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Abstract: Zika virus is a member of Flaviviridae that also causes Japanese En-
cephalitis, dengue, yellow fever, and West Nile fever. General symptoms of the zika
virus are low-grade fever (less than 38.5o), macula-papular rash, myalgia, asthe-
nia, headache, and transient arthritis. Zika virus can cause congenital anomalies
(such as microcephaly), Guillain-Barre syndrome, and other neurological and au-
toimmune disorders. In the present mathematical model, we observed the effect of
sexual transmission on gender and symptoms based division of the infected human
population. We proposed a theorem to check the local stability of disease free equi-
librium state. To verify the theorem, we performed some numerical simulations.
We also analyzed the global stability of disease free equilibrium state. Further-
more, we checked the effect of different sexual transmission rates on the population
dynamics by calculating normalized sensitivity indices of R0. Results of the present
study suggest that sexual transmission noticeably affects Zika dissemination and
by controlling sexual transmission rates, we can restrict the Zika virus spread.
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analysis, Basic reproduction number, Sexual transmission.

2020 Mathematics Subject Classification: 34A34, 34D20, 34D23.

1. Introduction
Zika virus was first detected in a rhesus monkey in the Zika Forest of Uganda

in 1947, and the first human case was also reported in Uganda in 1952 [13]. It
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is a vector born disease, and the bite of an infected female Aedes mosquito is the
primary cause of its spread [5], [12]. Besides this, there are many other proven,
feasible, and effective sources of secondary transmission of the Zika virus. Perinatal
transmission, blood diffusion and sexual transmission are also major cause for the
spread the Zika virus [11]. Among them, sexual transmission of the Zika virus from
men to men, men to women, and women to men also play a significant role [10].
Banuelos S. et al. presented a mathematical model to determine the effect of sexual
transmission of the Zika virus by using Wolbachia for vector control [2]. Pizza D.
et al. analyzed a simulation model representing the Zika virus dynamics in the
pregnant woman population to check the incidence of microcephaly [14]. Agusto
F. B. et al. analyzed a ZIKV model that includes human vertical transmission,
birth of babies with microcephaly and asymptotic infected individuals [1]. Kibona
I. E. and Yang C. formulated an SIR model of the Zika virus to observe its spread
in newborns [9]. Their study suggests that by controlling vector transmission, the
Zika spread can be controlled. The present paper aims to analyze the effect of
sexual transmission in the Zika virus dissemination. In analyzing the behaviour
of infectious disease, the basic reproduction number is an important factor. It is
defined as the average number of secondary infections produced when one infected
individual is introduced into a host population where everyone is susceptible [7].
It shows whether the disease will stay or die out. The basic reproduction num-
ber depends on the various physical parameters such as different transmission or
infections rates, recovery rate, birth rate, death rate, fractions of populations and
many more. Normalized sensitivity index measures the relative importance of these
parameters to the basic reproduction number. The normalized sensitivity index of
a variable to a parameter is the ratio of the relative change in the variable to the
relative change in the parameter [4]. The remaining paper organizes as follows:
Section 2 represents the modified mathematical model. We obtain the disease free
equilibrium point and the basic reproduction number in Section 3. In section 4,
we analyze the local and global stability of disease free equilibrium. In section 5,
we perform sensitivity analysis to check the robustness and validity of the results.
Section 6 contains the conclusion of the study.

2. Mathematical Model

The present model is the modification of the model discussed by S. Banuelos
et al. [2]. S. Banuelos et al. divided the infected population into symptomatic
and asymptomatic. We extend their model by dividing the infected population
into male and female categories. Thus in the present paper, the total human pop-
ulation (NH) consists of seven mutually exclusive compartments, which are as fol-
lows; Susceptible human (SH), ex-posed human (EH), infected symptomatic male
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(IMS), infected asymptomatic male (IMA), infected symptomatic female (IFS), in-
fected asymptomatic female (IFA), recovered human (R). The vector population
is divided into three classes; susceptible vectors (SV ), exposed vectors (EV ), and
infected vectors (IV ). Since the present model is the modification of a previously
studied model, we proceed with the work by following its assumptions. Since
vectors do not recover and remain infectious for the rest of their life, we do not
consider the class of recovered vectors [2]. Symptomatic and asymptomatic hu-
mans recover with the same rate and do not become susceptible again [1]. We
do not include disease induced human death because death due to the Zika is
negligible [12]. The study does not consider birth and death rates because the
model simulates only a single possible outbreak [6]. The total human popula-
tion is constant. Therefore, NH = SH + EH + IMS + IMA + IFS + IFA + R.

