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Abstract: In organic chemistry, finding out theoretically the total m—electron
energy of conjugated carbon compound is one of the interesting concept. Later
during the year 1970, I. Gutman was successful in achieving this by defining a
term called energy of a graph, E(G) for any graph G with m edges and n vertices.
It is not that easy to find energy of any general graph. This problem was solved by
obtaining bounds for E(G). Initially bounds for energy of any graph G are obtained
by using McClelland bounds. Koolen and Moulton improved the McClelland’s
upper bounds. In this article we established new energy bounds with the help of
Holder’s inequality.
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1. Introduction

Let us consider a simple undirected graph G = (V, E) having m edges and n
vertices. For any vertex v;eV, the degree of v; is defined as the total number of
edges that are incident to v; and we write the degree of v; by d; or d(v;). When
d; = r, Yv;, we say that a graph G is regular graph of degree r. A graph G is said
to be a bipartite graph with degree r; and 79, if the vertex set can be written as,
V =UUV where UNV = ¢ and every edge of GG has its vertex in U and a vertex
in V. If each vertex of a bipartite graph G has same degree, then we call G a
complete bipartite graph. If the graph G is bipartite and every vertex in the same
partition has same degree, then we say G is semi-regular bipartite graph. A graph
(G is said to be a connected graph if for any two vertices u and v of the graph G
has u — v path. Throughout this paper we assume that the graph is connected.

It is useful to represent a graph G by means of a matrix, called Adjacency
matrix. Consider a vertex set V' = {vy, v, ...,v,} the graph G, then the Adjacency

. . 1 if vv; is an edge

matrix of G is defined by A(G) = [a;5], A(G) = 0 o%herwise
Let GG be a graph with m edges and n vertices. Then energy of G is defined by

E(G) = Z |Ai], where Ay > Ay > -+ > ), are eigenvalues of A(G). The details
i=1
on graph energy can be obtained from papers [6, 7, 8]. For applications on graph
energy can be seen from papers [1, 2, 5].
Bounds for energy of graph in terms of m and n was initially given by McClel-
land [13],

V2m + n(n — 1| Det(A)* <E(G) < vV2mn. (1.1)

Later Koolen and Moulton improvised the above upper bounds [11].

E(G) < (2—m> + \/(n - 1)(2m - (Q—m)2> for 2m > n (1.2)

n n

As a special case they also established an upper bound for bipartite graph in the
form [12]

2m 2m 2

E(G) < 2(—) + \/(n - 2)<2m - 2(—) ) for 2m > n. (1.3)

n n

Also they arrived at the result, an upper bound for energy of a graph G in terms
n vertices. E(G) < 5(1++/n).
Improvisation of these bounds can be seen in the papers [4, 14].
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Throughout this paper we use the following elementary results on eigenvalues Ay >
Ay > -+, >\, of adjacency matrix of a graph G.

LY N=0and d A\ =2m=>Y |\
=1 =1

i=1

Further H i = Det(A(GQ)).
i=1
2. The largest eigenvalue of a connected graphs G satisfies \; > 27’” > 1.
2. The Main Results

Lemma 2.1. Let G represents a graph with m edges and n wvertices then the
adjacency matriz A(G) satisfies

IDet(A(G))| < (2m)3. (2.1)
Proof. The proof easily follows with [Det(A(G))| = | A Aa... An| = |A1]| A2 | Anl.
But [Det(A(G))| < [Mf|Aa]. A = [\ ]* < (v2m)".
This gives |Det(A(G))| < (2m)?2.

Lemma 2.2. Consider a connected graph G with m edges and n vertices. The
largest eigenvalue, A\ of G satisfies

A1 > [Det(A(G))

1

. (2.2)

Proof. The relation A\{ + Ay + -+ A, =0 gives Ay + - -+ + A\, = — 1. Since A\ is
always positive, the sum Ay + --- + A, should be a negative quantity.
Pt A < Doy AT
Mg A7t _— 1
Le,—\ < Ais — | , which implies —A\{"! < |Det(A(G))|»T.
APt
= |A|7T < [Det(A(G))|7 T if [M\] < 1 and |\ |71 > [Deb(A(G))|7 1 if [Ay] > 1.

1

Since G is connected |[A\| > 1. Hence |A\;| > |Det(A(G))|=.

