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Abstract: Duplicate graph of a graph is constructed from a graph with vertex set
V' of p vertices and edge set E of g edges as a new graph with vertex set union of
V, V" where V' is a set disjoint with V' having p vertices such that uv is an edge in
the graph G if and only if uv’ and w'v are the edges in its duplicate graph. Super-
edge magic total labeling of a graph is a bijection which labels the vertices with
integers 1 to p and edges with integers p + 1 to p + ¢ such that the induced edge
sum of edges defined as “sum of labels of end vertices and label of that edge” are
all same. In this paper, we provide algorithms and prove existence of super-edge
magic total labeling in extended duplicate graphs of twig, comb, star and bi-star
graphs.
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total labeling.
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1. Introduction
Graph labeling is a branch of Graph theory having wide applications in the field
of circuit design, networks, molecular biology, neural networks etc. In 1967, Rosa
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[12] formally initiated labeling on graphs. Since then, over 2000 papers on labeling
were published on variety of labeling. Intrigued and fascinated by magic squares
in number theory, in 1963 Sedlacek introduced magic labeling in graph theory. In
1970, Kotzig and Rosa defined the concept of edge magic total labeling.

Definition 2.1. [13] For a graph G with vertex set V' construct another graph as
follows: Let V' be the set such that NV = ¢, |V| = |V'|, and f : V — V' be
bijective. Fora € V' f(a) € V' we write as a’ for convenience. Consider the graph
DG on the vertex set VUV’ whose edges are given as follows: In the graph G, ab
is an edge if and only if both ab' and a’b are edges in DG. The graph DG is called
Duplicate graph of G.

Definition 1.2. A path P, is a sequence of arrangement of vertices vy, v, ..., U,
where the edges are in the form of viviy, 1 =1,2,...,n— 1.

Definition 1.3. A comb CB,, is obtained by connecting a new pendant edge with
each vertex of path P,. Comb CB,, has 2n vertices and 2n—1 edges and its duplicate
graphs has 4n vertices and 4n — 2 edges. As this duplicate graph is disconnected,
connecting any two vertices, preferably, one from v; and one from v, makes it con-
nected and called extended duplicate graph of C'B,,. Here, the vertices vo,_1, V5,
are connected by an edge to get extended duplicate graph EDG(CB,,).

Definition 1.4. A twig T, is a graph obtained by connecting two new pendant edges
with each of the internal vertices in P, o. Twig T, has 3n + 2 vertices and 3n + 1
edges and its duplicate graph has 6n + 4 vertices and 6n + 2 edges. The vertices
U3n_1, V4,1 are connected by an edge to get extended duplicate graph EDG(T,).

Definition 1.5. A star graph K, is a graph having one apex vertex vy connected
by an edge with each of n pendant vertices ve,vs, ..., V1. Star Ky, hasn +1
vertices and n edges and its duplicate graph has 2n + 2 vertices and 2n edges. The
vertices vy, v] are connected by an edge to get extended duplicate graph EDG(K,,,).

Definition 1.6. A bi-star graph B,,, is a graph having two apex vertices vy, vq
connected by an edge and each of these apex vertices are connected to n pendant
vertices. Bi-star graph By, , has m +n + 2 vertices and m +n + 1 edges and its
duplicate graph 2m + 2n + 4 vertices and 2m + 2n+ 2 edges. The vertices v}, vy are
connected by an edge to get extended duplicate graph EDG(By,.).

Definition 1.7. In a graph G with p vertices and q edges, a bijection ¢ : {1,2,3,...,
p+q} = VUE is called an edge magic total labeling if the edge induced function
¢* defined by ¢*(uv) = d(u) + ¢(v) + ¢(uv) assigns the same value (constant) for
all the edges.
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Illustration of above graphs and their duplicate graphs are given below:
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Figure 2: (a) Twig graph Ty (b) Duplicate graph of Twig DG(T3)
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Figure 3: (a) Star graph K 3 (b) Duplicate graph DG(K 3)

Definition 1.8. An edge magic labeling is called a super-edge magic total labeling
iof vertices are labeled with integers from 1 to p and edges are labeled with integers
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Figure 4: (a) Bi-star graph B;3 (b) Duplicate graph DG(Bs3)

fromp+1 top—+q.
2. Main Results
Theorem 2.1. The extended duplicate graph of twig EDG(T,), n > 2, admits

super-edge magic total labeling.
Proof. The vertices of EDG(T,,) are labeled as below.