Figure 1: Transmission diagram
Mathematical model for the transmission dynamics of Zika is as follows

dSH
dt

= −αHbIV
SH
NH

− ψMSIMS
SH
NH

− ψMAIMA
SH
NH

− ψFSIFS
SH
NH

− ψFAIFA
SH
NH

dEH
dt

= αHbIV
SH
NH

+ψMSIMS
SH
NH

+ψMAIMA
SH
NH

+ψFSIFS
SH
NH

+ψFAIFA
SH
NH

−βHEH
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dIMS

dt
= q1βHEH − γ1IMS

dIMA

dt
= q2βHEH − γ1IMA

dIFS
dt

= q3βHEH − γ2IFS
dIFA
dt

= q4βHEH − γ2IFA (1)

dR

dt
= γ1(IMS + IMA) + γ2(IFS + IFA)

dSV
dt

= λVNV − αV (IMS + IMA + IFS + IFA)
SV
NV

− µV SV

dEV
dt

= αV b(IMS + IMA + IFS + IFA)
SV
NV

− βVEV − µV SV

dIV
dt

= βVEV − µV IV

Table 1. represents the description of model parameters and their associated values.
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3. Disease Free Equilibrium Point (DFE) And Basic Reproduction Num-
ber

3.1. Disease Free Equilibrium Point (DFE)
In the DFE(E0), IMS = 0, IMA = 0, IFS = 0, IFA = 0, EH = 0, IV = 0, EV = 0,
R = 0.
Therefore, DFE(E0) =

(
NH , 0, 0, 0, 0, 0, 0,

λV NV
µV

, 0, 0
)

3.2. Basic Reproduction Number
Next generation matrix determined using [8] is

FV −1 =



q1ψMS

γ1
+
q2ψMA

γ1
+
q3ψFS

γ2
+
q4ψFA

γ2

ψMS

γ1

ψMA

γ1

ψFS

γ2

ψFA

γ2

αHbβV

(βV + µV )

αHb

µV

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

αV bλV (q1γ1 + q2γ1 + q3γ2 + q4γ2)

µV

αV bλV

γ1µV

αV bλV

γ1µV

αV bλV

γ2µV

αV bλV

γ2µV

0 0

0 0 0 0 0 0 0


Spectral radius of the next generation matrix is the basic reproduction number
(R0) and is determined by the following equation

λ2 −
(
q1ψMS

γ1
+
q2ψMA

γ1
+
q3ψFS

γ2
+
q4ψFA

γ2

)
λ− αHαV b

2βV λV (q1γ1 + q2γ1 + q3γ2 + q4γ2)

µV (βV + µV )
= 0

Therefore,

R0 =
R0S +

√
R2

0S + 4R2
0V

2

where,

R0S =

(
q1ψMS

γ1
+
q2ψMA

γ1
+
q3ψFS
γ2

+
q4ψFA
γ2

)
,

R0V =

√
αHαV b2βV λV (q1γ1 + q2γ1 + q3γ2 + q4γ2)

µV (βV + µV )

4. Stability Analysis of DFE

4.1. Local Stability of DFE
We propose following theorem to check the local stability of DEF condition

Theorem 4.1. Disease free equilibrium point E0 is locally asymptotically stable
when
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i. [q1ψMS + q2ψMA + q3ψFS + q4ψFA − (γ1 + γ2)]βH − γ1γ2 < 0
ii. βH < γ1 + γ2
iii. (q1ψMS + q2ψMA)βH < γ1 + γ2
iv. (q3ψFS + q4ψFA)βH < γ1 + γ2 Provided R0S < 1.
Proof. Jacobian matrix of the system of equations (1) at disease free equilibrium
is

