South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 18, No. 2 (2022), pp. 125-13/

DOI: 10.56827/SEAJMMS.2022.1802.12 ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

G- FRAMES AND THEIR STABILITY IN HILBERT SPACE

K. N. Rajeswari and Neelam George

School of Mathematics,
D. A. V. V., Indore - 452001, Madhya Pradesh, INDIA

E-mail : knr_k@yahoo.co.in, neelamdonneygeorge@gmail.com

(Received: Dec. 18, 2020 Accepted: Jul. 28, 2022 Published: Aug. 30, 2022)

Abstract: W. Sun in his paper [W. Sun, G-frames and g-Riesz bases. J. Math.
Anal. Appl 322 (2006),437-452] has introduced g-frames which are generalized
frames and cover many recent generalizations of frames such as bounded quasi-
projections, fusion frames and pseudo-frames. We give a necessary and sufficient
condition for a g-frame to be a dual to a given g-frame and obtain some sufficient
conditions under which sequences are stable under small perturbations.
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1. Introduction

Frames in Hilbert spaces have been introduced in 1952 by J. Duffin and A. C.
Schaeffer [5] while studying non harmonic Fourier series. The work of Daubechies,
Grossmann and Meyer [4] in 1986 reintroduced the frames.

In [11], W. Sun introduced the concept of generalized frames (or g-frames) in
Hilbert spaces, which are generalizations of frames and cover many other recent
generalizations of frames such as bounded quasi-projections, fusion frames, and
pseudo frames. Study of stability of frames and g-frames under small perturbation
is also important in applications. Finding the conditions under which a g-frame
close to a given g-frame is also a g-frame is called stability problem. Stability
of g-frames and dual g-frames has been given by W. Sun. [12] and subsequently
developed by many other authors [1, 7, 8, 10]. In this paper we give a necessary
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and sufficient condition under which a g-frame can be a dual to a given g-frame
and obtain some sufficient conditions under which g-frames are stable under small
perturbations and also generalize the characterization of an alternate dual g-frame
of a given g-frame.

2. Preliminaries

Throughout this paper, % and % are separable Hilbert spaces and {J%},;
is a sequence of closed subspaces of ", where I is a subset of Z and L (¢, 7)) is
the collection of all bounded linear operators from 7 into ;. And we denote by
1,4 the identity operator on 7.

Definition 2.1. [2] A sequence {f; : i € I} of elements in F is called a frame for
FC if there exist constants 0 < A < B < oo such that
AIIRIIP < Y I P < BIEIP, Vf ez (1)
icl
The constants A and B are called lower and upper frame bounds.

Definition 2.2. [12] (3}, @%)P is a Hilbert space and is defined by

(Z @‘%ﬂ> {{fl}zef 2 Ji .}iesz — Z||f2||2 < oo} '

iy
i€l i€l

with the inner product defined by: — ({fi}, {9:}) = D i1 (fi> 9i) -

Definition 2.3. [11] A sequence {\; € L (H, ) : i € I} of bounded operators is
said to be a generalized frame or simply a g-frame for 4 with respect to {4}
if there exist constants 0 < A < B < 0o such that

el

AJIFIP < D IAE)? < BIEIP, VS € . (2)
i€l

we call A and B the lower and upper g-frame bounds, respectively.
We call {A;}icr a tight g-frame if A = B and a Parseval g-frame or a normalized
tight g-frame if A= B = 1.
We call {A; : i € I} an exact g-frame if it ceases to be a g-frame whenever any one
of its element is removed.
We call {\; :i € I} a g-frame for 7 whenever H; = A Vi € 1.

The synthesis(g-pre frame) operator of {A;}icr; Ty : (Ziel @%)p — s

defined by
{fz 161 ZA*fz

i€l
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We call the adjoint T , where Ty : 5 — (Ziel @%)12 , of the synthesis operator,
the analysis operator which is given by

Txf={Aiftier, Vfe.

By composing Ty and 75, we obtain the g-frame operator Sy : 5 — 7
given by
Saf =TaTif =)  NAf (3)
iel
which is a bounded, positive, self adjoint, invertible operator and satisfies
Al < Sy < Bly. Then the following reconstruction formula takes place for all

feHnt

f=Sy'Saf =SSy f
{A;iSy " }ier is also a g-frame for % with respect to {4}, ; with bounds B~ and
A~ and it is said to be the canonical dual g-frame of {A;}c;.