Fo) =6n+4  F}) =1

In+6 : 3n+4 .
Fusna) = 9n2+5, n %s even Fh ) = {37%7 n %s even
=52, nis odd =52, nis odd
For i =1,3,5,...2[2] -1
flvgi) = 6n 43 — 22, f(vgign) = 6n 42— 338,
f(ng;l) =3n + 3 + 3i2_3, f(’ng) = BZ;H,
fvgig) = 14+ 25, flogiy) =3n+2— 332,

For i =2,4,6,...2 2]

flog) =3n+4+25 " flug) =3n+5+ 8
floic) =6n+4 -3 f(ug) =3n+1- 235
fvg0) = 3n — 312_6, f(vhq) = 1+%’

The edges of EDG(T,,) are labeled as follows:

fluivg) =6n+5  f(vivg) =12n+7

For i =1,3,5,...2[2] -1
f(vsic1vg,0) = 120+ 7 =30, f(usvh,_y) = 6n + 3 + 34,
f(vsip1vh;_q) = 6n + 4+ 34, f(vh, (v3is0) = 60+ 5 + 3,
f(vgv3i1) = 12049 = 3i, f(v1v5-1) = 12n + 8 — 3i.

For i =2,4,6,...2 2]
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J(v3i—1v5;,5) = 61 + 5 + 34, f(vsvy;_y) = 12n + 9 — 34,

fvgipvh, 1) =12n4+8 —3i,  f(vh,_qvsir2) = 12n + 7 — 34,

f(vhv3i-1) = 6n + 3 + 31, f(vh;,1v3-1) = 6n + 4+ 3i, and

f(Usna1vg, 1) = 9n + 6.

The induced edge sum function f* defined by f*(uv) = f(u) + f(v) + f(uv), gives
the induced edge sums as below.

ffovh) =6n+4+3n+2+6n+5=156n+11

[f(vijve) =14+3n+3+12n+7=15n+11

Fori=1,3,5,...2[%] -1

F*(v3i1Vhi0) = 30+ 3 + B8 41 3H2EL 4 190 4 7 — 3i = 15n + 11,
f(vgvh,_y) =6n+3 — —|—3n+2 3’_ +6n+ 3+ 3i =15n+ 11,

[ (vsip1vh;_ ) =60+ 2 — 31 3 +3n+2— 333 +6n+4+ 3i = 15n + 11,

[V qvsip2) =3n+2 — 32 4 6n + 4 — ¥E2H 4 6n 4 5+ 3i = 15n + 11,
fr(vhvz_1) = 2 —|—3n+3—|— g3 +12n—|—9 3i = 15m + 11,

[ (Vi vsim1) = 3”1 +1+3n+3+ 35 4 12n + 8 — 3i = 15n + 11,
Forv=2,4,6, ...2[§J
S (sic1vhig) =6n+4 — % +3n+2— 233 4 6n 4 54 3i = 16n + 11,
frogvh_) =3n+4+ 38+ 14+ 3 4120+ 9 — 3i = 15n + 11,

[ (vsivs, ) = 3n+5+3z —|—1+3’+12n+8 3i = 15n + 11,
A
fr

*

*

* (v 1vgz+2)—1+3’+3n+3+3@+33+12n+7 3i = 15n + 11,
“(Vhvsic1) =3n+1 -2+ 6n+4— 3 4 6n+3+3i =15n+ 11,
[ (Vg 4103i1) = 3n — 250 +6n+4—2—|—6n+4+3z’:15n+11,

and for the edge vs,_1v5, ; the edge induced sum is

f*(v3n-15,_1)
3 4+3+32 4 3n+2-32 490+ 6=15n+11, nisodd
B 6n+4—%+1+%+9n+6:15n+11, n is even

Hence the extended duplicate graph of twig EDG(T},), n > 2 is super-edge magic
total graph.

An illustration is given in Figure 5 (a).
Theorem 2.2. The extended duplicate graph of comb EDG(CB,), n > 2, admits

super-edge magic total labeling.
Proof. The vertices of EDG(CB,,) are labeled as follows:
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fori=1to2n

i i =2 mod 4
=3 mod 4
2n—(?), 1 =1 mod 4
2n—(i_2), 1 =0 mod 4

£
|

in — (52), i =2 mod 4
F@) ;ln— (%),’_1 @:meodél
n—|—1+(7), 1 =1 mod 4
2n+ 1+ (5%), i=0mod4

The edges of EDG(CB,,) are labeled as follows:
For, k =1,3,5,...2 2| — 1
fvog_1vh,) =4n+2k —1,  f(vh,_qvok) = 8n — 2k + 1,

