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Abstract: The stress of a vertex in a graph is the number of geodesics passing
through it. The status of a vertex v in a graph is the sum of the distances from v
to all other vertices. We define the richness of a vertex v in a graph as the status
of v minus the stress of v. The total richness of a graph is the sum of richness of
all the vertices in that graph. We made some observations, compute richness of
vertices in some standard graphs and obtain some interesting results.



150 South FEast Asian J. of Mathematics and Mathematical Sciences

Keywords and Phrases: Geodesic, stress of a vertex, status of a vertex.
2020 Mathematics Subject Classification: 05C12.

1. Introduction

For basic terminologies we follow the text-book of Harary [3].

Let G = (V, E) be a graph (finite, undirected, simple). The number of edges in
a path P is its length [(P). A shortest path between two vertices v and w in G is
called a u — w geodesic. The length of the u — w geodesic is the distance d(u,w)
between u and w in G. We say that a geodesic P is passing through a vertex v in
G if v is an internal vertex of P. Given two vertices u and v in G, pg,(u) denotes
the number of geodesics having v as an end vertex and passing through w.

The length of a longest geodesic in G is called the diameter of GG, denoted by
d(G). Eccentricity e(v) of a vertex v denotes the distance between v and a vertex
farthest from v. For any vertex v, its open neighborhood is Ng(v) (or simply N (v))
is the set of all vertices which are adjacent to v and the closed neighborhood of v is
N[v] = N(v)U{v}. We say that a graph G is vertex transitive if the automorphism
group of G acts transitively on V(G).

The concept of stress of a vertex in a graph was defined by Alfonso Shimbel [15]
in 1953. The concept has many applications in the study of biological networks,
social networks etc. Some related works can be found in [5], [6], [7], [14] and [16].
Further, the concepts of stress number of a graph and stress regular graphs have
been studied by K. Bhargava, N. N. Dattatreya, and R. Rajendra in [1].

In [8, 9, 10], the authors have studied the VL Temperature index, VL Status
index, VL. Reciprocal Status Index and Co-index for certain graphs. They have also
presented the correlations between VL Reciprocal status index and some properties
of Butane derivatives.

2. Definitions

Definition 2.1. The Wiener indez W (G) of a connected graph G is defined to be
the sum of distances between all vertex pairs in G (See [17])

WG = Y d(uv). (1)

{u,w}CV(G)

Definition 2.2. (Alfonso Shimbel [15]) Let G be a graph and v be a vertex in G.
The stress of v, denoted by strg(v) or simply str(v), is defined as the number of
geodesics in G passing through v.

Rajendra et al. [13] have introduced two topological indices of for graphs called
first stress index and second stress index, using stresses of vertices. The first stress
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index S;(G) and the second stress index Sy(G) of a simple graph G are defined as

S1(G)= > str(v)’ (2)

veV(Q)

S(G) =Y str(u)str(v). (3)

weE(G)

Using the stress on vertices, Rajendra et al. [11, 12] have defined the stress-sum
index and square root stress sum index.

We denote the maximum stress among all the vertices of G by ©¢ and minimum
stress among all the vertices of G' by 0.
Definition 2.3. [4] The status of a vertex u in a graph G, denoted by og(u) or
simply o(u) is the sum of the distances from v to all other vertices. That is

o(u)= Y d(u,v) (4)
veV(G)

We denote the maximum status among all the vertices of G by Sz and minimum
status among all the vertices of G by sg.

Definition 2.4. Let G be a graph and v be a vertex in G. The richness of u,
denoted by hg(u) or simply h(v), is defined as

h(u) = str(u) — o(u) (5)
The richness of a vertex v is the number of geodesics passing through v minus the
sum of distances from v to all other vertices in G.
Definition 2.5. A graph is said to be

(1) k-stress reqular if all of its vertices have stress k;
(17) k-status regular if all of its vertices have status k; and

(7i1) k-richness regular if all of its vertices have richness k.