Lemma 2.3. Let G represents a connected graph with m edges and n vertices. The
largest eigenvalue, \1 of the graph G satisfies

1

[Det(A(G))][
VA

A1) + [Ae| + -+ | An]

A1 >

(2.3)

and [AjAg - - - )\n]% are respectively

Proof. The expressions,

n
arithmetic and geometric mean of the values |\, | A2, -+, |An]-
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But arithmetic mean exceeds geometric mean it follows that

1
|>\1\+|Azl;i- +An| > |)\1)\2 W

n.,

Pal+Dal Al < Al Agl+ A 1
Jn Z n zl)\l)\2>\n‘”

o el > 0 A -+ A7 implies ”\‘/Aﬁl‘ > |Det(A(G))|

[Det(A(G))| -
N

A1 >

3. New Energy Bounds of a Graph

Lemma 3.1. Let G represents a graph with m edges, n vertices and A(G) be a
non-singular adjacency matriz, then

2mn

n|Det(A(G))|" < E(G _ 3.1
[Det(A(G))|» < <>§|Det(A(G))|Z (3.1)

Proof. Making use of inequality between arithmetic and geometric mean of
Al [Aal, -y [An] we have PalHRelRetinl 0 xo oy |5

= E(G) > n|Det(A(G))|%7 which is a new lower bound.
Fromwz Det(A(G))|= gives M| > |Det(A(G 3

n g

= M| D Il = [Det(AG))[» > [Adl-
=1 i=1
Since|\;| < |A1] Vi therefore n|A;|*> > |Det(A(G))|"E(G).

2
But [A\;]? < 2m, hence we get E(G) < mn -
Det(A(G))[+

, which is a new upper-

bound 5

Thus n|Det(A(G))|* < E(G) < o
. - [Det(A(G))[=

With the help of Holder’s inequality we can obtain new bounds for energy of
graphs.

Holder’s inequality. For positive real numbers z;;(i = 1,2, ...,nand j = 1,2,3, ..., n)
then
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1(3=) =3 (1)

=1 j=1
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Theorem 3.1. If G represents a graph with m edges(2m > n), n vertices and A

1s a adjacency non singular matrix then

2

(4m)"
Det(AG)[

S|=

n"" [Det(A(Q))|" < E(G) <

Proof. Apply Holder’s inequality using

1 L ... L

11 Ti2 - Tin A1 ]

1 1 ... L

To1 X22 Ton _ 2 Ml
1 1

Tpl Tp2 " Tpn |)\_n‘ ‘)\_n| 1

and we simplify right side and left side of the inequality separately.

1

s (14 ) (1) (”n\;ﬁ)"
< (1 ) () )

But 2m > n > (n — 1) therefore we have

LHS < <1+|2A_T|> (1+%)...<1+ |2Am|).

2m
But [N < v2m <2m=1< — Viso

Al
bis < <|2§| N @@Trf ) ()
m m m
- (|)\1|><|)\2|>”'<|)\n|>‘
(4m)"  _ (4m)"

- yAlAQ..l.An\ ~ |Det(A(G))]’ 1

= + —+ ...+ .
D o P o P e DS L D L P E PR b

e ol n
Ao )\ B \AlAQ D VP Y W

~ Det(4 ZW"-

(3.2)
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IDet(A(G))|" = [Det(A(G))|
. 1 (4m)"
;Z;' ! [Det(A(G))|0—w)
) < SO Hemeo (ST ) (4m)"
But <;‘>\z|> Si:1 |\i|=. H <;|)\Z|> <|Det(A(G))|("Tfl)'
E(G) (4m)™

< .
[Det(A(G))[1)
For lower bound we use the following substitution in Holder’s inequality

T11 X1z - Tin ’)\1’ ’)\1’ |)\1|
To21 X2 -+ Top B ’)\2’ ’)\2’ |)\2|
(D + ()T 4+ + ()T 2 0] Ae] - A7
Al + Aol 4+ [An]m =07 (|Det(A(G))]) 7

But (] 4 o] -+ IAal) 2 [Nl 4 Aol 4 A

L E(G) > n"w |Det(A(G))]|.
| 1 (4m)™*
n n < .
Thus the bounds for E(G) is, n'» |Det(A(G))|» < E(G) < Det(AG))["

4. New Energy Lower Bounds and new Energy Upper Bounds

Theorem 4.1. The energy of a graph G has a lower bound

EG) > 2"y (—lDet(A(Gm)”ll. (4.1)

n 2m

where G is graph with m edges and n vertices with 2m > n.

Proof. We make use of inequality between arithmetic mean and geometric mean

Aol 4+ As| 4+ |Ag i

[Aa| + [As] : | |2’)\2)\3,../\n,n£1‘
n R

for (n—1) real numbers |X\o|, [As], -+, |Anl,

\ A+ -+ |\, N
Ao + [As] + -+ + ] |2|>\2)\3"'>\n|"l1-

(1Dl + [l + -+ Aal) > o

1
5 E(G) - |n| 2 DT

X
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1
[Det(A(G))["—T
= E(G) 2 [u[+ =
1
Det(A(G))|»—T
Put f(z) =2+ [Det( Lm with |[A\] = = . In order to minimize the
xrn—1

function we find f/(x) and f”(z). But at minima or maxima point f’(z) = 0. Thus

[Det(A(G))[
(n—1)"

the function f(x) has minima or maxima at x =

At this point the value of f”(x) is given by,

n 1 1-2n
(@) = G Det(A(G)] 71 > .
This implies at this particular point the function has the minimum value. Its
1
|Det(A(G))1|"> _ n|Det(A(G)1)>|%.
(n—1)% n

value is given by f ( 1) o=

Since the function becomes an increasing function in
1
PetAGNI" < |det Al < 2 < |\| < V2m.

