South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 18, No. 2 (2022), pp. 135-148

DOI: 10.56827/SEAJMMS.2022.1802.13 ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

MULTIPLICATIVE ZAGREB INDICES OF FOUR NEW F-SUMS
OF GRAPHS

B. Basavanagoud and Mahammadsadiq Sayyed

Department of Mathematics,
Karnatak University,
Dharwad - 580003, Karnataka, INDIA

E-mail : b.basavanagoud@gmail.com, sadiqs26@gmail.com
(Received: Mar. 11, 2021 Accepted: Jun. 22, 2022 Published: Aug. 30, 2022)

Abstract: For molecular graph G, the first multiplicative Zagreb index is defined
as the product of squares of degree of all vertices of graph and the second multi-

plicative Zagreb index is defined as [[,(G) = [[ dg(u)%®. In this paper, we
ueV(G)
obtain first and second multiplicative Zagreb indices of four new F-Sums of graphs.
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1. Introduction

The topological indices are graph invariants which are numerical values asso-
ciated with molecular graphs. In mathematical chemistry, molecular descriptors
play a leading role specifically in the field of QSPR/QSAR modelling. The topo-
logical indices were initiated when the eminent chemist H. Wiener found the first
topological index, known as Wiener index, the Zagreb indices belong to the well
known and well researched molecular descriptors. It was firstly presented by Gut-
man and Trinajesti¢ in [14, 15, 26], where they investigated how the total energy of
m-electron depends on the structure of molecules. For more on topological indices,
one can refer [3, 7, 10, 20, 18|.
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2. Definitions and Preliminaries

Let G be a finite undirected graph without loops and multiple edges on n
vertices and m edges and is called (n, m) graph. We denote vertex set and edge set
of graph G as V(G) and E(G), respectively. For a graph G, the degree of a vertex
V' is the number of edges incident to V' and is denoted by dg(v). For undefined
terms and notations refer [16].

In 1984, Narumi and Katayama [19] considered the product index as

I dew)

ueV(G)

Tomovi¢ and Gutman renamed this molecular structure descriptor as the Narumi-
Katayama index [25]. In 2010, Todeshine et al. [22, 23] proposed the multiplicative
variants of ordinary Zagreb indices, which are defined as follows

[[@= 1] de(w)?=[NE(@G)

1 ueV(G)

[[©="1] dow

uweE(G)

These two graph invariants are called first and second multiplicative Zagreb
indices by Gutman [113]. Recently, Eliasi et al. [10] introduced a further multi-
plicative version of the first Zagreb index as

[Te= 11 dew) +daw)).

1 weE(G)

In [12, 27] the authors called it as multiplicative sum Zagreb index and modified
first multiplicative Zagreb index respectively. The second multiplicative Zagreb
index for any graph G can also be written as [13].

H H de(u dG(U)_

2 ueV (G

Basavanagoud et al. [5] introduced a further multiplicative version of the second
Zagreb index as

[[@ = T] ldotu)+da(v)iet+det),

2 uweE(G)
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G
S(G) To(G)
Ty(G) T(G)

Figure 1: Graph G and its transformations S(G), T2(G), T1(G), T(G).

The main properties of multiplicative Zagreb indices are summarized in [7, 27].
For more on multiplicative Zagreb indices are in [1, 2, 9, 17, 24, 28].

For a graph G with vertex set V(G) and edge set E(G). Let L(G) be the line
graph of G. There are four related graphs as shown in Figure 1 and defined as
follows.

e The subdivision graph S = S(G) [16]; is the graph obtained by inserting a
new vertex onto each edge of G.

e Semitotal-point graph Ty = T5(G) [21]; V(T3) = V(G) N E(G) and E(G) =
E(S)N E(G).

e Semitotal-line graph 77 = T1(G) [21]; V(T1) = V(G) N E(G) and E(T}) =
E(S)NE(L).

e Total graph T'=T(G) [6]; V(T) = V(G)NE(G) and E(T) = E(S)NE(G)N
E(L). Here L = L(G) is the line graph of G.

In the recent paper [11], Eliasi and Taeri introduced four new operations on graphs
defined as follows.

Definition 1. [11] Let F € S,T5,T1,T. The F- sums of G1 and G, denoted by
G1 +r Ga, is a graph with the set of vertices V(G +r Ga2) = (V(G1) U E(Gy)) %
V(Gs)) and two vertices (uy,us) and (vy,ve) of G1+r Gy are adjacent if and only if
[ug = vy € V(G1) and ugve € E(Gse)] or [us = vy € V(G3) and uwyvy € E(F(GY))).
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Thus, authors in [11] obtained four new graph operations namely G; +g G,
G1+1, Ga, G1 +1, G2 and G+ G as depicted in Figure 2 and studied the Wiener
indices of these graphs.

