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1. Introduction and Preliminaries

During the last three decades research workers have devoted their much time
to generalise the Banach contraction theorem in various ways. They have obtained
common fixed point of two mappings using commutative property. The notion of
commutativity has been weakend in terms of weakly commutative, compatibity,
weak compatibity etc. . A number of common fixed point theorems have been ob-
tained using compatibity, weak compatibity etc. We shall quote some definitions
and theorems from the literature to complete our paper. Let f and g be selfmaps
on the metric space (X, d). If fx = gz = p for some x € X then x is called a coin-
cidence point [9] of f and g and p is called a point of coincidence of f and g. In 1986,
Jungck gave the concept of compatible mappings [9]. A pair (A, B) of self mappings
of a metric space (X, d) is said to be compatible if lim,, ., d(ABx,, BAz,) = 0,
whenever {z,} is a sequence in X such that

lim Az, = lim Sz, =t for some t € X.

n—oo n—o0
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Jungck introduced weakly compatible mappings [11] which is generalized concept
of compatible mappings [9]. A pair (A, B) of self mappings of a metric space (X, d)
is said to be weakly compatible, if Az = Bx for some x € X implies ABx = BAx.
To prove the common fixed point of weakly compatible mappings, it was required
that the space should be complete or the mappings should be continuous. In 2002,
El Moutawakil and Aamri introduced the concept of (E.A) property [21]. Let (X,
d) be a metric space and f, h : X — X be two self-maps. The pair (f, h) is said
to satisfy the (E.A) property if there exists sequence {z,} in X and some z € X
such that
lim fx, = lim hz, =2z € X.

n—oo n—oo
Using (E.A) property one can prove the common fixed point theorems including
only the closeness condition of the space. The concept of (E.A) property has been
generalized by Liu et. al. [20] to common (E.A) property [20]. Let (X, d) be a
metric space and f, g, h and J : X — X be four self-maps. The pairs (f,h) and
(g, J) satisfy the common (E.A) property if there exist two sequences {z,} and
{yn} in X such that
lim fx, = lim hzx, = lim gy, = lim Jy, =t € X.
n—00 n—oo n—oo n—o0
In [4], we get the concept of subsequentially continuous mappings.
Let (X, d) be a metric space and f,h : X — X be self-maps. The pair (f,h) is
called subsequentially continuous if there exists a sequence {z,} in X such that
lim fzx, = lim hzx, = 2
n—oo n—oo

for some 2z € X and

lim fhx, = lim hfx, = hz.
n—oo n—oo

The concept compatibility and subsequential continuity together imply the exis-
tence of coincidence point of two mappings. Kumam and Sintunavarat introduced
the following concept which does not require the condition closeness of the space.
Let (X, d) be a metric space and f,h : X — X be self-maps. The pair (f, h) said
to satisfy the common limit in the range [18] of h property if

lim fz, = lim hx, = hzx,

n—oo n—oo
for some x € X. One can observe that (E.A) property of (f, h) together with the

closeness of h(X) implies common limit in the range of h property. Chauhan et. al.
extended the concept of (CLR) property to the common (CLR) property [5]. Let
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(X, d) be a metric space and f, g, h and J : X — X be four self-maps. The pairs
(f, h) and (g, J) satisfy the common limit range property with respect to mappings
h and J, denoted by C' LR, ;) if there exist two sequences {z,} and {y,} in X such
that
lim fz, = lim hx, = lim gy, = lim Jy, =t € h(X)N J(X).
n tooo n—00 n— 00 n— o0
V. Popa [23] introduced a new class of mappings and proved some results for
common fixed point theorem. Let (X, d) be a metric space and f, gand 7' : X — X
be three self-maps. The pair (f, g) is said to satisfy common limit range property
with respect to T [23], denoted C' LRy 4 1 if there exists a sequence {x,} in X such
that
lim fz, = lim gz, =t € g(X)NT(X).
n—oo n— oo
The author has given a remark that if (f, h) and (g, T) satisfy the common limit
range property with respect to mappings h and T, then (f, h) satisfy the CLR ;) 1.
But the converse is not true. Let f be a continuous selfmap of a metric space (X,
d). A selfmap g of X is said to be f-contractive [24] if d(gz, gy) < d(fz, fy) for
each x, y in X for which gx # gy. The definitions quoted above have been used in
the following theorems to obtain a common fixed point.