(n—1)
2m
> — .
o= >| (A(G)
2m Det =
> 20y ()
E(G) = n +( m )
Theorem 4.2. Consider a graph G having m edges and n(> 3) wvertices with
2m > n. Then

e A 2>%|Det(ﬁl(G))|ﬁ . (4.2)

E ()

Proof. We make use of inequality between arithmetic mean and geometric mean
for (n — 2) real numbers

Aol + sl + -+ s
Pl Dl D), PPl P

o Dol sl
- n—2

> [AoAg - Ap_y|7?

(!M TR W yAn,1|> > odg - An_i] 72,

= E(G) — |\i| — [\ ZM.

= E(G) = M| + M| + PEEERE,
1 nln—2
. Det(A(G))|72
Let |\i| =z, |)\n|=yW1thg(x,y):x+y+| (A( 1))| .

(zy)»—=
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To minimize the above function of two variables, we make use of partial differ-
entiation method by finding ¢.(z,y), 9,(2,Y), 9ux(Z,Y), Gyu(T,y), guy(z,y) and
A= GrzGyy — giy-

[Det(A(G))|7 [Det(A(G)[72 1

1—n
r — 1— n-2 5 =1- ne2
g (@) 1 Y, Gy — (zy)—2x 1
2 o —on 2 _ n_2 —on
o VUMDt AG)I o (1= mDt(AG)
(n—2)? (n—2)
\Det G) ‘ 1 ( i=n . 1( )372;>
Ty — xry) - )
v n-2  \ y 2 2
zy)2 e n—2 (e 4" e n—2 —2n
A = CR 0PG4 S MAGUE () 4yl (e) )
At minima or maxima g, = 0, g, = 0. This gives us two equations
—n — 2 —n - 2
(xy)hy = n — and (:cy)ibf?x = " —. On solving, we have
[Det(A(G))[= [Det(A(G))[=
_  — [Deta@)[n
r=1Y="——"33—
y (n—2)"7n

[Det(A(G))[
(=2
For this point, g, > 0, gy, > 0 and A < 0. Hence the function has the minimum
[Det(A(G))| |Det(A(G))|5>_
(n—2)% " (n—-2)"%
Since 2m > n, so g(x,y) is an increasing function in
| det(A(G))]7 <2 <2 < /2m and 0 < y < | det(A(G))]= < 22 < \/2m.
sty IDetAG)I! (n - 2>%|Det<A<G>>| =

2 y9(z,y) =2+ T

This implies the function g(x, y) has minima or maxima for x = y =

value at this point, which is given by, g(

,_.

1

. [Det(A(G))[n 2m |Det(A ( DG
- B(G) Zg(””’ (n—z)"nj > —9< n’ni(n—Q) w >
Hence, E(G) > 2m N (n —2)7 |Det(A(G))|"=> '

" (Be)s

Theorem 4.3. If G represents a graph with m edges, n > 2 vertices and A(G) is
the adjacency non-singular matrixz then

(n—1)(2m) ' (43)

E(G) < V2m +
[Det(A(G))][~

Proof. We know that |A;| > |Det(A(G))|=, which implies
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M1 N = [Det(A(G))[7 D Al
=2

=2 =

Since|i| < |\i] Vi, therefore (n — 1)|\i[* > [Det(A(G))]* (E(G) = [\ ).
(n =DM

[Det(A(G))|

— 1z?
Let |[N| = z and h(x) =2+ (n—Le +. The condition for minima or
\De’C(A(G))I"1 ,
maxima is A'(x) = 0 which implies 1+ (n = 1)2 + = 0. So the function has
[Det(A(G))]

1

_ Det(A(G))]»
2(n—1)

Thus E(G) < |A\| +

minimum or maximum value at z =

But h'(z) = 2n— 1)
[Det(A(G))]+

> 0, so at this point the given function has minimum

value.
The minimum value is
h(_ IDet(A(G))Irll) _ |Det(A(G))|" | Det(A(G)[x _ |[Det(A(G))|
2(n—1) 2(n—1) 4(n—1) 4(n—1)

1
But h(z) becomes an increasing function in the interval — DG < 0 < /2,

2(n—1)
Hence h(z) < f(v/2m).
—1)(2
This gives us a new upper bound E(G) < v2m + (n = 1)( m)l .

5. Brief Summary and Conclusion

Energy of graph is an interesting subject in mathematical chemistry. In this
paper we obtain new bounds for energy of graph using Holder’s inequality. Are
these lower and upper bounds superior to McClelland and Koolen-Moulton bound?
It is yet to be investigated and is an area of further research.
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