J0 =



0 0 −ψMS −ψMA −ψFS −ψFA 0 0 0 0

0 −βH ψMS ψMA ψFS ψFA 0 0 0 0

0 q1βH −γ1 0 0 0 0 0 0 0

0 q2βH 0 −γ1 0 0 0 0 0 0

0 q3βH 0 0 −γ2 0 0 0 0 0

0 q4βH 0 0 0 −γ2 0 0 0 0

0 0 γ1 γ1 γ2 −γ2 0 0 0 0

0 0
−αV bλV
µV

−αV bλV
µV

−αV bλV
µV

−αV bλV
µV

0 −µV 0 0

0 0
αV bλV
µV

αV bλV
µV

αV bλV
µV

αV bλV
µV

0 0 −βV − µV 0

0 0 0 0 0 0 0 0 βV −µV


Seven roots of Jacobian matrix are λ = −µV ,−µV ,−µV − βV , 0, 0,−γi,−γ2 and
the rest of the three roots are given by

λ3 + (γ1 + γ2 + βH)λ2 − {[q1ψMS + q2ψMA + q3ψFS + q4ψFA − (γ1 + γ2)]βH − γ1γ2}λ
− (q1ψMSγ2 + q2ψMAγ2 + q3ψFSγ1 + q4ψFAγ1 − γ1γ2)βH = 0

Necessary conditions to apply Routh-Hurwitz criteria are as follows
i. [q1ψMS + q2ψMA + q3ψFS + q4ψFA − (γ1 + γ2)]βH − γ1γ2 < 0
ii. R0S < 1.
According to Routh-Hurwitz criteria, sufficient conditions for the system (1) to be
stable are
i. [q1ψMS + q2ψMA + q3ψFS + q4ψFA − (γ1 + γ2)]βH − γ1γ2 < 0
ii. βH < γ1 + γ2
iii. (q1ψMS + q2ψMA)βH < γ1 + γ2
iv. (q3ψFS + q4ψFA)βH < γ1 + γ2
Hence, the theorem is proved.

4.2. Numerical Simulation. To verify the theorem, we found the numerical
solution of the system of equations (1) and represented the solution graphically.
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For this, we selected the parameter values from the range given in Table 1 such that
they satisfy the necessary conditions of the theorem. Table 1 takes the parameter
ranges taken from [2]. FIGURE 2 represents the numerical solution of the system
of equations (1) in the DEF state of the populations and verifies the proposed
theorem. It shows that all infected, exposed, and recovered populations remain
zero for a long duration, if the required conditions of the proposed theorem are
satisfied.

Figure 2: Time series for all populations
4.3. Global Stability OF DFE
Theorem 4.2. The fixed point U0(x

∗, 0) is a globally asymptotic stable equilibrium
of system provided R0 < 1 (local asymptotically stable) and those assumptions H1

and H2 are satisfied [3].
The given system is expressed in the form:

dX

dt
= F (X,Z)

dZ

dt
= G(X,Z), G(X, 0) = 0
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Where X ∈ Rm denotes (its components), the number of uninfected individuals
and Z ∈ Rn denotes (its components) the number of infected individuals including
latent, infectious etc. U0 = (x∗, 0) denotes the disease free equilibrium of this
system.
The condition (H1) and (H2) below must be met to guarantee local asymptotic
stability.

H1: for
dX

dt
= F (X, 0), X∗ is globally asymptotically stable (g.a.s.),

H2: G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 or (X,Z) ∈ Ω,
where A = DZG(X∗, 0) is an M matrix (the off diagonal elements of A are non
-negative) and Ω is the region where the model makes biological sense.
To apply the above theorem to present model, the model (1) can be expressed in
the following form

dX

dt
= F (X,Z)

=

 −αHbIV SH
NH
− ψMSIMS

SH
NH
− ψMAIMA

SH
NH
− ψFSIFS SHNH − ψFAIFA

SH
NH

γ1(IMS + IMA) + γ2(IFS + IFA)

λVNV − αV (IMS + IMA + IFS + IFA) SV
NV
− µV SV



dZ

dt
= G(X,Z)

=



αHbIV
SH
NH

+ ψMSIMS
SH
NH

+ ψMAIMA
SH
NH

+ ψFSIFS
SH
NH

+ ψFAIFA
SH
NH
− βHEH

q1βHEH − γ1IMS

q2βHEH − γ1IMA

q3βHEH − γ2IFS
q4βHEH − γ2IFA
αV b(IMS + IMA + IFS + IFA) SV

NV
− βVEV − µV SV

βVEV − µV IV


where X = (SH , R, SV ) and Z = (EH , IMS, IMA, IFS, IFA, EV , IV )

U0(x
∗, 0) = E0 = (X∗, 0) where X∗ =

(
NH , 0,

λVNV

µV

)
is DFE of dX

dt
.