Definition 2.4. [7] A g-frame {©;}icr of H is called an alternate dual g-frame
of {\;}ier if it satisfies

f=Y_Aef, Vf e (4)

iel

It is easy to show that if {©;}icr is an alternate dual g-frame of {A;}icr , then
{A;}ier will be an alternate dual g-frame of {©;}icr.

Definition 2.5. [11] Let A; € L (, 7€) ,i € 1.

(1) If the right hand inequality of (2) holds, then we say that {A; : i € I} is a
g-Bessel sequence for € with respect to {1 i € I}.

(2) If {f : Nif =0,i € I} ={0}, then we say that {A\; : i € I} is g-complete.

(3) If {A; : i € I} is g-complete and there are positive constants A and B such that
for any finite subset I C I and g; € 7,1 € I,

A Nal” < DAy

i€l i€l

< BZHQiHZ (5)

i€ly

then we say that {A; : i € I} is a g-Riesz basis for 7 with respect to {J : i € 1}.
(4) We say {A; i € I} is a g-orthonormal basis for 7 with respect to {6 1 i € I}
if it satisfies the following:

(NS 91 N5 Gin) = 0y (Girs 9in) s Vinio € 1,95 € I, giy € I,

1

SN2 =11f112, Vfes.
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Definition 2.6. [9] We call two g-Bessel sequences {A;}ie;r and {©;}icr to be
orthogonal if

Y AOif=0 or > OrAf =0, Vfe . (6)

iel icl
In terms of synthesis operators
TAT;) =0 or T@TX = 0. (7)

where Ty and To are the synthesis operators for {A;}ier and {©;}ier respectively.

Definition 2.7. [6] Let {Z;},.; and {V;},.; be g-orthonormal basis for F with
respect to {W;},c; and { I}, ,, respectively. Let {\; € L (€, ) : i € I}be such
that the series Y A7g is convergent for all {g}},c; € (3,1 ) -
i€l
The g-R-dual sequence for the sequence {A;},.; is Fé-\ : A — W, which is defined
as
i€l

The following results which are referred to in this paper are listed in the form

of lemmas.

Lemma 2.8. [10] Let {©; € L (s, 2) :i € I} be a g-orthonormal basis for F
with respect to {1 € I} and {A\; € L (€, ) : i € I} be a g-frame for & with
respect to {A; i € I}. Then there is a bounded and onto operator V : A — A
such that A; = ©,V*, for all 1 € I.

Lemma 2.9. [2] Let T : K — H be a bounded surjective operator. Then there
exists a bounded operator (called the pseudoinverse of T) T : H — K for which
TT'f = f, Vfe.

Lemma 2.10. [6] Let {A;},.; and {},.; be g-frames for S with respect to
{96} ;- Then {4}, is a dual g-frame of {A;},.; if and only if g-R-dual sequences
{F?}jel and {F?}jd are g-biorthogonal; that is,

PMNIF) gy =TP(}) g = diyg;, Vi,j€1,9; €W

Lemma 2.11. [3]| Let {A\; € L(5€, %) : i € I} be a g-frame for 7 with g-frame
operator S and bounds A and B. Let L be a bounded linear operator on 7. Then
{\;iL}ic; C (2, 5) is a g-frame for J if and only if L is invertible on .
Moreover, in this case, the g-frame operator for {\;L};c; is L*SL and new bounds
are A||L7Y|? and BJ|L|*.

Lemma 2.12. 9] Let {A;}icr be a g-frame for 7 with respect to {H;},.; and Sy
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be the g-frame operator of {A\;}ic;. Then {Q;}icr is an alternate dual g-frame of
{As}ier if and only if {A; — NSy Yier and {N;Sy' — Qi}ier are orthogonal.
3. Main Result

Let {A;:7 € I} be a g-frame for 5 and {I'; :i € I} be a g-Bessel sequence.
Here we discuss the condition under which this g-Bessel sequence is a dual of
{A; : i € I} when we already know one of the dual g-frame.

