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Abstract: In this paper the operational properties of two integral transforms of
Fourier type are defined. The purpose of the study is to define the convolution of
the Fourier type transform on L1(Rn) and L2(Rn). Also we obtained the Inversion,
Uniqueness and Plancherel’s theorem of these two transform. Lastely we have
applied these transform to differential equation of higher order for the solution.
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1. Introduction
In literature we have studied the Fourier-sine and Fourier-cosine integral trans-

forms([8], [9]). Along with these transforms Fourier transform were also studied
and applied in many fields of Mathematics and Physics ([7], [9]). The Fourier
transform plays an important role in engineering and science. It has vide applica-
tions in signal processing and communication theory. B. T Giang, N. M. Tuan [4]
has given the operational properties of two integral transforms of Fourier type and
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their convolution. We consider here the following transforms which are known as
integral transforms of Fourier type [4] and are defined as

(H1f)(z) =
1√
π

∞∫
−∞

cos(zt+
π

4
) f(t) dt (1.1)

(H2f)(z) =
1√
π

∞∫
−∞

sin(zt+
π

4
) f(t) dt (1.2)

where f is real or complex valued function defined on Rn. The main difference
between Fourier sine and Fourier cosine transform and H1, H2 is that kernel are
changed from cos(xy), sin(xy) to cos(xy + π

4
), sin(xy + π

4
).

We investigate definition and operational properties and convolution of H1,H2

on S(Rn), L1(Rn), L2(Rn).
We have given the properties of H1, H2 on Rn so that H1,H2 becomes bounded

linear operators on L1(Rn), L2(Rn).

2. Operational Properties
Let N = {0, 1, 2, 3, · · · } be the set of natural numbers. Let S or Sn denote

the set of all K valued functions on Rn which are infinitely differentiable such that

qm(f) = sup
|n| ≤ |m|

sup
x∈Rn

(1 + |x|2)m |(Dnf)(x)| <∞ (2.1)

Here |x|2 =
∑
x2i Here K = Rn and Dnf = f (n) for n ∈ N , S is a vector

space since P (x)Dnf is a bounded function on Rn for every polynomial P and for
every index n which is true if we replace P by (1 + |x|2)N P (x) which implies that
P (x).Dnf ∈ L1(Rn).

HenceS is Frechet space by taking countable collection of seminorms for which
qm(f) defines a weakly convex topology.

2.1. Transforms of the Hermite Function
The Hermite polynomial of degree m is defined by

Hm(x) = (−1)m ex
2 ∂(m)

∂x(m)
e−x

2

where
m = m1 +m2 + · · ·+mn
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x2 = x21 + x22 + · · ·+ x2n =
n∑
i=1

x2i

The corresponding Hermite Function φm is given by

φm(x) = (−1)m e

x2

2 (
∂

∂x
)m e−x

2

Let ni = 4mi + ki ki = 0, 1, 2, 3

Theorem 2.1. n = 4m + k k = 0, 1, 2, 3

where n = n1 + n2 + · · ·+ nn

m = m1 +m2 + · · ·+mn

k = k1 + k2 + · · ·+ kn

Here x = x1x2 · · ·xn y = y1y2 · · · yn then

H1φn =

{
φn if k=0,3

−φn if k=1,2
(2.2)

H2φn =

{
φn if k=0,1

−φn if k=2,3
(2.3)

Proof. Obliviously all φn ∈ S we have for i = 1, 2, 3, · · · , n

cos(xix
′

i +
π

4
) =

e
i(xix

′
i+
π

2
)
+ e

−i(xix
′
i+
π

2
)

2
∂(n)

∂x(n)
e

1
2
(x+iy)2 = (±i)n ∂(n)

∂y(n)
e

1
2
(x+iy)2

integrating by parts n times,

(H1φn)(x1, x2, · · · , xn) =
1

π
n
2

∞∫
−∞

·
∞∫

−∞

φn(x
′

1, · · · , x
′

n)
n∏
i=1

cos(xix
′

i +
π

4
) dx

′

i

=
√

2 cos(
π

4
+
nπ

2
)φn(x1, x2, · · · , xn)

since
√

2 cos(
π

4
+
nπ

2
) =

{
1 if k=0,3

−1 if k=1,2
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similarly we can show for H2 also,

sin(xix
′

i +
π

4
) =

ei(xix
′
i+

π
4
) − e−i(xix

′
i+

π
4
)