Theorem 1.1. [8] Let f be a continuous selfmap of a complete metric space (X,
d). Then f has a fized point in X if and only if there exists an a € (0,1) and
a mapping g : X — X which commutes with f and satisfies g(X) C f(X) and
d(gx,gy) < ad(f(x), f(y)) for all z,y € X. Indeed, f and g have a unique common
fixed point.

Theorem 1.2. [6] Let S and T be continuous selfmaps of a complete metric space
(X, d). Then S and T have a common fized point in X if and only if there exists a
continuous mapping A of X into S(X)NT(X) such that AS = SA, AT =TA and
d(Az, Ay) < ad(Sz,Ty) for all z,y € X and 0 < o < 1. Indeed, S, T and A have

a unique common fixed point.

Theorem 1.3. [17] Let S and T be continuous selfmaps of a Hilbert space X. Then
S and T have a common fized point in X if and only if there exists a continuous
mapping A of X into S(X)NT(X) which commutes with S and T and satisfies the
inequality

[Az — Ay[| < af|Az — Sz|| + Bl|Ay — Tyl +~[|Sz — Ty||

for all x, y in X, where a,, 8,7 > 0 with 0 < a+ B +v < 1. Indeed S, T and A then
have a unique common fixed point.
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Theorem 1.4. [22] A continuous selfmap f of a metric space (X, d) has a fized
point if and only if there exists an f-contractive map g, which commutes with f, a
subset M C X, and a point xo € M such that

d(fz, fro) — d(gx, gro) > 2d(fx0, g20)

for every x € X/M, and g maps M into a compact subset of X. Indeed, f and g
have a unique common fized point.

Theorem 1.5. [24] Let f and g be continuous selfmaps of a complete metric space
(X, d). Then f and g have a common fized point in X if and only if there exists
a continuous map h : X — f(X) N g(X) which is compitable with f and g which
satisfies

d(hz, gy) + d(hy, fz) }
2
d(hz, gy) + d(hy, fz)
)

d(ha,hy) < max{d(hr, fy), d(hy, gy), d(fz, gy),

—w ( max{d(hx, fy),d(hy, gy),d(fz, gy),

for all z,y € X where w : RT — R" is a continuous function such that 0 <
w(r) <r for allr > 0. . Indeed f, g and h have a unique common fized point.

Let R" denote the set of nonnegative reals and w : R — R™ a continuous
function such that 0 < w(r) < r for all r > 0.

2. Main Result

Theorem 2.1. Let, (X,d) be a complete metric space. Let A, B, S, T, P and @
be self mappings satisfying P(X) C AB(X),Q(X) C ST(X),

AB = BA,ST =TS,BQ = QB,PT =TP,TQ = QT

and

d(Px, ABy) + d(Qy, STx) }

d(Pz, Qy) < max{d(STw, ABy),d(Px, STx),d(Qy, ABy), .

d(Px,AB d T
—w(max{d(ST:v,ABy),d(Pa:,STx),d(Qy,ABy), (Pz, y>; (Qy, STz) })
where w : R — R be a continuous function which satisfies 0 < w(t) < t.

Again (P, ST) and (Q, AB) are weakly compatible.
Then A, B, S, T, P and @Q have a unique common fized point if either P(X) or

Q(X) is complete.
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Proof. Since P(z) C AB(x), then for any zy € X, Pxg € P(X) and there exists
x1 € X such that Pxg = ABz;.

Again Q(z) C ST(X), then for Qzy, there exists xo € X such that Qzy = STxs.
Proceding in the similar way we can construct a sequence {y, } where

