Compatible Type (K) Mappings ... 251

We can construct sequences {z,} and {y,} in X such that
Azgy =TPxopi1 = yan and  Bugpi1 = SQT2u12 = Yont1- (4)

Forn =10,1,2,...,t > 0 and @ = 1 — g where ¢ € (0,1) Now, we first show that

{y,} is a Cauchy sequence in X.
Using condition (3.1.4)

M (yon+1, Yon, kt) = M (Yon, Yon+1, kt) = M (Axay,, Broni1, kt)
Using condition (3.1.4)

M(SQ$2na A$2n7 t)a M(TP:L'Qn—Ha Bx2n+1a t),
M(Al’gn, B$2n+1, kft) 2 min M(SQ.CEQn, TP2n+]_, t), M(TP2n+1, A[L‘Qn, th), s
M<SQ$2m Bopia, (2 - Oé)t)

M(an—b Yon, t)a M(ana Yon+1, t)a
M(y2n+1; Yon, kt) Z min M(y2n717 Yon, t)> M(y2n7 Yon, (1 - Q)t)a 9 since (1)
M(y2n717 Yon+1, (1 + Q)t)

M(y2n+17 Yon, kt) > min{M(yanla Yon, 75), M(y2n7 Yon+1, t), M(y2n—1> Yon+1, (1+q)t)}

. M (Yan—1,Y2n, t), M (Yon, Yant1, 1), M (Y2n—1, Yon, t)
M " , n’kt Z mln ) ) ) b ) b ) b ) ,
(y2 b2 ) { M(an, Yon, qt)

letting ¢ — 1 and using definition (2.3) and lemma (2.5) we get

M(y2n+17 Yon, kt) 2 min{M<y2nfla Yon, t)a M(y2n7 Yon+1, t)} (“)

Replacing ¢ with ¢/k in equation (ii), (since V¢t > 0 < t/k > 0)

(Y2n+15 Yan, t) = min{ M (yan—1, Yan, t/k), M (Y2, Yont1,t/k) }

(Y2n+1, Y2n, kt) = min{M (y2n—1, Y2n, t)s M (Y2n-1, Y2, t/k), M (Y2n, Yon+1, t/K)}
(Yon+1, Y2n, kt) = min{ M (Y2n—1, Y2n, t), M (Y2n, Yon+1,t/k) }

(Y2nt1: Y2n, kt) = min{ M (Yan—1, Yan, £); M (Yan—1, Yan, t/5%), M (Y2n, Y2ni1, t/5)
( ) = min{M ( t), M (yon, yont1. t/K)}

Y

SEEEXE

Yon+15Y2n, kt Yon—1,Y2n,1),

Similarly

M(y2n+1, Yon, kt) > min{M(an—h Yon, t)? M(y2n7 Yon+1, t/km)}
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taking m — oo

M(y2n+17 Yon, kt) 2 min{M(y%—h Yon, t)? 1}
M (yon+1, Yon, kt) > M (Yan—1, Yon,t), Yt >0

Thus for all n and ¢ > 0 we get,
M(yn+1:yn7 kt) > M(yna ynflvt% Vi>0.

Therefore

M(yn+1>yn7t) 2 M(ynvynfbt/k) > M(ynflaynf%t/kz) > > M(Qlay()?t/kn)

lim M(yps1,Yn,t) =1, Vt>0.
n—oo

Now for any integer p we have

M(yru yn—l—p; t) Z M(yn7 Yn+1, t/k> * M(yn-l—lu Yn+2, t/k) koL.k M(yn+p—17 yn-l-pa t/k)

Hm M(Yn, Ynip,t) > 1 1x . x1 =1
n—oo

Above result show that {y,} is a Cauchy sequence in X which is complete. There-
fore {y,} sequence converges to z € X and all subsequences { Az, }, {T Proni1},
{Bxg,+1} and {SQx2,,2} also converge to z € X.

lim Axs, = hm TPxop 1 = hm Bxo, 1 = hm SQxop40 = 2. (171)
n—oo n—
Case (I) (A, SQ) is compatible of type (K) and either A or SQ is continuous.

where lim Azo, = hm SQTop1o = z then lim Axg, = hm SQxa, = 2.
n—o0 n—0o0

(A, 5Q) is compatlble of type (K) then lim AAz,y, = SQz and lim SQSQxs, =
n—+00 n—00

Az.