2i
∂(n)

∂x(n)
e

1
2
(x+iy)2 = (± i)n ∂(n)

∂y(n)
e

(x+iy)2

2

1√
2π

∫
R

e±ixy−
x2

2 dx = e
−y2
2

Integrating by parts n times we get

(H2 φn)(x1, x2, · · · , xn) =
1

π
n
2

∞∫
−∞

∞∫
−∞

· · ·
∞∫

−∞

φn(x
′

1, x
′

2, · · · , x
′

n) sin(xix
′

i +
π

4
) dx

′

i

=
√

2 sin(
π

4
+
nπ

2
)φn(x1, x2, · · · , xn)

but
√

2 sin(
π

4
+
nπ

2
) =

{
1 if k = 0, 1

−1 if k = 2, 3.

2.2. Definition of H1, H2 in Space S(Rn), L1(Rn), L2(Rn)
The space S(Rn), L1(Rn), L2(Rn) are defined in [7]. Let C0(Rn) denote the

supremum - normed Banach space of all continuous functions on Rn that vanish at
infinity.

Theorem 2.2. If f ∈ L1(Rn) then (H1f), (H2f) ∈ C0(Rn) and

‖H1f‖∞ ≤
1

π
n
2

‖f‖1, ‖H2f‖∞ ≤
1

π
n
2

‖f‖1
where ‖ ‖1 is L1 norm.
Proof. C0(Rn) is the supremum normed Banach space of all complex valued
continuous functions on Rn that vanish at infinity. Using Riemann Lebegue lemma
[9] we have H1f,H2f ∈ C0(Rn). We have∣∣∣cos(xix

′

i +
π

4
)
∣∣∣ ≤ 1,

∣∣∣sin(xix
′

i +
π

4
)
∣∣∣ ≤ 1 for i = 1, 2, 3, · · · , n

|(H1 f(x1, x2, · · · , xn)| = | 1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

n∏
i=1

cos(xix
′

i +
π

4
)f(x

′

1, · · · , x
′

n) | dx′i

≤ 1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

|f(x
′

1, · · · , x
′

n)| dx′1 · · · dx
′

n
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ess. sup |H1 f(x1, x2, · · · , xn)| ≤ 1

π
n
2

‖f‖1

‖H1 f‖∞ ≤
1

π
n
2

‖f‖1 ∀xi ∈ R i = 1, 2, · · · , n (2.4)

Again using Riemann Lebegue lemma [9], we have

|(H2 f(x1, x2, · · · , xn)| = | 1

π
n
2

∞∫
−∞

· · ·
n∏
i=1

sin(xix
′

i +
π

4
) f(x

′

1, · · · , x
′

n) | dx′i

≤ 1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

|f(x
′

1), · · · , x
′

n| dx
′

1 · · · dx
′

n

ess. sup |H2 f(x1, x2, · · · , xn)| ≤ 1

π
n
2

‖f‖1 for all xi ∈ R i = 1, 2, 3, · · · , n

‖H2 f‖∞ ≤
1

π
n
2

‖f‖1

Let us define hm(x) = xm h(x) , here x(m) = (xm1
1 xm2

2 · · · xmnn ) , x ∈ Rn

m = (m1,m2, · · · ,mn) ∈ N, n = (n1, n2, · · · , nn) ∈ N
The function D(n)hm belongs to S(Rn).

Theorem 2.3. Let h ∈Sn = S(Rn) then for all m,n ∈ N ∀x ∈ Rn

xm ·D(n)(H1h)(x) =


H1D

(m) hn(x) if n+m = 0(mod 4)

−H2D
(m) hn(x) if n+m = 1(mod 4)

−H1D
(m) hn(x) if n+m = 2(mod 4)

H2D
(m) hn(x) if n+m = 3(mod 4)

(2.5)

and

xm ·D(n)(H2h)(x) =


H2D

(m) hn(x) if n+m = 0(mod 4)

H1D
(m) hn(x) if n+m = 1(mod 4)

−H2D
(m) hn(x) if n+m = 2(mod 4)

−H1D
(m) hn(x) if n+m = 3(mod 4)

(2.6)