Yo = Pxoy = ABl’an

Yon+1 = Q$2n+1 = STQn+2, n = O, 1, 2...
First we proof that lim,, . d(yn, Y1) = 0.
Define: d,, = d(yn, Yn+1) i-€. dap = d(Yan, Y2nt1). Now
d(yzm 3/2n+1) = d(Pﬂﬂzm Q$2n+1)
< max{d(STlém ABxopt1), d(Pron, STx9y), d(Qxant1, ABTony1),

d(PxQna AB:L‘QTL—H) + d(Ql‘Qn-f—lv ST:L‘Zn) }
2

—w ( max{d(STxgm ABI2n+1)7 d(P$2n; STl’Qn); d(Qx2n+17 AB$2n+1)>

d(Pxon, ABxon11) + d(Qxoni1, STwop) })
2

= maX{d(an—la Yon): A(Yan, Yon—1), A(Y2n, Yon+1),

d(yZna y2n) + d(y2n+17 yanl) }
2

—w ( max{d(an—la an)> d(ana y2n—1)7 d(y2n> y2n+1)7

d(Yon, Yon) + d(Y2n+1, Y2n—1) })
2

If dy,,_1 < ds, then from the above inequality we get
doy, < dop, — w(day), where w(t) >0 for t >0, which is a contradiction.
Therefore ds,, < ds,—; and so
don < dyp—1 — w(don—1)

i.e. w(dop—1) < dopq1 — dop.

Similarly we get w(day,) < doy — dopi1.
Therefore Y w(d;) < do — dpi1 < do.
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Hence )", w(d,) is convergent and so lim,_, w(d,) = 0.

The sequence {d,} being a non-increasing sequence of +ve numbers is convergent.
Say the limit is p i.e. lim,, .o d, = p.

If p > 0, then lim,,_,, w(d,) = w(p) = 0, since w is continuous.

But for p > 0,w(p) > 0.

Therefore lim,, oo d,, = limy, 00 d(Yn, Y1) = 0.

Claim. {y,} is Cauchy sequence in (X, d).

In order to show that {y,}is Cauchy sequence, it is sufficient to show that {ys,} is
Cauchy sequence since lim,, oo d(Yn, Yns1) = 0.

If possible let {ys,} is not a Cauchy sequence.

Then for every € > 0 and every positive integer k there exists two positive integers
2m(k) and 2n(k) such that

d(Yom(k)s Yon(k)) > € for 2m(k) > 2n(k) > k.

Let 2m(k) be the least +ve integer for which d(yam ), Yon)) > € and

d(Yam k)2, Yon(k)) < €.
Now,

d(Y2n(k)> Yomk)—2) T Ad(Y2mr)—2: Yomk)—1) + AYomk) -1, Y2m(k))
€ + dom(k)—2 + dom(r)-1-

e < d(me(k)a an(k)) <
<

Taking the limit n — oo in the above inequality, we get
€ = 1 d(yomr), Yan(r))
By triangle inequality, we get
|d<y2m(k)a an(k)) - d<y2m(k)a y2n(k)+1)| < d(?ﬂn(k), y2n(k)+1>

|d<y2m(k)a y2n(k)+1) - d(y2n(k)+17 ?/2m(k)+1)| < d(y2m(k), y2m(k)+1)
|d(y2n(k)+17 y2m(k)+1) - d<y2m(k)+1; y2n(k)+2)| < d(y2n(k)+17 y2n(/€)+2)

|d(Yamk)s Yon(ry+2) = A(Yamt)+1s Yon(ey+2)| < Y2y Yom(ry+2)- (1)
Taking limit n — oo in the above inequalities, we get
€ = nh—{EO d(me(k)aan(k)—l-l)a
= 7}1_{{)10 A(Yan(k)+1, Y2m(k)+1)5

- nlggo A(Yom(k)+15 Yan(k)+2)-
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Now, d(ygn(k)+2, yzm(k)+1)

= d(PZak)+2> QTom(k)+1)
< max{d(ST$2n(k)+2v ABTo(k)+1)> AP T (k)+2, ST T2 (k) +2),

A(QTom (k)15 ABTom (k) +1)
d(Pxon(k)+2, ABTom(k)41) + A(STZop k) +2> QTom(k)+1) } B
2

w <(max{d(STm2n(k)+27 ABme(k)—i—l)? d(PwZn(k:)-i-Za STxQn(k)-l—Q)?