J (Vo1 ) = 4n + 2k, f(Vhy_qvagy1) = 8n — 2k,
For k=2,4,6,...2([%] - 1)
f(vap1vy;,) = 8n — 2k + 1, f(Why_qvak) = dn + 2k — 1,

f(var— 1U2k+1) = 8n — 2k, J (VY vory1) = 4n + 2k,
f<v2n 1V, 1) = 6n
(

6n —1, nisodd

6n+1, nisodd
J(Van_1v,) = { . f(Va_1v2n) = {

6n+ 1, niseven 6n —1, niseven
The induced edge-sums f*(uv) = f(u) + f(v) + f(uv) are calculated as follows:
For k=1,3,5,...2 %] -1
f*(vo_1v5,) = 2n — M +4n — % 24 dn+2k—1=10n+1,
2%
fH(vh,_ vag :2n+1—|—2k - 1+2k+8n—2k+1—10n+1,
2%k—1 2 2
*(Vgp_1) =92n — 212l gy 2L A 4 9k = 10n + 1,
2%-+1 2 2
J*(Why_yvos1) = 2n + 1 4 =L 4 2L 4 8y — 2k = 100 + 1,
For k =2,4,6,...2([2] — 1)
[r(vap—qvhy) = 2 4 2n 4 14 22 4 8n — 2k + 1 = 10n + 1,
2k 2
v vgy) = 4n — 2=l 4o 2k 2+4n—|—2k—1—10n+1
2%—1 2
“(vgp 1V, ,) = B 4 on 4+ 1 + 2k+1 L +8n — 2k =10n + 1,
2k+1 2
*(Vh, Uagy1) = 4n — M +2n — (ZE=L) 4 An 4+ 2k = 100 + 1,
2k—1V2k+ 2

*
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and for the edge vy, 105, ; the induced edge sum is

[ (van—1vy, ;)

MLl g — 2212l 4 6 = 100 + 1, n = 0 mod 4
- o+ 14+ 25 4 6n=10n+1, n=1mod4
= %jum_%_FGn:lOn—f-l, n =2 mod 4

2n — 2=l 4 op 414+ 22212 4 6p=10n+ 1, n =3 mod 4

Also, the edge induced sums for the edges
ff(vop_1vh,) = 10n + 1 and f*(vo,v),, ;) = 10n + 1 for all n
which results into a super-edge magic total labeling of FEDG(CB,),
n > 2.
An illustration is given in Figure 5 (b).

16v; 17 vi 1
vy vh 8
15v3 v 2
14vy vy 3
13vs vg 4
10vg vg 7
11vy o v 6
121}8‘/25/ \ZS\O vg b

Figure 5: (a) Super-edge magic total labeling of EDG(T5), (b) Super-edge magic
total labeling of EDG(C Bs)

Theorem 2.3. The estended duplicate graph of star EDG(K;,,), n > 2 admits
super-edge magic total labeling.
Proof. The vertices of EDG(K ) are labeled as follows:

fo)=2n+3—dii=12....n+1  fW)=4i=12,....,n+1
The edges of EDG(K,,,) are labeled as follows:

fvyv)) =3n+4—-14,1=1,2,3,....,n+1
f@iv)=3n+2+4+4i=1,23,...,n+1
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The induced edge sums f*(uv) = f(u) + f(v) + f(uv) are

ff(nv)) =2n+24+i+3n+4—i=5n+6
ffov)=142n+3—i+3n+2+i=5n+6 fori=1,2,...,n+1
Thus labeling is super-edge magic total labeling for n > 2
An illustration is given in Figure 6 (a).

Theorem 2.4. The extended duplicate graph of bi-star EDG(B,y, ), m > 1 admits
super-edge magic total labeling.
Proof. The vertices of EDG(B,,,,) are labeled as follows:

fv))=4m+4 f(va)=1 f()=3m+3 f[f(vy)=m+2

f)=i—1,2<i<m+2
fw)=2m+1+im+3<i<2m-+2
f)y=m+1i,2<i<2m+2

m)

fov)) =bm+T7—4,3<i<m-+2
foiv)=Tm+9—4,3<i<m+2
fhv)=Tm+8 —i,m+3<i<2m+2
flov) =9m +10—i,m+3 <i<2m+2

The induced edge-sums are calculated as f*(uv) = f(u) + f(v) + f(uv)

ff(ov)=4dm+4+m+i+dm+7—i=10m+11,i=2,3,...,m + 2
[r(vivy) =3m+3+m+2+6m+ 6= 10m + 11,

ff(vjve) =3m+3+m+14+Tm+7=10m + 11,

[fojw) =3m+3+i—14+™m+9—i=10m+11,i=3,4,...,m+2
) =m+2+2m+1+i+T™m+8—i=10m+11,m+3 <i<2m+ 2
o)) =1+m+i+9Im+10—i=10m+11,m+3<i<2m+2

and so the labeling is super-edge magic total labeling for m > 1.
An illustration is given in Figure 6 (b).
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10’01 ’Ull 12
24
vh 5
9’02 ’Ué 6
/
8vs vy 7
vf 8
71)4 Ué 9
v5 10
6vs vl 11

(a) (b)

Figure 6: (a) Super-edge magic total labeling of EDG(K 4), (b) Super-edge magic
total labeling of EDG(Bj3)

3. Conclusion
We proved that extended duplicate graphs of Twig, Comb, Star and Bi-star
admit Super-edge magic total labeling.
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