Proof. Here D(n) stands for
∂n1

∂xn1
1

∂n2

∂xn2
2

· · · ∂
nn

∂xnnn
∂(k)

∂x
(k)
i

cos (xix
′
i +

π

4
) = (x

′
i)
k cos(xix

′
i +

π

4
+
kπ

2
) k ∈ N
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Now,

D(n)(H1h)(x) =
1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

n∏
i=1

cos(xix
′

i +
π

4
+
niπ

2
)h(x

′

1, · · · , x
′

n) (x
′

i)
ni · dx′i

=
1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

n∏
i=1

cos(xix
′

i +
π

4
+
niπ

2
) · hn(x

′

1, · · · , x
′

n) · dx′i

Integrating by parts m times,

(xm1
1 xm2

2 · · ·x
mn
n ) ·D(n)(H1h)(x1, x2, · · · , xn) =

1

π
n
2

∞∫
−∞

· · ·
∞∫
−∞

n∏
i=1

cos(xix
′
i +

π

4
+
niπ

2
) · xmii · hn(x

′
1, · · · , x

′
n) · dx

′
i

=
1

π
n
2

∞∫
−∞

· · ·
∞∫
−∞

n∏
i=1

∂(mi)

∂
(mi)
i

cos(xix
′
i +

π

4
+

(ni −mi)π

2
) × hn(x

′
1, · · · , x

′
n) · dx

′
i

=
(−1)

n∑
i=1

mi

π
n
2

∞∫
−∞

· · ·
∞∫
−∞

n∏
i=1

cos(xix
′
i +

π

4
+

(ni −mi)π

2
) ×D(m) · hn(x

′
1, · · · , x

′
n) · dx

′
i

=
1

π
n
2

∞∫
−∞

· · ·
∞∫
−∞

n∏
i=1

cos(xix
′
i +

π

4
+

(ni +mi)π

2
) ×D(m)hn(x

′
1, · · · , x

′
n) · dx

′
i

for all m,n ∈ N where n = (n1, n2, · · · , nn), m = (m1,m2, · · · ,mn) which com-
pletes the proof.

Now for H2 we have
∂k

∂xki
sin (xix

′
i + π

4
) = (x

′
i)
k sin(xix

′
i + π

4
+ kπ

2
) k ∈ N

D(n)(H2h)(x) =
1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

n∏
i=1

sin(xix
′

i +
π

4
+
niπ

2
)h(x

′

1, · · · , x
′

n) (x
′

i)
ni · dx′i

=
1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

n∏
i=1

sin(xix
′

i +
π

4
+
niπ

2
) · hn(x

′

1, · · · , x
′

n) · dx′i
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Integrating by parts m times,

(xm1
1 xm2

2 · · ·x
mn
n ) ·D(n)(H2h)(x1, x2, · · · , xn) =

1

π
n
2

∞∫
−∞

· · ·
∞∫
−∞

n∏
i=1

sin(xix
′
i +

π

4
+
niπ

2
) · xmii · hn(x

′
1, · · · , x

′
n) · dx

′
i

=
1

π
n
2

∞∫
−∞

· · ·
∞∫
−∞

n∏
i=1

∂mi

∂mii
sin(xix

′
i +

π

4
+

(ni −mi)π

2
) × hn(x

′
1, · · · , x

′
n) · dx

′
i

=
(−1)

n∑
i=1

mi

π
n
2

∞∫
−∞

· · ·
∞∫
−∞

n∏
i=1

∞∫
−∞

sin(xix
′
i +

π

4
+

(ni −mi)π

2
)×D(m) · hn(x

′
1, · · · , x

′
n)dx

′
i

=
1

π
n
2

∞∫
−∞

· · ·
∞∫
−∞

n∏
i=1

sin(xix
′
i +

π

4
+

(ni +mi)π

2
) ×D(m)hn(x

′
1, · · · , x

′
n) · dx

′
i

for all m,n ∈ N where n = (n1, n2, · · · , nn), m = (m1,m2, · · · ,mn) which com-
pletes the proof.