A(QTom(k)+1> ABTom (k) +1)s
d(Pxon(k)+2, ABTom(k)41) + A(ST o k) 42> QTom(k)+1) })

2

= ma’X{d(an(k)+17 y2m(k))) d(an(k)+2a d2n(k)+1)7 d(y2m(k)+la me(k))a

d(Yon(k)+2> Yom(k)) + A(Y2n(k)+1> Yom(k)+1) } B
2

w ( max{d(an(k:)—i—la y2m(k))’ d(an(k)—l—Qa d2n(k)+1)7 d(y2m(k)+1a y2m(k))7

d(Yan(k)+2> Yom(k)) + AY2n(k)+1> Yom(k)+1) })
2

= max{d(an(k)-Ha Yom(k))s A Y2n(k)+2> Yan(k)+1)s AY2m(k)+1> Y2m(k))

A(Yan(k)+2 Y2nk)+1) T AY2n(k)+1 Yonk)) T AYan)s Yomk)) + AY2n(k)+1, Y2m(k)+1) }_
2

w ( max{d(:UQn(k)Jrh y2m(k))7 d(yZn(k)JrZa an(k)+1)7 d(me(k)+17 Yom(k) )s

A(Yan(k)+2 Y2nk)+1) + AY2n(k)+1 Yonk)) T AYank)s Yomk)) + AY2n(k)+1 Y2m(k)+1) })
2

Taking limit n — oo, we get

O+0+e+e

2
= ¢ — w(e),whichis a contraction.

e < max{e,0,0, MD

} —w(maX{E,0,0, 5

Hence {y,} is a Cauchy sequence.

Since (X, d) is complete. So {y,} is convergent in (X, d), say {y,} converges to z,
ze X.

Then {Pxao,}, {Qxans1}, {ABxay1}, {STT2n12} begin a subsequences of {y,} also
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converge to z, i.e.

lim,, oo PTo, = limy, oo Qropy1 = limy, oo ABZo, 11 = limy, oo STTop 10 = 2.

Case 1. Let P(X) is complete.

Then z € P(X). Since P(X) C AB(X). Then there exists a point u € AB such
that z = ABu.

We shall prove that Qu = z.

If possible that z # Qu.

d(Qu7 Z) < d(QU, P-TQn(k)+2) + d(Px2n(k)+27 Z)
< max{d(ST@n(k)H,ABu),d(ngn(k)+2,ST:vgn(k +2), d(Qu, ABu),

d(ngn(k)+2, ABU) + d(Qu, ST.I’Qn(k)+2) } _
2

w(max{d(STxQn(k)+2,ABu),d(ngn( )42, ST Top(k)+2), A(Qu, ABu),

d(Pxan(k)+2, ABU) + d(Qu, ST %)
2

)}) + d(Ponrys2, 2)-

Taking limit n — co we get
d(z, 2) —i— d(Qu, 2)

d(Qu,z) < max{d(z, 2),d(z, 2),d(Qu, z), } -
d(z, z) + d(Qu, z) })

w(max{d(z, z),d(z, z),d(Qu, z), 9

= max{0,0.d(Qu.2), G} - “’<ma’<{0> 0.d(Qu.2), A&2) }>
= d(Qu,z) — w(d(Qu, z)), a contradiction.

Hence Qu = z and so we have Qu = ABu = z.

Since Q(X) C ST(X), and z € Q(X). Then there exists v in X such that z = ST.
Now we shall prove that Pv = z.

If possible let Pv # z.

d(Pv, z) = d(Pv, Qu)

d(Pv, ABu) 4+ d(Qu, STv) } B
2
d(Pv, ABu) + d(Qu, STv) })

< max{d(STv, ABu),d(Pv, STv), d(Qu, ABu),

w(max{d(STU,ABu),d(Pv, STv), d(Qu, ABu), 5

d(Pv,z) +d(z, 2) }_

— max{d( ) d(PU Z) d(z Z), 9
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W ( max{d(z, z),d(Pv, z),d(z, z), d(Pv, 2)2—|— d(z,z) })

= d(Pv, z) — w(d(Pv, z)), a contradiction.

Therefore we have Pv = z and so Qu = ABu = Pv = STv = z.

Case 2. If Q(X) is complete the similarly we have,

Qu = ABu= Pv=STv =z

Since (P, ST) is weakly compatible and

Pv=STv =z

So, ST(Pv) = P(STwv) i.e. STz = Pz.

Again, since (Q, AB) is weakly compatible and Qu = ABu = z So, Q(ABu) =
AB(Qu) i.e. Qz = ABz.

Now, we show that z is fixed point of P.

