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Abstract: A radio mean labeling of a connected graph G is an injection ¢ from the

vertex set V(G) to N such that the condition d(u,v) + w > 1+ diam(G)

holds for any two distinct vertices u and v of G. A graph which admits radio mean
labeling is called radio mean graph. The radio mean number of ¢, rmn(¢), is
the maximum number assigned to any vertex of G. The radio mean number of G,
rmn(G), is the minimum value of rmn(¢) taken over all radio mean labeling ¢ of
G. In this paper we introduce a new concept even radio mean graceful labeling and
we investigate the even radio mean graceful labeling on degree splitting of snake
related graphs.

Keywords and Phrases: Radio mean graceful labeling, even radio mean graceful
labeling, degree splitting graph, triangular snake graph, quadrilateral snake graph.

2020 Mathematics Subject Classification: 05C78.



198 South FEast Asian J. of Mathematics and Mathematical Sciences

1. Introduction

A graph labeling is an assignment of integers to the vertices or edges or both
subject to certain conditions. Chartrand et al developed the concept of radio
labeling of graphs in [1]. Somasundaram and Ponraj introduced the notion of mean
labeling of graphs in [10]. Radio mean labeling was introduced by Ponraj et al in [7].
Sampathkumar and Walikar introduced notion of the splitting graph of a graph in
[9]. Ponraj and Somasundaram developed the concept of degree splitting of graphs
in [6]. Somasundaram, Sandhya and Viji introduced the concept of geometric mean
labeling on degree splitting graphs in [11]. Revathi found the vertex odd mean and
even mean labeling of some graphs in [8]. David Raj, Sunitha and Subramanian
introduced radio odd mean and even mean labeling of some graphs in [2]. Lavanya
et al introduced the new concept radio mean graceful graphs in [5]. In this paper
we investigate the even radio mean graceful labeling on degree splitting of snake
related graphs. Throughout this paper we consider simple, undirected, finite and
connected graphs. [z] is the smallest integer greater than or equal to x, for any
real x. For graph theoretic terminology, we refer to Harary [4], and for a detailed
survery of graph labeling we refer to Gallian [3]. The notations V(G) is the vertex
set of G, d(u, v) is the distance between the vertices u and v, diam(G) is the
diameter of G, DS(G) is the degree splitting of graph G and |V’ is the order of a
graph G.

2. Definitions

2.1. Triangular snake Graph

A triangular snake graph (7),) is obtained from a path s;ss...s, by joining s;
and s; 1 to a new vertex t; for 1 < ¢ < n—1. That is, every edge of path is replaced
by a triangle C.

2.2. Quadrilateral snake Graph

A quadrilateral snake graph (@Q,) is obtained from a path s1$s...s,, by joining
s; and s;41 to two new vertices ¢; and u;, 1 <17 < n—1 respectively and join ¢; and
u;. That is, every edge of path is replaced by a cycle Cj.
2.3. Degree Splitting graph of G

Let G = (V, E) be a graph with V = S;US,U...S;UT, where each S; is a set of
vertices having atleast two vertices and having the same degree and T' =V — US;.
The degree splitting graph of G, denoted by DS(G), is obtained from G by adding
vertices wy, wo, ..., w; and joining w; to each vertex of S;, 1 <7 < t.
2.4. Even Radio Mean Graceful graph

Even radio mean graceful labeling is a bijection ¢ : V(G) — {2,4, 6, ..., 2|V}}
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satisfying the condition d(u,v)+ [w > 1+diam(G), for every u, v € V(G).

A graph which admits even radio mean graceful labeling is called an even radio
mean graceful graph.

Result: Any graph with diameter 1, 2 is obviously an even radio mean graceful
graph.

3. Main Results

Theorem 3.1. DS(T,,) is an even radio mean graceful graph.

Proof. Let s;, 1 < i < n be the vertices of path P,. Join s; and s;1; to a new
vertex t;, 1 <i <n — 1. The graph thus obtained is triangular snake graph (7},).
Case 1: n = 2,3

Introduce a new vertex u and join it with the vertices of T;, of degree two. The resul-
tant graph is D.S(T,,) whose vertex set is V = {si, 1< < n} U {tl-, 1<i<n— 1}

. 1 2fn=2
U {u}. Clearly the diam(DS(T},)) = { 5 Z; n—3

Therefore the condition d(u,v) + {ww > 1+ diam(G), is obviously satisfied

for all the pair of vertices u, v € V(G).

Case 2: n > 3

Introduce two new vertices u, v and join them with the vertices of T), of degree
two and four respectively. The resultant graph is DS(7,,) whose vertex set is V
= {s;,1<i<n}U{t;,1<i<n-1} U {uv}. Clearly the diam(DS(T,) ) =
3. Define a bijection ¢ : V(DS(T,,)) — {2,4,6,..2|V|} by ¢(s;) = 2i,1 <i <,
ot;) =2n+2i+4,1<i<n-—1¢u)=2n+2, ¢(v) =2n+4.

Now we find the even radio mean graceful condition for ¢,

Subcase(i): Examine the pair (s;,s;), 1 <i<n-—1, i+1<j <n;

d(s;, 55) + w > 1+ @ >4 =1+ diam(DS(T,)).

Subcase(ii): Examine the pair (s;,¢;),1<i<n, 1<j<n-—1,

d(sq, t;) + |7¢(Si);¢(tj) > 1+ 2n+2i;—2j+4“ > 4.