Theorem 2.4. The operators H1 and H2 are continuous linear maps of the Frechet
Space S onto itself.
Proof. f ∈S then H1f,H2f are smooth on Rn, we have

‖xm1
1 xm2

2 · · ·xmnn ·D(n)(H1f)(x1x2 · · ·xn)‖∞ ≤
1

π
n
2

‖Dm · hn‖1 <∞

and

‖xm1
1 xm2

2 · · ·xmnn ·D(n)(H2f)(x1x2 · · ·xn)‖∞ ≤
1

π
n
2

‖Dm · hn‖1 <∞

⇒ H1f, H2f ∈S
We prove that H1 is closed operator in S
Let f, g ∈ S. Let {fj}∞j=1 be a sequence in S which converges to f and H1fj

converges to g in S as j →∞. To prove that H1f = g we have convergence in S
implies convergence in L1(Rn)

‖H1fj − H1f‖ = ‖H1(fj − f)‖ ≤ ‖fj − f‖1 → 0 as j →∞

Hence H1fj uniformly converges on Rn to H1f as well as to g. Hence H1f = g.

Similarly by closed graph theorem H1 is continuous linear operator on S.
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Theorem 2.5. Let h ∈ L1(Rn). If h is function of bounded variation on an
interval in the point x ∈ Rn then

1

2
{h(x1 + 0, x2 + 0, · · · , xn + 0) + h(x1 − 0, x2 − 0, · · · , xn − o)}

=
1

πn

n∏
i=1

∞∫
0

· · ·
∞∫
0

dxi

∞∫
−∞

· · ·
∞∫

−∞

h(y1, · · · , yn)× cos(xi − yi)x
′

i · dyi

and if h is continuous and is of bounded variation on some interval (δ1, δ2) then

h(x1, x2, · · · , xn) =
1

πn

n∏
i=1

∞∫
0

· · ·
∞∫
0

dx
′

i

∞∫
−∞

· · ·
∞∫

−∞

h(y1, · · · , yn)× cos(xi − yi)x
′

i · dyi

Theorem 2.6. [Inversion theorem] If f ∈S or f ∈ Sn then

f(x1, x2, · · · , xn) =
1

π
n
2

n∏
i=1

∞∫
−∞

· · ·
∞∫

−∞

(H1f)(x
′

i, · · · , x
′

n)× cos(xix
′

i +
π

4
) dx

′

i (2.7)

f(x1, x2, · · · , xn) =
1

π
n
2

n∏
i=1

∞∫
−∞

· · ·
∞∫

−∞

(H2f)(x
′

1, · · · , x
′

n)× sin(xix
′

i +
π

4
) dx

′

i (2.8)

Proof. Given that f ∈S the the R.H.S. of (2.7) is clearly member of S(Rn) using
above theorem (2.5) and Fubini’s theorem we get,

1

π
n
2

n∏
i=1

∞∫
−∞

· · ·
∞∫

−∞

(H1f)(x
′

1, , · · · , x
′

n)× cos(xix
′

i +
π

4
) dx

′

i

=

 lim
µi→∞

1

π
n
2

n∏
i=1

µ1∫
−µ1

· · ·
µn∫

−µn

cos(xix
′

i +
π

4
)× (H1f)(x

′

1, · · · , x
′

n) dx
′

i


= lim

µi→∞

1

πn

n∏
i=1

∞∫
−∞

· · ·
∞∫

−∞

f(y
′

1, · · · , y
′

n) dy
′

i

µ1∫
−µ1

· · ·
µn∫

−µn

cos(xix
′

i +
π

4
)× cos(x

′

iy
′

i +
π

4
)dx

′

i

= lim
µi→∞

1

(2π)n

n∏
i=1

∞∫
−∞

· · ·
∞∫

−∞

f(y
′

i)
2 sin µi(xi − y

′
i)

xi − yi
dy
′

i

= f(x1, x2, · · · , xn)
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Similarly we can prove the Inversion formula for H2.

Theorem 2.7. If H1 and H2 are continuous Linear one to one maps of S onto
itself then H2

1 = I, H2
2 = I i.e.H1 = H−11 , H2 = H−12 .

Proof. From these two Inversion formulae we see that H1 and H2 both are one-one
and onto S(Rn). Hence H1 = H−11 and H2 = H−12 ⇒ H2

1 = I, H2
2 = I.