If Pz =z, then

d(Pz,z) = d(Pz,Qu)

d(Pz,ABu) + d(Qu, STz) }
2
d(Pz,ABu) 4+ d(Qu, STz)
: )

{d(STz ABu), d(Pz, ST=2), d(Qu, ABu),

(max (STz, ABu),d(Pz,STz),d(Qu, ABu),

ax{d(Pz 2),0,0, d(Pz,z) —; d(z, Pz)} _

(max (Pz,z),0,0, d(Pzz) ;— d(z Pz) })

= d(Pz,z) —w(d(Pz,z)), acontradiction.

So, Pz = z.

Hence STz = Pz = z.

Claim: Tz = z

If possible let Tz # z. Let v =Tz, y = Top1.

d(P(T2), Qrons1) < max{d(ST(Tz), ABioni1), d(P(T2), ST(T=)),

d(P(T%2), ABw3y41) + d(Quap i1, ST(T2)) } N
2

W < max{d(ST(Tz), ABioni1), d(P(T2), ST(T2)), d(Qans1, ABToni1),

d(P(Tz), ABx2p1) + d(Quani1, ST(T2)) }>
) .

d(Q$2n+1, ABl'an),
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Taking n — oo

d(Tz,2)+d(Tz,z2) }
2
d(Tz,2)+d(Tz, 2) })
2
= d(Tz,z) < d(Tzz)—w(d(Tzz)), acontradiction.

d(P(Tz),2) < max{d(Tz, 2),0,0,

—w(max{d(Tz, 2),0,0,

Therefore Tz = z.

Hence Pz = ABz=S5z=Tz = z.

Claim Bz =z.

If Bz # z then let x = z,y = Bz. d(Pz, Q(Bz))

< max{d(STz, AB(B2)),d(Pz, STz),d(Q(Bz), AB(Bz)),

d(Pz,AB(Bz)) + d(Q(Bz),ST=z) } B
2

W < max{d(STz, AB(B2)),d(Pz, ST=),d(Q(Bz), AB(B2)),
d(Pz,AB(Bz)) + d(Q(Bz),ST=z) })

2
= max{d(z, B2),0,0,d(z, Bz)} —w ( max{d(z, Bz),0,0,d(z, Bz))
= d(Bz,z) —w(d(Bz, z)), acontradiction.

Therefore Bz = z.

Hence Pz =Qz=Sz2=Tz=Az= Bz = z.

Uniqueness.

Let 2/ € X be such that Pz = Q2 = A2 = Bz =52 =Tz =2 and 2/ # 2.

d(z,2') =d(Pz,Qz")

d(Pz, ABZ') + d(Qz,ST=z) } B
2
d(Pz, ABZ') + d(Qz,ST=) })
2

< max{d(STz, ABZ'),d(Pz,ST=z),d(Qz, ABZ'),

w ( max{d(STz, ABZ'),d(Pz,8T=z),d(Qz, AB%'),

— max{d(z, 2),0,0,d(z, z’)} — w(max{d(z, 2'),0,0,d(z, z')})

=d(z,2") —w(d(z,2")), a contradiction.
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Hence z = 2'.

Corollary 2.1. Let, (X,d) be a complete metric space. Let A, B, P and @ be self
mappings satisfying P(X) C A(X),Q(X) C S(X), and

d(Pzx, Ay) + d(Qy, Sx) }
2

d(Pz, Ay) ;— d(Qy, Sx) })

where w : R — R" be a continuous function which satisfies 0 < w(t) < t.

Again (P, S) and (Q, A) are weakly compatible.

Then A, B, P and @ have a unique common fized point if either P(X) or Q(X) is
complete.

Proof. This result easily follows from Theorem 2.1 by taking B= T= I, the identity
map.

A(Px, Qy) < max{d(Sz, Ay), d(Px, Sx), d(Qy, Ay).

—w ( max{d(Sx, Ay),d(Pzx, Sx),d(Qy, Ay),

Corollary 2.2. Let, (X,d) be a complete metric space. Let P and @ be onto
mappings on (X,d) and

d(z, Py) + d(y, Qx)}
2

d(z, Py) + d(y, Q) })

d(z,y) < max{d(Q, Py), d(x, Qx),d(y, Py),

—w(max{d(x,y),d(x,Qw),d(yypy)» 5

where w : R — R" be a continuous function which satisfies 0 < w(t) < t.