If A is continuous then hm Axo, = z = lim AAx,, = Az. Therefore Az = SQz.

n—00

Similarly, If SQ is contmuous then lim SQxy, = 2z = hm SQSQrs, = SQz.

n—oo
Az = 5Qz. (iv)
Putting = z and y = 29,11 in (3.1.4)
M(SQZ, AZ, t), M(Tpl'gnJrl, B.T2n+1, t),

M(Az, Bropy1, kt) > ming M(SQz,TPxa,.1,t), M(T Pxayy1, Az, at),
M(SQz, Bxoyi1,(2 — a)t)
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since (iv),

M(AZ, AZ, t), M(TPZIZ’Qn_H, B$2n+1, t),
M (Az, Broyyq, kt) > min« M(Az, TPxopy1,t), M(T Pxopiq, Az, at), »,
M(Az, Bxoyy1, (2 — a)t)

M(AZ,Bx2n+1,kt) 2 mln{ 17M(T-Px2n+l7Bx2n+17t)7M<AzaTPx2n+lvt)7 }

M(TPxoyy1, Az, at), M(Az, Bxay,1, (2 — a)t)

Taking n — oo
M(Az, z,kt) > min {1, M (z, z,t), M(Az, 2z,t), M(z, Az, at), M(Az, 2z, (2 — a)t)},

since (iii).
When o — 1

M(Az, z,kt) > min{1,1, M(Az, z,t), M(z, Az, t), M(Az, z, 1)},

M(Az, z,kt) > min{1,1, M(Az, z,t)},
M(Az, z, kt) > M(Az, z,t).

Using lemma 2.2 we have Az = z. Therefore
Az =5Qz = z. (v)

Case (II) (B,TP) is compatible of type (K) and either B or TP is continuous.

lim Bzo,11 = hm TPz = 2.
n—o0

(B,TP) is compatlble of type (K).
lim BBxs, = TPz and lim,,_,oo T PT Px,, = Bz.

n—o0

If B is continuous then lim Bxs, = 2z = lim BBx,, = Bz.
If TP is continuous thegjiom TPxopi1 :n,: ; lim TPTPxo,,1 =TPz.
Therefore, A A

Bz =TPz. (vi)

Putting x = z and y = 2 in (3.1.4), we obtain

M(Az, Bz, kt) > min{ M(SQz, Az, t), M(TPz,Bz,t), M(SQz,TPz,t), }

M(TPz,Az,at), M(SQz, Bz, (2 — a)t)
by using (v) and (vi),

M(z, Bz, kt) > min{ %(Z,Az,t),M(Bz,Bz,t),M(z,Bz,t), }

(Bz,z,at), M(z, Bz, (2 — a)t)
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Taking o — 1
M (z, Bz, kt) > min{1,1, M(z, Bz,t), M(Bz, z,t), M(z, Bz, 1)}
M (z, Bz, kt) > M(z, Bz,t)
Using lemma 2.2 we have Bz = z. Therefore
Az=Bz=5Qz=TPz=z. (vid)
Now putting = z and y = Pz in (3.1.4), we obtain

M(SQz,Az,t), M(TPPz, BPz,t),
M(Az, BPz,kt) > min ¢ M(SQz,TPPz,t), M(TPPz, Az, at), »,
M(SQz,BPz, (2 — a)t)

since (3.1.2)

M(SQz,Az,t), M(PTPz, PBz,t),
M(Az, PBz,kt) > min ¢ M(SQz, PTPz,t), M(PTPz, Az, at), »,
M(SQz,PBz, (2 — a)t)

since (vii)

M(Z,PZ,]{?t) Z mm{ M(Z’Z7t)aM(P27P27t)7M(27P27t)7 }7

M(Pz, z,at), M(z, Pz, (2 — a)t)

Taking o« — 1 M(z, Pz, kt) > min{1, M (z, Pz,t)}
M(z, Pz, kt) > M(z, Pz,t).