Theorem 2.8. If f,H1f ∈ L1(Rn) or f,H2f ∈ L1(Rn) also if

g(x1, x2, · · · , xn) =
1

π
n
2

n∏
i=1

∫
Rn

(H1f)(y1, · · · , yn) cos(xiyi +
π

4
) dyi

then g(x1, x2, · · · , xn) = f(x1, x2, · · · , xn)

Proof. Given f,H1f ∈ L1(Rn). Let h ∈ Sn or S(Rn) then by applying Fubini’s
theorem we get∫

Rn

∫
Rn

f(x1, x2, · · · , xn)h(y1, · · · , yn)
n∏
i=1

cos(xiyi +
π

4
) dxi dyi (2.9)

∫
Rn

f(x1, x2, · · · , xn) (H1h(y1, y2, · · · , yn)(x1, x2, · · · , xn)) dx1dx2 · · · dxn

=

∫
Rn

h(y1, y2, · · · , yn) (H1f(x1, x2, · · · , xn))(y1, y2, · · · , yn) dy1dy2 · · · dyn
(2.10)

Since H1f ∈ L1(Rn) and g ∈ S we have by inversion theorem (2.6) to right side
of (2.10) and again applying Fubini’s theorem, we get∫
Rn

f(x1, x2, · · · , xn) (H1h(y1, y2, · · · , yn)(x1, x2, · · · , xn)) dx1dx2 · · · dxn

=
1

π
n
2

∫
Rn

∫
Rn

H1h(y1, y2, · · · , yn)
n∏
i=1

cos(xiyi +
π

4
) dxi

 ((H1f(x1, x2, · · · , xn))

(y1, y2, · · · , yn) dy1dy2 · · · dyn)

=

∫
Rn

(H1h)(x1, x2, · · · , xn) (
1

π
n
2

∫
Rn

(H1f(x1, x2, · · · , xn))

(y1, y2, · · · , yn)
n∏
i=1

cos(xiyi +
π

4
) dyi
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=

∫
Rn

g(x1, x2, · · · , xn)(H1h)(x1, x2, · · · , xn) dx1dx2 · · · dxn

Let D(Rn) denote the vector space of all infinitely differentiable functions on Rn

with compact support and D(Rn) ⊂S or D(Rn) ⊂ S(Rn) we have∫
Rn

[g(x1, x2, · · · , xn)− f(x1, x2, · · · , xn)]ψ(x1, x2, · · · , xn)dx1dx2 · · · dxn = 0

for every ψ ∈ D(Rn)⇒ g(x1, x2, · · · , xn)−f(x1, x2, · · · , xn) = 0 almost everywhere
∀(x1, x2, · · · , xn) ∈ R

g(xi) = f(xi) ∀xi

We prove the theorem for H2 also.

Theorem 2.9. [Uniqueness theorem for H1 and H2] If f ∈ L1(Rn) and H1f = 0
in L1(Rn) then f = 0 a.e. in L1(Rn) Similarly f ∈ L1(Rn) and H2f = 0 in L1(Rn)
then f = 0 a.e. in L1(Rn).
Proof. Given, H1f = 0

⇒ 1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

f(x1, x2, · · · , xn) cos(x1x
′

1 +
π

4
) · · · cos(xnx

′

n +
π

4
) dx

′

1 · · · dx
′

n = 0

but | cos(xix
′
i +

π

4
)| ≤ 1

⇒ 1

π
n
2

∞∫
−∞

· · ·
∞∫

−∞

f(x1, x2, · · · , xn) dx
′

1 · · · dx
′

n = 0

Hencef(x1, x2, · · · , xn) = 0 a.e on Rn

Similarly

H2f = 0 then f(x1, x2, · · · , xn) = 0 a.e on Rn

Theorem 2.10. [Plancherel’s Theorem] For every f ∈ S(Rn) there exist linear

isometric operator H1f = H1f and H2f = H2f . Also H1
2

= I, H2
2

= I, I ∈
L2(Rn) is identity operator.
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Proof. By the inversion theorem, if h, q ∈ S(Rn) then∫
Rn

h(x1, x2, · · · , xn)q(x1, x2, · · · , xn)dx1 · · · dxn

=

∫
Rn

q(x1, x2, · · · , xn)dx1 · · · dxn
1

π
n
2

∫
Rn

(H1h(x1, x2, · · · , xn))