Theorem 3.1. Let {A; :i € I} be a g-frame for  with bounds A, B and frame
operator Sy and {€; 1 i € I}be a dual g-frame of {A;:i €I} . Let {I';:i €I} be
a g-Bessel sequence. Then {T'; : i € I} is also a dual g-frame of {A; : i € I} if and
only if {Ai — AiSX1 = I} is orthogonal to {I'; — Q; 1€ I}.

Proof. Let {I';: ¢ € I} be a dual g-frame of {A; :i € [}. Then {I', — €, : i € I}
is a g-Bessel sequence. Now

SN = ASI (T =) f = (A= STAN — ) f

i€l i€l
= (AT = XA = Sy AT+ S A f
el el el i€l
= (e — Lr = Sy + S0 f
= 0

which implies that {Ai — NS tiie I} is orthogonal to {I'; — Q; :i € I'}. Con-
versely, let {Ai — NS tiie I} be orthogonal to {['; — €; : ¢ € I} . Then,

> (A= As3t) (0= Q0)f = 0

el

:>Z<Af—SX1Af>(Fi—Qi)f =0
il
= SN =S A — ST+ ST A = 0
el el el el
=S N — Ly — S AT+S0)f = 0
el el
= (L =Sy )N f—(Le =Sy f = 0
icl

= (Lr —Sy') (Z AT, — fz%a) f =0

i€l
By [9, Corollary 3.2] {A; — A;Syt i € I} = {Ai([;g — Sgl)} , is a g-frame.
ic
Therefore by Lemma (2.11), (I, — Sy') is invertible and we have Y A;T; = L.

il
Which implies that {I'; : i € I} is a dual g-frame of {A; : i € I}
Now we give a condition under which the difference of the g-frame {A; : i € I}
and g-Bessel sequence {T'; : i € I} is a g-frame for JZ.
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Theorem 3.2. Let {A; : i € I} be a g-frame for Hilbert space £ with bounds A, B.
Let {I'; : i € I} be a g-Bessel sequence with synthesis operator Tr. If 2||Tv||” < A,
then {A\; — Ty :i € I} is a g-frame for .

Proof. For any f € 77, we have

>ier I =T fII”

IA

2 (S + S InR)
i€l el
2(BISIP + 1T f112)
< 2(BHITR) IS
Since SIAf[? = SI(A: = Ti 4 T)fI? < 2TN(A =TS+ TIPS ), we have
S S 1€ 1€

IN

1
Sl =TSP = 5 TIASIP - SINIP

i€l i€l

> (0712 - A1)

A
> - 2 2
> (5 —Im) sl
A
If (5 — ||T1"H2) > 0or A > 2||Tr|?, then {A; —T;: 4 € I} is a g-frame for 7.

Here we give an alternate proof of Theorem 15 [7].

Theorem 3.3. Let {A;:i€ I} be a g-frame for H and {©;:i €I} be a g-
orthonormal basis for € with respect to {J},.;. Let g-preframe operator associ-
ated with {A\; : i € I} be T ; that is, A; = ©;T* for anyi € I. Then {; :i € I} is
a dual g-frame of {\; : i € I} if and only if Q; = O, V* for any i € I, where V is a
bounded left inverse of T™.
Proof. Let {Z;:i€ I} and {¥, :i € I} be g-orthonormal bases for .7 with re-
spect to {#; :j € 1} and {¥; : j € I}. Let g-R-dual sequences of {A; : i € I} and
{Q; : i € I} be denoted by I'} and 'Y which are given by
Fé.\ = ZIEjA;T‘\Ili Vjel
ic
1€
= Y E,TO;V,

el
and
e = S 5,000, Vjiel

i€l

i€l el
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First, let TV* = VI™* = I ,. For every i,j € I and g; € #; we have,

L () g = ]CZIEZ-T@,*;\IJR(ZIEJ-V@;%) g
S me
= Y ¥ ETO, L6,V
kel mel
= > ETO;6,V*E]y;
kel

— =.=*.