(e,9) (f:9) (e,s) (f:9)
G1+r, G Gi+r G

Figure 2: Four new F-sums of graphs

In the recent papers, Deng et al. [8] gave expressions for first and second Zagreb
indices of these new graphs. Basavanagoud et al. [4], studied first neighbourhood
Zagreb index of these graphs. Motivated by this, we obtain explicit formulae for
finding first and second multiplicative Zagreb indices of four new F-sums of graphs.

Before, we proceed to the purpose of the paper, we mention some existing
results.

Theorem 2.1. [5] Let G be a graph of order n and size m, then
(1) I1,(5) = 4" 1, (G),

(i) I1,(T2) = 4" [],(G),

(iii) I1,(Th) = [L(G)IL(G)?

(i) IT,(T) = 4" TTL (G (&)

Theorem 2.2. [5] Let G be a graph of order n and size m, then

(1) I1,(5) = 4" T1,(G),
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(i) [15(T2) = 64™ [T, (G) [1,(G),
(iii) T[,(Th) = [ 1,(G) I, (G),
(iv) [1,(T) = 16™ T[L(G) [T 1.(G)]*.
3. Main Results
Let G; = (V;, E;) with |V;| = n; and |E;| = m; be two graphs for i=1, 2. In
this section, we obtain first and second multiplicative Zagreb indices of four new
F-sums of graphs.
3.1. First Multiplicative Zagreb Index of Four New F-sums of Graphs
In this section, we proceed to obtain first multiplicative Zagreb index of four
new JF-sums of graphs, where F € {S, Ty, Ty, T}.
The following theorem gives the first multiplicative Zagreb index of four new
F-sums of graphs G and Gs.

Theorem 3.1. If G1 and Gy are (ny, my) and (ny, my) graphs, respectively, then
[1G1+sGa) =amm=[[TG)™ TI  TI (de.(w) + de,(v))*.
1 1 ueV(G1) veV(G2)
Proof. By the definition of first multiplicative Zagreb index, we have

[[(G1+sGa) = 11 A% . o, ()

1 (u,0)€V(G1+5G2)

= ]I IT (s (@) + de, (@)]*

u€(S(G1))NV(G1) veV(Ga)

11 I  (dsc(e)de, @)

veEV(G2) e€(S(G1))NE(G1)

For u € (S(Gl)) ﬂV(Gl), ds(Gl)(u) = dG1 (u) and e € (S(Gl)) ﬂE(Gl), ds(Gl)(e) =
2. Therefore,

[[Gi+sG)= ] 1] W) +de,)* T 1] [2de.(v

1 ueV(G1) veV(Ga) UEV(GQ) ecE(G1)
= I II @ew+de) [T I 1z,
u€V(G1) UEV(GQ) UEV(GQ) eEE(G1)
= I 1II (o) +de,()* x 4™ [(G)™
u€V(G1) vV (G2) 1

=4mm([ [ @) I 11 (e(w) + de,(0)*

1 ueV(G1) veV(Ga)
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Theorem 3.2. If Gy and Gy are (n1,my) and (ng, msy) graphs, respectively, then
[[(G+n Go) =am ([T G™ ] T (2de (w) + de,(0))*.
1 1 ueV(G1) veV(Ga)
Proof. By the definition of first multiplicative Zagreb index, we have

1[G +5 Go) = 11 &,y (5 0)

1 (u,w)EV (G1+71,G2)

= H H [dT2(G1)(u) +dg, (U)]QX

we(T2(G1))NV(G1) veV(G2)

H H [dTQ(Gl)(e)dGQ (U)]Q'

veV(G2) ee(T2(G1))NE(G1)

For u € (T5(G1)) N V(G1), dpyc)(u) = 2dg,(u) and e € (To(Gy)) N E(Gy),
dry(c,)(e) = 2. Therefore,

[[Gi+nG)= ] I R2de(w) +de,0)* T[] T[] [2dc.(v

1 ueV (G1) veV(Ga) UGV(GQ) ecE(G1)
= I II 2de(w)+de,0)” JT I [z,
uGV(Gl) ”UGV(GQ) UEV(GQ) EGE(G1)
= I T 2de(w)+de,(0)]” x 4[] [(G2)™
u€V (G1) veV(Ga) !
=4mm ([T@GI™ T T @de.(u) + de,(v))*.
1 ueV(G1) veV(G2)

Theorem 3.3. If Gy and Gy are (n1,my) and (ng, ms) graphs, respectively, then

*

[[G 42 Gy =@ L@ TT T e (w) + des(v))*.