(t1t2 · · · tn)× cos(x1t1 +
π

4
) · · · cos(xntn +

π

4
) dt1 · · · dtn

=

∫
Rn

H1h(x1, x2, · · · , xn) (t1t2 · · · tn) dt1 · · · dtn
1

π
n
2

∫
Rn

(q(x1, x2, · · · , xn))

× cos(x1t1 +
π

4
) · · · cos(xntn +

π

4
) dx1 · · · dxn

By Parseval theorem∫
Rn

h(x1, x2, · · · , xn) q(x1, x2, · · · , xn)dx1 · · · dxn

=

∫
Rn

(H1h(x1, x2, · · · , xn)) (t1t2 · · · tn)H1q (t1t2 · · · tn)dt1 · · · dtn f, g ∈ S(Rn)

if h = q then ‖h‖2 = ‖H1h‖2 h ∈ S(Rn)

(2.11)

Here S(Rn) is dense in L2(Rn). Actually S(Rn) is dense in L2(Rn) by theorem
(2.6) the map f → H1f is an isometry of dense subspace S(Rn) of L2(Rn) onto
S(Rn) which implies f → H1f has a unique continuous extension H1 : L2(Rn) →
L2(Rn).H1 is linear isometry onto L2(Rn) see ([2], [6], [9]).

Corollary 2.11. H1 and H2 are unitary operators on the Hilbert space L2(Rn).

Theorem 2.12. [Plancherel’s theorem for H1] Let h ∈ (Rn or Cn) be a function
in L2(Rn) and let

H1(x1, x2, · · · , xn, k1, k2, · · · , kn) =
1

π
n
2

k1∫
−k1

· · ·
kn∫

−kn

n∏
i=1

cos(xiyi +
π

4
)h(y1, · · · yn) dy1 · · · dyn
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then as ki →∞, H1(xi, ki) converges over Rn to a function in L2(Rn) and we call
it as H1h and

h(x1, x2, · · · , xn, k1, k2, · · · , kn) =
1

π
n
2

k1∫
−k1

· · ·
kn∫

−kn

n∏
i=1

cos(xiyi +
π

4
) (H1h)(y1, · · · yn) dy1 · · · dyn

converges to h moreover the functions (H1h) and h are connected by the formulae.

(H1h)(x1, · · · , xn) =
1

π
n
2

D(n)

∫
Rn

h(y1, · · · , yn)×

n∏
i=1

2 sin
(
xiyi + π

4

)
−
√

2

2yi
dy1 · · · dyn

h(x1, · · · , xn) =
1

π
n
2

D(n)

∫
Rn

(H1h)(y1, · · · , yn)×

n∏
i=1

2 sin
(
xiyi +

π

4

)
−
√

2

2yi
dy1 · · · dyn

for every x ∈ Rn

Proof. Let h ∈ L2(Rn) then we know that there exists sequence of functions
{hn} ∈ S(Rn) such that

‖hn − h‖ → 0.

But we have already proved that

‖h‖2 = ‖H1h‖2
so

‖H1hm −H1hn‖2 = ‖H1(hm − hn)‖2 = ‖hm − hn‖2 for m,n ∈ N
This shows that {H1hn} is a cauchy sequence which converges to a function ∈
L2(Rn). We denote it by (H1h)(x1, · · · , xn).As {hn} ∈ S(Rn) we get,

r1∫
0

· · ·
rn∫
0

H1hn(x1, · · · , xn)dx1 · · · dxn =
1

π
n
2

n∏
i=1

ri∫
0

dxi

∫
Rn

hn(y1, · · · , yn)

cos(xiyi +
π

4
) dyi
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=
1

π
n
2

∫
Rn

hn(y1, · · · , yn)
n∏
i=1

2 sin
(
riyi + π

4

)
−
√

2

2yi
dy1 · · · dyn (2.12)

But
2 sin

(
riyi +

π

4

)
−
√

2

2yi
∈ L2(Rn) and hn ∈ S(Rn)

We apply Lebegue dominated convergence theorem to the integral in (2.12) and as
n→∞

r1∫
0

· · ·
rn∫
0

(H1h)(x1, · · · , xn)dx1 · · · dxn =
1

π
n
2

∫
Rn

h(y1, · · · , yn)

n∏
i=1

2 sin
(
riyi + π

4

)
−
√

2

2yi
dy1 · · · dyn

Hence for every x ∈ Rn we get

(H1h)(x1, · · · , xn) =
1

π
n
2

D(n)