Using lemma 2.2 we have Pz = z and TPz = z = T2 = z. Hence,
Pz=Tz=z. (viid)
Again putting x = Qz and y = z in (3.1.4)

M(SQQz, AQz,t), M(T Pz, Bz,t),
M(AQz, Bz, kt) > min ¢ M(SQQz,TPz,t), M(TPz, AQz,at), »,
M(SQQz, Bz, (2 — a)t)

since (3.1.2)

M(QSQz,QAz,t), M(TPz, Bz,t),
M(QAz, Bz, kt) > min ¢ M(QSQz,TPz,t), M(TPz,QAz,at), »,
M(QSQz, Bz, (2 — a)t)
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since (vii)

3 M(Q’Z? Qz7t)7M(TZ7 Z? t)7M(QZ7 Z? t)?
M@=k 2w @R D e
M(Qz, 2, kt) > min{1, 1, M(Qz, 2,1), M(2,Qz, at), M(Q, 2, (2 — a)t)}
Taking @« — 1 M(Qz, z,kt) > min{l, M(Qz, z,t)}
M(sz <, kt) Z M(sz 2 t)
Using lemma 2.2 we have Yz = z and SQz = z = Sz = z. Hence,

Sz=Qz = z. (iz)
Using (vii), (viii) and (ix), We conclude the following:
Az=Bz=Pz=Qz=52=Tz=z.

Finally we get ‘2’ is a common fixed point of self-maps A, B, P,Q, S and T.

Uniqueness:

Let ‘v’ is another common fixed point of self-mappings A, B, P,Q, S and T
Such that, Az=Bz=Pz=Qz=5z2=Tz = z,

Au = Bu = Pu= Qu= Su="Tu=u.

Putting x = z and y = u in (3.1.4) we have

M(AZ,BU, kt) > mln{ M(SQZ,AZ,t),M(TPU, BU,t),M(SQZ,TPu,t)’ }

M(TPu, Az, at), M(SQz, Bu, (2 — a)t)

When o — 1

M(z,u, kt) > min{ (Sz,z,t), M(Tu,u,t), M(Sz,Tu,t), }

M
M(Tu, z,t), M(Sz,u,t)

M(z,u, kt) > min %Ez,z,t)vM(u,u,t),M(z,u,t), },

u, z,t), M(z,u,t)
M(z,u, kt) > min{1, M (z,u,t)}, M(z,u, kt) > M(z,u,t) = z = u.
Remark 3.2. If we put P = @Q = I in theorem 5.1 then, condition (3.1.2) is

satisfied trivially and we get the following theorem.

Corollary 3.3. Let (X, M, x) be a complete fuzzy metric space and let A, B, S and
T be mappings from X into itself such that the following conditions are satisfied:
(8.3.1) A(X) CT(X), B(X) C S(X),
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(3.3.2) (A, S) and (B,T) is compatible of type (K) where one of them is continuous.
(8.1.8) There exists k € (0,1) such that

M(Al',By, kt) Z mm{ M(SZL’,AJ],t),M(Ty, By,t),M(S[E,Ty,t), }

M(Ty> AZL’, at)? M(Sl’, Bya (2 - a)t)

forallxz,y € X and t > 0.
Then A, B,S and T have a unique common fixed point in X.
On putting A = B in corollary (3.3), we get the following theorem.

Theorem 3.4. Let (X, M, x) be a complete fuzzy metric space and let A,T and S
be mappings from X into itself such that the following conditions are satisfied:
(3.4.1) A(X) Cc T(X)NS(X);

(3.3.2) (A, T) and (A, S) are compatible of type (K) where A is continuous.
(8.1.8) There exists k € (0,1) such that

M(AZL',Ay, kt) Z mm{ M(Sl’,AJZ,t),M(Ty,Ay,t),M(SZE,Ty,t), }

M(Ty7 AZIZ’, Oét), M(S{L’, Aya (2 - a)t)

forall z,y € X andt > 0.
Then A, S and T have a unique common fixed point in X .

4. Conclusion

This paper is a generalization of the result of K. B. Manandhar et al. [7] in
the sense of replacing compatible of type (F) to compatible of type (K) to prove a
theorem on common fixed point theorems for six self-mappings in complete fuzzy
metric space.
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