1 1 1 u€V (G1) veV(Ga)
Proof. By the definition of first multiplicative Zagreb index, we have

[1(G1+n Go) = 11 g,y (U5 0)

1 (U,U)GV(G1+T1 G2)

= H H [dTl(Gl)(u) + da, (v)]Q x

u€(T1(G1))NV(G1) veV(G2)

11 I[I  lnenleds ).

veV(G2) ee(T1(G1))NE(G1)
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For u € (T1<G1)) N V(Gl), dTl(Gl)(u) = dG1 (U) and e € (Tl(Gl)) N E(Gl),
dr,c)(e) = dg, (z) + dg, (y) where e = zy € E(G1). Therefore,

H(Gl +n GQ H H dG1 +dG2( )] X

1 ueV(G1) veV(G2)

H H dGl + dGl( )) de, (U)]z

veV(G2) zyeE(Gh)

H H dGl +dG’2( ))2X

u€V(G1) veV(Ga)

[T Il Wa@) +de() d, )

veV(G2) zyeE(G1)

uEV(G1)vEV(G2) 1 1
=[[I@)m qL@or= 11 11 e +da, ()
1 1 ueV(G1) veV(Ga)

Theorem 3.4. If Gy and Gy are (n1,my) and (ng, ms) graphs, respectively, then

*

[[G+ray=J@m QJeor= II 1] @de(w +de.(v)*.

1 1 1 ueV(G1) veV(G2)
Proof. By the definition of first multiplicative Zagreb index, we have

[[(G1 42 Ga) = 1T A%, e, (u,0)

1 (u,v)eV(G1+7G2)

- ]I II e () +de,(0))x

ue(T(G1))NV(G1) veV (G2)

11 II  ldre)(e)de )

veV(G2) e€(T(G1))NE(G1)

For v € (T(G1)) NV (G1), drc,)(u) = 2dg, (u) and e € (T'(G1)) N E(G1),
drcy)(e) = dg, (x) + dg, (y) where e = 2y € E(G1). Therefore,

H(Gl +r G2 H H 2dG1 + dGQ( )] X

1 ueV(G1) veV (Ga)

IT 11 [@e(2)+de,(y)) de,(v))?

UEV Gz) xyEE(Gl)
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= [ 1II e +de.)® ] ]I [ei(@)+de )] d,(v)
ueV(G1) veV(Ga) veV(G2) zyeE(G1)

*

- H H [2dg, (u) + da, (v)]? [H(G2)]ml [H(Gl)]2”2

ueV (G1) veV(G2) 1 1
- [H(GQ)]ml H Gl an2 H H 2dG1 + dG2( ))2
1 uEV(Gl) ’UGV(GQ)

3.2. Second Multiplicative Zagreb Index of Four New F-sums of Graphs
In this section, we proceed to obtain second multiplicative Zagreb index of four
new JF-sums of graphs, where F € {5,715, T1,T}.
The following theorem gives the second multiplicative Zagreb index of four new
F-sums of two graphs G and Gs.

Theorem 3.5. If Gy and Gy are (n1,my) and (ng, ms) graphs, respectively, then
[1G+sGo) =16 [ (G T TT (o )+ dy0))fer 40
2 2 ueV (G1) veV(Ga)

Proof. By the definition of second multiplicative Zagreb index, we have

H(G1 +s G2) = H [dG1+SG2 (u7 ,U)]dcl_’_sc2(u7v)
? (u,0)EV (G1+5Gx)
N H H [ds(cy)(u) + da, (U)]dS(G1)(u)+dG2(U) %

we(S(G1))NV (G1) veV (Ga)

H H [dS(Gl) (e)dGQ (U)]dS(Gn(e)dGQ(v)

veV(Ga) e€(S(G1))NE(GL)
For u € (S(Gl)) ﬂV(G1>, ds(Gl)(u) = dG1 (U) and e € (S(G1)> ﬂE(G1)7 ds(Gl)(e) =
2. Therefore,

H(G1 +g G2 H H d6‘1 + ng( )]dcl(u)+dc2(v) %

2 ueV(G1) veV(G2)

H H [2dc, (v 2dG2

UGV(GQ) SGE(Gl)

frd H [dG1<u)dG2<U)]dG1( )dG2 >< 16m1m2 H 2m1
uweV (G1) veV(G2) 5
= 16™m3 | H(G2 )2 H H e, (1) + dg, ()] WHos )
2

ueV(G1) veV(Ga)
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Theorem 3.6. If G; and Gy are (n1,my) and (ng, ms) graphs, respectively, then
[1(G 4 Goy =26 [T (@™ T1 11 2oy (e, (o) e,
2 2 ueV(G1) veV(Ga)