∫
Rn

h(y1, · · · , yn)

n∏
i=1

2 sin
(
riyi + π

4

)
−
√

2

2yi
dy1 · · · dyn

(2.13)

Now we change hn to H1hn in (2.12) and by applying theorem (2.6) we get,

h(x1, · · · , xn) =
1

π
n
2

D(n)

∫
Rn

(H1h)(y1, · · · , yn)
n∏
i=1

2 sin
(
riyi + π

4

)
−
√

2

2yi
dy1 · · · dyn

for every x ∈ Rn. Now we assume that

hk(x) = h(x) for |xi| ≤ ki

= 0 for |xi| > ki

Then

hk ∈ L1(Rn) ∩ L2(Rn)

and

‖hk − h‖2 → 0 as k →∞
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by (2.13) and (2.14) we have

(H1hk)(x1, · · · , xn) =
1

π
n
2

D(n)

n∏
i=1

ki∫
−ki

h(y1, · · · , yn)
2 sin

(
riyi + π

4

)
−
√

2

2yi
dy1 · · · dyn

=
1

π
n
2

n∏
i=1

ki∫
−ki

h(y1, · · · , yn) cos(xiyi +
π

4
) dy1 · · · dyn

= H1(x1, x2, · · · , xn, k1, k2, · · · , kn)

By Plancherel’s theorem and its corollary we have,

‖H1hm −H1hn‖2 = ‖hm − hn‖2 → 0 as m, n→∞

so H1(xi, ki) converges to (H1h)(x1, · · · , xn) as k →∞ in L2 ∈ (Rn)
Similarly we can prove the Plancherel’s theorem for H2.

3. Convolution of H1

Convolutions: Convolutions played a major role in the development of Mathe-
matics and Physics as well as in many applications in pure and applied Mathematics
[11]. Convolution is the way for combining two signals to generate third signal. The
generalized convolutions for various integral transform were studied in ([1], [3], [5],
[10]).

Definition 3.1. [Convolution] A map ∗ : W ×W → W is called a convolution for
G if G(∗(f, g)) = G(f) · G(g) for any f, g ∈ W . This bilinear form is denoted by
∗(f, g) with respect to G.

Theorem 3.2. If f1, f2 ∈ L1(Rn) then

H1(∗(f1, f2))(x1, x2, · · · , xn) =
1

2n(2π)
n
2

∫
Rn

[f1(xi − yi) + f1(xi + yi)+

f1(−xi + yi)− f1(−xi − yi)] f2(y1, · · · , yn) dy1 · · · dyn

(3.1)

This defines a convolution for H1.
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Proof. To prove the theorem first we have to prove that, H1(∗(f1, f2)) ∈ L1(Rn)∫
Rn

|H1(∗(f1, f2))(x1, · · · , xn)| dx1 · · · dxn ≤
1

2n(2π)

n

2

∫
Rn

|f2(y1, · · · , yn)| dy1 · · · dyn

×

∫
Rn

|f1(xi − yi)|dxi +
∫
Rn

|f1(xi + yi)|dxi +
∫
Rn

|f1(−xi + yi)|dxi +
∫
Rn

|f1(−xi − yi)|dxi


≤ 2n

(2π)
n
2

∫
Rn

|f2(y1, · · · , yn)|dy1 · · · dyn ×
∫
Rn

|f1(x1, · · · , xn)| dx1 · · · dxn < ∞

Now,

(H1f1)(x1, · · · , xn) · (H1f2)(x1, · · · , xn) =
2n

(2π)
n
2

∫
Rn

n∏
i=1

cos(xiti +
π

4
)

[f1(ti − yi) + f1(ti + yi) + f1(−ti + yi)− f1(−ti − yi)] g(yi)dy1 · · · dyndt1 · · · dtn

=
1

π
n
2

∫
Rn

n∏
i=1

cos(xiti +
π

4
) (f1 ∗ f2)(ti) dt1 · · · dtn

= H1(∗(f1, f2))

Similarly we can prove the convolution theorem for H2.