Subcase(iii): Examine the pair (s;,u), 1 <i < n;

d(s;, u) + |7¢(Si);’¢(’u)—‘ > 1+ {2%22@42} > 4.
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Subcase(iv): Examine the pair (s;,v), 1 <i < n;
B(si)+é(v) 2n+42i+4
d(Si,U)—i— 5 21+ 5 24
Subcase(v): Examine the pair (¢;,t;), 1 <i<n—2, i+1<j<n-—1;
d(ti,tj) + ¢(tz‘)‘g¢(t]') > 94 4n+2i;—2j+8“ > 4.
Subcase(vi): Examine the pair (t;,u), 1 <i<n—1;
d(t;,u) + |2 > g | 26 ] >
Subcase(vii): Examine the pair (¢;,v), 1 <i<n—1;

d(ti,v)—i— ¢(t¢);r¢(v) >94 4n+22i+8 >4,

Subcase(viii): Examine the pair (u,v),

ﬂwm+-ﬂﬂ¥@wz3+{%#}24

Thus the even radio mean graceful condition is satisfied for all the pair of vertices.
Hence DS(T,) is an even radio mean graceful graph.

Example 3.1 (a).

Figure 1: Even radio mean graceful labeling of DS(T3)
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Example 3.1 (b).

Figure 2: Even radio mean graceful labeling of DS(77)

Theorem 3.2. DS(Q),,) is an even radio mean graceful graph.

Proof. Let s;, 1 <17 < n be the vertices of path P,. Join s; and s;; with two new
vertices t;, and u; respectively and then join ¢; and u; 1 <7 < n — 1. The graph
thus obtained is a quadrilateral snake graph (Q,,).

Case 1: n = 2, 3

Introduce a new vertex v and join it with the vertices of ), of degree two . The
resultant graph is DS(Q),,) whose vertex set is V = {s,-, 1<i < n} U {ti,ui, 1<
i <n—1} U {v}. Clearly the diam(DS(Q,))= 2. Therefore the condition d(u, v)+

w > 1+ diam(QG), is obviously satisfied for all the pair of vertices u, v €

V(G).

Case 2: n > 3

Introduce two new vertices v, w and join them with the vertices of @,, of degree
two and four respectively. The resultant graph is DS(Q),,) whose vertex set is V =
{si,1 <i<n} U {t;u;,1 <i<n—1} U {v,w}.Clearly the diam(DS(Q,))= 3.
Define a bijection ¢ : V(DS(Q,)) — {2,4, 6, 2|V}} by ¢(s;) = 4n+2i,1 <i <mn,
o) =2i,1 <i<n-—1, ¢u;)) =2n+2i—2,1 <i<n-—1, ¢(v) =4n—2,
o(w) = 4n.

Now we find the even radio mean graceful condition for ¢

Subcase(i): Examine the pair (s;,s;), 1 <i<n-—-1,i+1<j <n;

(s, ;) + | Lot | > g | 822 | > 4 — 1 4 diam(DS(Q.)).

Subcase(ii): Examine the pair (s;,¢;),1<i<n, 1<j<n-—1;
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d(si,tj)+ |7¢(Si);r¢(tj) >14 4n+22i+2j“ > 4.
Subcase(iii): Examine the pair (s;,u;), 1 <i<n,1<j<n-1
d(si,ug) + [ S| > 24 Lw >4
Subcase(iv): Examine the pair (s;,v), 1 < i < n;
b(s1)+6(v) 8n+2i—2
d(s;,v) + {T > 1+ {%w > 4.
Subcase(v): Examine the pair (s;,w), 1 <i < n;
d(sisw) + | Hobeled | > g | St > g
Subcase(vi): Examine the pair (¢;,¢;), 1 <i<n—-2,i+1<j<n-—1;
dw¢ﬂ+{@@%@ > 1+ |22 >4
Subcase(vii): Examine the pair (¢;,u;), 1 <i,j7 <n—1;

d(ti, uj) + ¢>(t¢)z¢>(uj) >14+ 2n+27,+23 ﬂ

| \/

Subcase(vm) Examine the pair (¢;,v), 1 <
Subcase(lx) Examine the pair (t;,w), 1 <i<n—1;
(L) +o(w) 4An+24
) + |2t | 5o [ : }
Subcase(x): Examine the pair (v, w)
cmmm+{ﬂ%%ﬂ >3+ %§W24
Subcase(xi): Examine the pair (u;,u;), 1 <i<n—-2,i+1<j<n-—1,
Subcase(xii): Examine the pair (u;,v), 1 <i<n —1;
P(ui) +o(v) 6n+2i—4
) + {_ o4 {_ -

Subcase(xiii): Examine the pair (u;, w), 1 <i<n-—1;



Even Radio Mean Graceful Labeling on Degree Splitting ... 203

d(ui, w) + ¢(ui);‘¢(w)“ > 24 6n+22i—2 > 4.

Thus the even radio mean graceful condition is satisfied for all the pair of vertices.
Hence DS(Q,) is an even radio mean graceful graph.

Example 3.2 (a).

Figure 3: Even radio mean graceful labeling of D.S(Q3)

Example 3.2 (b).

Figure 4: Even radio mean graceful labeling of D.S(Qg)

4. Conclusion
In this paper, we introduce a new labeling namely even radio mean graceful
labeling and show that the snake graphs admit even radio mean graceful labeling.
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