Proof. By the definition of second multiplicative Zagreb index, we have

H(Gl +T2 Gz) = H [dG1+T2G2 (u7 U)]dG1+T2G2(U,U)
? (u,0)EV (G1+1,G2)
- H H [dT2(G1)(U) + dG2 (U)]de(Gl)(u)+dG2(v) %

u€(T2(G1))NV(G1) veV (G2)
H H dryan (e)de, (U)]dTg(Gl)(e)dGQ(U)'
vEV(G2) e€(S(G1))NE(G1)
For u € (Ty(G1)) NV(G1), dryy(u) = 2de, (u) and e € (Ty(Gy)) N E(Gy),
dmy(cy)(e) = 2. Therefore,

[[G+nG)= ] I [2de (u)+ da,(v)?de: (0 Fdez()x
2 ueV(G1) veV(G2)

IT  II f2de, (@)

veV (G2) eeE(G1)

H H 2dG1 _|_ dG ( )]2dG1(u)+dG2 16m1m2 H le

u€V(G1) veV(G2) 2
_ 16m1m§ H ))2m H H 2dg, (v) + dg, (v)]2461 () +da,y (V)
2 ueV(G1) veV(G2)

Theorem 3.7. If G and Gy are (n1,my) and (ng, ms) graphs, respectively, then

*

[1(@: 6oy = [T (e ([T (Gapfen 0

2 2
[T II e () +da, (v)ertrde®,
ueV (G1) veV(Ga)
Proof. By the definition of second multiplicative Zagreb index, we have

H(Gl +T1 GQ) = H [dGH—Tng (U, U)]dc1+T1 Gy (u,0)
2 (u,0)EV (G1+1, G2)
N H H [dTl (G1) (u) + dG2 (U)]dT1(G1)(U)+dG2 (v) %

u€(T1(G1))NV(G1) veV(G2)

H H [dTl(Gl)(e)dGQ(v)]dT1<C:1>(€)dc;2 (v)

veV(G2) ee(T1(G1))NE(G1)
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For u € ( (G )) N V(Gl), dTl(Gl)(u) = dG1 (u) and e € (Tl(G1>> N E(Gl),
dryc)(e) = dg, (v) + dg, (y) where e = zy € E(G1). Therefore,

[T +n G = T Tl e (w)+d, ()i ety

2 u€V(G1) veV(Ga)

I 1 (@) + do ()de, (v)] e 4o e,

veV(Ge) zyeE(G1)

= JI I e (w)+da,(v))her e x
u€V(G1) veV(Ga)

*

H nZdGQ H (G2>]dG1 (x)+dG1 (y)

2 2

*

= [ @t LGttt

2

H [T 1o, () + do,(w)ier 4o,

ueV(G1) veV(Ga)

Theorem 3.8. If G1 and Gy are (ny, my) and (ng, my) graphs, respectively, then

*

[T (G141 Go) =[] (G220 [[ ] (Ga)]ier @ Hien®x

2 2 2

H H 2dG1 + dG2 ( )]QdCﬁ (u)+dg, (v)

ueV(G1) veV(Ga)

Proof. By the definition of second multiplicative Zagreb index, we have

H(Gl +7 Gy) = H [de, 0 (U, U)]dGﬁTGz(M)
? (u,0)EV (G1+1G2)
- H H [dT(G1) (U) + ng (’(})]dT(Gl)(U)+dG2 (v) %

uw€(T(G1))NV (G1) veV(G2)

H H [dry(e)da, (v)]dT<G1>(€)d02 (v)

veV (G2) e€(S(G1))NE(G1)

For v € (T(G1)) NV (G1),dp@,)(u) = 2dg, (u) and for e € (T'(G1)) N E(Gh),
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ds(cyy(€e) = da, (v) + dg, (y) where e = xy € E(G1) Therefore,

H<G1 +7 Gy) = H H [2dg, (v) + dg, (v )]2d(cl)(u)+dc2 (v)

2 ueV (G1) veV(Ga)
IT 11 (e (@) +de (y)da, (v)]der e @)

veEV (G2) zy€E(G1)

=TI TI [2de,(u) + doy (0] (et
ue€V (G1) veV(G2)

H n2d02 v) H (G2)]dcl (z)+da, (v)
2

2

*

_ [H (Gl)]nZdGQ(U) [H (GZ)]dGI(z)-i—dGl(y)x

2

H [T [2do, () + de (v)] 201002

u€V(G1) veV(Ga)

4. Conclusion

The results presented in this paper are first and second multiplicative Za-
greb indices of four new F-sums of graphs is calculated explicitly for each case
F € {S,T5,T1,T}. The topological indices are used to study quantitative struc-
ture relationship-property/activity (QSPR/QSAR). By using these indices we can
predict the physio-chemical properties of chemical compounds. Further one can
investigate different topological indices of these graphs.
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