4. Applications

Example 1. Find the solution of the differential equation
∂v

∂t
=

∂4v

∂x21 ∂x
2
2

where v(x1, x2, 0) = h(x1, x2) −∞ < x1 <∞ , −∞ < x2 <∞ , t > 0.
Solution. We have

V (x
′

1, x
′

2, t) = H1v(x1, x2, t) =
1

π

∞∫
−∞

∞∫
−∞

v(x1, x2, t)
2∏
i=1

cos(xix
′

i +
π

4
) dx1dx2

v and its derivatives becomes zero at ∞ and −∞ on integration by parts we get

∂V

∂t
=

1

π

∞∫
−∞

∞∫
−∞

∂v

∂t

2∏
i=1

cos(xix
′

i +
π

4
) dx1 dx2
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=
1

π

∞∫
−∞

∞∫
−∞

∂4v

∂x21 ∂x
2
2

2∏
i=1

cos(xix
′

i +
π

4
) dx1 dx2

= −x′
2

1 x
′2

2 V

∂V

∂t
= −x′

2

1 x
′2

2 V

V (x
′

1, x
′

2, t) = A(x
′

1, x
′

2) e
−x′

2

1 x
′2
2 t (?)

On putting t = 0 we get,

V (x
′

1, x
′

2, 0) = A(x
′

1, x
′

2)

V (x
′

1, x
′

2, 0) =
1

π

∫
R2

v(x1, x2, 0)
2∏
i=1

cos(xix
′

i +
π

4
) dxi

=
1

π

∫
R2

h(x1, x2)
2∏
i=1

cos(xix
′

i +
π

4
) dxi

= (H1h)(x
′

1, x
′

2)

But A(x
′

1, x
′

2) = V (x
′

1, x
′

2, 0) = H1h(x
′

1, x
′

2)

putting in (?) we get

V (x
′

1, x
′

2, t) = (H1h)(x
′

1x
′

2) e
−x′

2

1 x
′2
2 t

Taking inverse we get

v(x1, x2, t) =
1

π

∞∫
−∞

∞∫
−∞

(H1h)(x
′

1, x
′

2) e
−x′

2

1 x
′2
2 t

2∏
i=1

cos(xix
′

i +
π

4
) dx

′

i

5. Conclusion
Here we have defined Fourier type transform and their convolution on Rn and

obtained its inversion for n dimensional space. We have proved some properties
like Convolution, Plancherel’s Theorem for n dimensional Fourier type transform.
We obtained all these properties for two dimensional space and then extended to
n dimensional. Lastly an application for two dimensional Fourier type transform
for initial value problem is given.



Fourier type Transforms and their Convolutions on Rn 115

References

[1] Britvina L. E., Generalized convolutions for the Hankel transfom and related
integral operators, Math. Nachr., 280, No. 9-10 (2007), 962-970.

[2] Bochner S. and Chandrasekharan K., Fourier Transforms prineeton university
press, 1949.

[3] Giang B. T., Tuan N. V., Generalized onvolution for the integral transforms
of Fourier type and applications, Fract. Calc. Appl. Anal., 12, No. 3 (2009).

[4] Giang Bui Thi, Mau Nguyen Van and Tuan Naguyen Minn, Operational
properties of two Integral Transforms of Fourier Type and their convolution,
Integral Equations and Operator Theory, 65 (3) (2009), 363-386.

[5] Giang B. T. and Tuan N. M., Generalized convolutions for the Fourier integral
transforms and applications, Journal of Siberian Federal university, 1 (4)
(2008), 371-379.

[6] Gohberg I. S. and Feldman I. A., Convolution Equations and Projection
methods for their solutions, Nauka, Moscow, 1971.

[7] Rudin W., Functional Analysis, Mc Graw-Hill, New York, 1991.

[8] Sneddon I. N., Fourier Transforms, Mc Graw-Hill, New york-Toronto-London,
1951.

[9] Titchmarsh E. C., Introduction to the theory of fourier integral,Third edition
chelsea, New York, 1986.

[10] Taun N. M. and Taun P. D., Generalised convolution relative to the Hartley
transform with application, Sci. Math. Jpn, 70 (2009), 77-89.

[11] Vladimirov V. S., Generalized Functions in Mathematical, Physics, Mir,
Moscow, 1979.



116 South East Asian J. of Mathematics and Mathematical Sciences