= 0i,;9;

therefore, by Lemma (2.10) {€; : ¢ € I} is a dual g-frame of {A; : i € I}.
Next, let {€2; : i € I} be a dual g-frame of {A; : ¢ € I}. Therefore, by Lemma (2.12)
{Ai - Ainl}iel is orthogonal to {Aisxl — Qi}ie]' We have

S (A = A Ay ) =
1€
0,T* — 0,T*S;")" (0,T*S;! — 0;,V*
A A
el

) f

S (TO; — 5,'T6;) (6,15, — e,V f =
iel

S (Te;0,T*Sy —TO;0,V: — S,'TOr0,T*S ! + S,'TO:0,V*) f

el

|
o o o o

Since {©; : i € I} is a g-orthonormal basis

|
oo oo

(TT*Sy — TV* — SPMTT*S 4+ STV f
(L =TV = Sy + STV f

Ly —TV* =S (Ly —TV*) f

(Lw = Sy") Uy —=TV*) f

Since (I, — Sy') is invertible, we have

Iy —TV*)f= 0
= TVf= f

Thus, {€2; : i € I} is a dual g-frame of {A; : i € I}.
4. The Stability of g-frames

Let {A; : i € I'} be a g-frame for Hilbert space 7 and {I'; : i € I} be a sequence
such that {A; — I'; : ¢ € I} is a g-Bessel sequence. We give a condition under which
{T;:i €I} is a g- frame.
Theorem 4.1. Let {A; : i € I} be a g-frame for Hilbert space A with bounds A, B
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and frame operator Sy. Let {T'; :i € I} be a sequence for A .
A2
IfD=>|IA; — T2 < <7||SA||_1), then {T; :i € I} is a g-frame for .

il
Proof. For any f € 7, we have

SITfI? = SN = M) f + Af])?

el el
< 2(;”(Fi_Ai)fH2+§HAifH2)
< 2(;”(&—D)fll“%llf\ifll?)
< 2D+ B)|fIP

As BT, < Sy ' <A,
SIAIP = YA =T f +Lif|)?

iel il
< 2(;”(/\1 —T)flI* + EHFJHQ)

which implies that
1
LITAI* = 5 XIS = 2l (A = T f]?
i€l i€l i€l

A
> ZIf12 - DIfIP

AQ
> A1y 2
> (SlIsatl = D)l

(SI8:M=D) > 0= D < (Flsal )
: : . A? 1
Thus {I'; : i € I} is a g-frame for 57 if D < <7HSAH )

Theorem 4.2. Let {A;:i € 1} be a g-frame for Hilbert space S with bounds
A and B. Let {T';:i € I} be a sequence for 7. Then {I'; :i € I} is a g-Bessel
sequence for € if and only if there exists a \ such that

SIA+THFII? < AXIMNSIP,  Yf € . Moreover, if Ty is the synthesis

il il

TT -2
operator of {A;:1 € I} and A < 1721 , then {I'; : i € I} is a g-frame for .
Proof. Let > |[(A; + 1)) fI> < ADD|AfI? Vf € A. For any f € #, we have

el i€l



G-frames and Their Stability in Hilbert Space 133

YT = 2NN+ o) f = Aif]?

el el

2 (zum +FT)TP + SN f||2)

el

2 (AZIIA I+ S, f||2)
20+ 1) SIASE

iel
2B(A+ DI
This implies that {['; :i € T } is a g-Bessel sequence for 7.
Conversely, let D be the bound of the g-Bessel sequence {I'; :i € I}.
SIAf?
Since A[|fIP < SIASIP =P < S, Ve
il
Then for any f € 2, We have
STITfII2 < DJIfIIP < ZHA fII?, Vf € . Therefore,

i€l 7,61
SIA TP < 2( SIASI + SITifIP)
il el D i€l

< - . 2

< 21+ ) SIA)

D
< A Aif||? where A=2(1+ —).
ZIA| (1+5)

IN

IN A

IN

Moreover, let Ty be the synthesis operator of {A;:¢ € I}. Since T} is onto, by
Lemma (2.9), there exists an operator T} such that T\T} = I, with
B~' < |Tf|| < A" Then for all f €

1712 = ITVTL P < TP P
17X DAL,
iel
2 T1—2 2 HT/J{”i2 2 Q:
thus > | A S5 = (TAI2IFIF = Y l[A . Since
iel B i
SN = YolAf +Taf = Tif|?
el el

< 20CIA + T fIP + 2ZITf %)
iel i€l
by hypothesis, we also have

SICA? > 5 (SIASIE — 2SN + T f)

el el el
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1 11—
> (B -2) S > o
2 iel
Hence {I'; : i € I'} is a ¢- frame for 7.
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