Definition 2.6. Let G = (V, E) be a graph. The total stress of G, denoted by
Ny (G), is defined as,

Now(G) = Z str(w) (6)

Definition 2.7. Let G = (V, E) be a graph. The total richness of G, denoted by
H(G), is defined as,

H(G) =) h(u) (7)

ueV
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3. Some Observations

(i) For any vertex u in a graph G, we have

QG—SG § h(u) S @G — SqG-

(ii) For any vertex w in a graph G, we have str(u) > 0 and o(u) < W(G), where
W(G) is the Wiener index of G. Therefore, by the Definition 2.4, we have
hu) = —o(u) = -W(G) (8)

(iii) If N is the number of geodesics of length at least 2 in a graph G, then by the
Definitions 2.2 and 2.4, for any vertex v in G, we have

—o(v) < h(v) < N —oa(v)

and
—S¢ < h(v) < N — s¢.

(iv) If there is no geodesic of length > 2 passing through a vertex v in a graph
G, then str(v) = 0 and r(v) = —o(v). Hence for any vertex v in a complete
graph K, we have h(v) =1 — n.

(v) By the Definition 2.4, it follows that, a stress regular graph is richness regular
if and only if it is status regular.

(vi) A regular graph may not be richness regular. For instance, it is easy to verify
that the graph in Figure 1 is a 3-regular graph, but it is not richness regular.
Also, this graph is neither stress regular nor status regular.

Figure 1: A regular graph which is not richness regular

(vii) A graph G is O-richness regular if and only if str(v) = o(v), Vv € V(G).
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(viii) If n is an automorphism of a graph G and v is any vertex in G, then h(v) =
h(n(v)). Hence, it follows that, any vertex transitive graph is richness regular.

4. Some Results

Proposition 4.1. Let G be a graph, v be a pendant vertex and u be any vertex in
G. Then

hs(u) = h-o(u) + pa(u) — d(u,v). (9)
Proof. We have,

hag—o(u) = strg_,(u) — og_y(u)
= strg(u) — pao(u) = [oc(u) — d(u, v)]
= hg(u) — pap(u) + d(u,v),

which gives (9).
Theorem 4.2. Let G be any graph and let u be any vertex in GG. Then

(1) h(u) = —o(u) if and only if the neighbors of u induce a complete subgraph.
(17) h(u) = str(u) if and only if G is a trivial graph.
Proof.

(1) We have

h(u) = —o(u) < str(u) =0 (By Definition 2.4)
<= the neighbors of v induce a complete subgraph.

(71) We have

h(u) = str(u) <= o(u) =0 (By Definition 2.4)
> d(u,v) =0, Yv € V(G)
= V(G) = {u}
<= (' is a trivial graph.

The following corollaries are immediate from the Theorem 4.2.

Corollary 4.3. For a pendant vertez v in a graph G, h(v) = —o(v).
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Corollary 4.4. The complete graph K,, on n vertices is (1 — n)-richness regqular.

Proposition 4.5. For any graph G, the total richness of G, is given by
H(G) = Nal G) = 2W(G), (10)

where W(G) is the Wiener index of G.
Proof. By the Definition 2.7, we have

H(G) =) h(u) = str(u) — o(u)

= Z str(u) — Z o(u)
ueV ueV
= Nl @) =D d(u,v)

ueV veV

= Ni:(G) = 2W(G).

Theorem 4.6. Let G be a graph with at least 2 vertices and u € V(G). Then
h(u) = =W (G) if and only if G is the complete graph on 2 vertices.

Proof. If G is a complete graph on 2 vertices, then h(u) = —1 = —W(G).
Conversely suppose that h(u) = =W (G). Then by (8),

—olu) = —W(G) = o(u) = W(G)

= Z d(u,v) = Z d(w,v)

veV(G) {wp}CV(G)
— Z d(w,v) =0

{w,w}CV(G)

w,vFu

— d(w,v) =0 for any w,v # u in V(G).
— w = v for any w,v # v in V(G).
= there is only one vertex other than v in G.
—> ( is the complete graph on 2 vertices.