Then P and @ have a unique common fixed point.
Proof. Set P = Q = I, the identity mapping and A — P and B — () in the
Corollary 2.1.

Corollary 2.3. Let, (X,d) be a complete metric space. Let P be onto mapping on
(X,d) and

d(z,y) < max{d(Px, Py),d(x, Px),d(y, Py), d(x, Py) ‘; d(y, P:c)}

_w<max{d<PI’ Py).d. Pa,,d(y, Py), d(z, Py) + d(y, Px) })

2

where w : BT — RT be a continuous function which satisfies 0 < w(t) < t.

Then P has a unique common fixed point.
Proof. Let P= Q in Corollary 2.2.
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To validate the conditions used in theorem 2.1. we exhibit the following exam-
ple:

Example 1. Let X = [0,1] be a set with the metric d : X x X — R given by

d(z,y) =0, if = y and d(z,y) = ¢, if  # y and w : R" — R", defined by

w(t) = £ be a continuous function which satisfies 0 < w(t) < t.

Define P, A, B,Q,S,T: X x X — X by

Pla) = 2. Als) = 0. B(z) = £.Q() = £.5(0) = 5.T(x) -

Now AB(x) = A(3) = 5 and ST (z) = S(5) = §

AB<X) and Q(X):[()? 12]C[ 75] ST( )

One can easily verify that AB(z) = £ = BA(z), ST(z) =

&= QB). PT(x) = § = TP(), and TQ() = 5 = Q).
ow

3 @
1

z
2
an

d(Pz,Qy) < max{d(STz, ABy),d(Px, STx),d(Qy, ABy),
d(Pz, ABy) + d(Qy, STr) } . < s { d

(STz, ABy),d(Pz,STx),

2
d(Pzx, ABy) + d(Qy, STx
e )
z Y oy, xr oy y A3 5)+dH5,§)
Z ) < I i Z Z
A} 5 < max{dz. 2).d(5.5).d5.2). . }
Y
12

r T

Ty Yy

o (max{a(E. D a(3, Dy, ), 2

l/x gy 1y x) 1(96 x) 1<y Y l(x Yy oy x)}
(242 < (LY (22 (2oL (2 gy g2
2<4+12> = max{2<6+2 a6 2\e T2\ Ta T e TG

_|_

/vy N 17z x\ 1ry y)l(xyyx)}
w<max{2<6+2)’2(4+6>’2<2+12 221 21276

3z +y {3y—|—x ox Ty 5x+6y}
max —_—,
24 M2 Tuw T 48

B N {3y+x Sr Ty 5x+6y}
ATV oo 48 S )

IN

3yt+xz bz Ty 5z+6y
12 7247 247 48

_ Byte 5o Ty Satby | ) _ ¢ 5o 7o lla ¢ 5o Tz s _
w(max{ 12 2247247 48 = Maxy 3,94 240 a8 (~ W\ MAX\ 3,505 945 43 =
T X _ X xr __ X
L= n-1

3 37 12 4
The inequality holds.

Case 2. If x < y, then max{ Syte bz Ty 5”63’} w(max{ Sytz bo Ty 5“69}) <

Case 1. If x =y, then 3:’;:3’ = ¢ and max{

12 7247247 48 12 7247 247 48
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and 22t < £ i.e. 3x < 5y, which is true. Thus the inequality holds.

3y+x 5z Ty Sz+6y | 3y+x 5z Ty 5z+6y
Case 3. Ify < z, thenmax{—12 ot o —as s (—w| maxq =5, 20, 00 e <

z bz Tx = z bz Tx = _ =z T\ _ T
max{i’ 24 21 @} - W<max{§’ 24 21 4_8}) =5 -w(3) =1
and 39;# < 7 ie. y < 3z, which is true. Thus the inequality holds.

All the necessary conditions of theorem 2.1. have been satisfied. So all these six
functions, A, B, P, @), S and T have unique common fixed point which is 0.

3. Conclusion

The results of the paper give generalisation of the works which are quoted in
the introduction. The results of the paper can be applied to obtain common fixed
point for point valued and set valued mappings using Hausdorff metric.
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