Proposition 4.7. In a complete bipartite K,, ., if A and B are the partite sets of
Kpn with |[A| =m and |B| = n, then

M—(Zm—i—n—Q), if ve A
h(v) = 2 (11)

1
%—(271—1—771—2), ifveB
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Proof. In a complete bipartite K, ,, if A and B are the partite sets of K, ,, with
|A| = m and |B| = n, then

n(n —1)

5 , ifveA;
str(v) = _ (12)
mm=l ves.

Let A={uy,...,uy} and B = {vy,...,v,} be the partite sets of K,,,. Then

o)=Y du,v)

veEV (Km,n)
Sy
Uj UG FUG vj
=(m—-1)-24+n-1
=2m+n— 2. (13)
Similarly, we compute
o(v;) =2n+m—2 (14)

Using (12), (13) and (14) in (5), we get (11).
Proposition 4.8. In a cycle C,, on n vertices, for any vertex v,

(n—l)(n—B)_n2—1

g TR if n is odd;
h(v) = , (15)
nn—2) n e
_— = — if n is even.
8 4
Proof. For any vertex v in a cycle C),, we have
(n— 1)8(” =3 s odd:
str(v) = (16)
n(n —2) e
_ if n is even.
8
and
2 _
n y L it nis odd:
o(v) = (17)

n? .
— if n is even.
4 )
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Using (16) and (17) in (5), we get (15).
Proposition 4.9. Let Wd(n,m) denote the windmill graph [2] constructed for
n > 2 and m > 2 by joining m copies of the complete graph K, at a shared
universal vertex v. Then

m(m —1)(n —1)?

h(v) = 5 —m(n—1) (18)

and
h(w) = —(n —1)(2m — 1), (19)

where w is any vertexr # v in Wd(n,m).
Proof. In the windmill Wd(n,m), for the shared universal vertex v,

str(v) =m(m —1)(n — 1)2/2, o(v) =m(n—1) (20)
and for any vertex w # v,
str(w) =0, o(w)=(n—1)2m —1) (21)

Using (20) and (21) in (5), we get (18) and (19), respectively.

Proposition 4.10. In the path P, on n vertices vy, ...,v, (shown in Figure 2),

(1—1)i (n—i)(n—i—l—l).

h(vi) = (i —1)(n — i) — + (22)
2 2
Proof. We have
1 (%) U3 V4 Up—1 Un
° ® ° ® - - — o

Figure 2: The path P, on n vertices.

str(v;) = (i —1)(n — i) and o(v;) = (i —21)Z L (n— Z)(T;— i+ 1>'
Using these in (5), we get (22).

Proposition 4.11. Let v be an internal vertexr of a tree T; Aq,...,A,, be the
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components of T — v and let l;(v) be the number of vertices at level i (i.e., at
distance i) from v. Then

h(v) =Y A4 = Y ili(v), (23)

1<j 1<i<e(v)

where e(v) is the eccentricity of v in T.
Proof. It is easy to verify that

str(v) = Y [A4]|4] (24)

i<j
and

ov)= Y iliv) (25)

1<i<e(v)

Using (24) and (25) in (5), we get (23).

Theorem 4.12. Let G = (V, E) be a connected graph with at least 3 vertices. In
G, h(v) = —a(v) for all vertices v except for one if and only if G is a graph with
a unique cut-vertex such that all its blocks are complete subgraphs of G.
Proof. In [1], it is proved that the graph G has all vertices of zero stress except
for one if and only if G is a graph with a unique cut-vertex such that all its blocks
are complete subgraphs of G. Hence the proof follows by Definition 2.4.

By Theorem 4.12, the following Corollary is immediate:

Corollary 4.13. Let G be a connected graph on n + 1 vertices. Then G = K,
if and only if G has exactly one vertex of richness n(n — 3)/2 with the richness of
remaining vertices equal to 1 — 2n.

Theorem 4.14. For any vertex v in a graph G of diameter 2, h(v) equals the
number of unordered pairs of non-adjacent vertices in N(v) minus o(v).

Proof. For any vertex v in a graph G of diameter 2, str(v) equals the number of
unordered pairs of non-adjacent vertices in N (v) (See [1]). Hence by Definition 2.4
the result follows.
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