Therefore, G(X, 0) = (0 0 0 0 0 0 0)T and F (X∗, 0) =

 0
0
0


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A =



−βH
ψMSSH
NH

ψMASH
NH

ψFSSH
NH

ψFASH
NH

0
αHbSH
NH

q1βH 0 0 0 0 0 0

q2βH 0 0 0 0 0 0

q3βH 0 0 0 0 0 0

q4βH 0 0 0 0 0 0

0
αV bSV
NV

αV bSV
NV

αV bSV
NV

αV bSV
NV

βV − µV 0

0 0 0 0 0 βV −µV



Ĝ(X,Z) =



(IMSψMS + IMAψMA + IFSψFS + IFAψFA)
(
1− SH

NH

)
0

0

0

0

αV (IMS + IMA + IFS + IFA)

(
λV
µV
− SV
NV

)
0


Ĝ(X,Z) is greater than or equal to zero because NH ≥ SH and

λVNV

µV
≥ SV . It

is clear by observation that A is an M matrix. Also X∗ is globally asymptotically

stable equilibrium of
dX

dt
= F (X, 0). Hence, by the above theorem DFE E0 is

globally asymptotically stable.

5. Sensitivity Analysis
The normalized forward sensitivity index of a variable u that depends dif-

ferentiable on a parameter p is defined as γuP = ∂u
∂P
× P

u
[4]. Baseline values for

parameters b, λV , βH , αH , βV , αV , µV are stated in Table 1, [2]. On the other hand,
we chose the baseline values for γ1, γ2, ψMS, ψMA, ψFS, ψFA q1, q2, q3, q4 based on
the following assumption. Symptomatic individuals and asymptomatic individuals
are equally infectious. But since symptomatic individuals know about their ill-
ness, they are less sexually active than asymptomatic individuals. If symptomatic
individuals are sexually active, they use protection [2]. The possibility of virus
transmission from men to women is more than from women to men [5]. The Zika
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virus remains present in the male body for a longer time than in the female body
[5]. Among all infected individuals, about 80% remain asymptomatic [11]. In view
of the above points, we made the following assumptions.
I. γ1 < γ2.
II. ψFS < ψMS < ψFA < ψMA

III. q1 + q3 < 0.20
IV. q1 < q2, q1 < q4, q3 < q2, q3 < q4
Calculated normalized sensitivity indices of R0 for some parameters are as follows
γR0
ψMA

= 0.8329, γR0
ψFA

= 0.2889, γR0
ψMS

= 0.0485, γR0
ψFS

= 0.0.0152, γR0
γ1

= −0.4243,

γR0
γ2

= −0.109.
Obtained sensitivity indices show that among all considered modes of sexual trans-
mission, R0 is most sensitive to transmission rate of asymptomatic male and least
to transmission rate of symptomatic female. Negative indices of γ1 and γ2, show
that as the recovery rates of the male and the female increase basic reproduction
number decreases and system becomes free from disease. FIGURE 3 represents
the basic reproduction number with respect to some parameters and supports the
observations done by sensitivity indices.

Figure 3: Basic reproduction number verses model parameters
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6. Conclusion
In the present paper, we analyzed a deterministic model for the Zika virus

transmission. The current model included transmission through vectors and sexual
transmission through humans. We studied transmission through the symptomatic
male, symptomatic female, asymptomatic male, and asymptomatic female. To
analyze the disease spread, we obtained the conditions for local stability and global
stability of disease free equilibrium. Further, we proposed a theorem to examine the
local stability of DFE and verified it using numerical simulation. The present study
proved that the local stability of disease free equilibrium state mainly depends
on different sexual transmission rates, recovery rates, and proportion of several
infected classes. Values of sensitivity indices show that sexual transmission can be
a significant cause of the Zika virus spread. Zika virus spread can be restricted by
improving recovery rates.

References

[1] Agusto F. B., Bewick S. & Fagan W. F., Mathematical model of Zika
virus with vertical transmission, Infectious Disease Modelling, 2 (2) (2017),
244–267.

[2] Bañuelos S., Martinez M. V., Mitchell C., & Prieto Langarica A., Using
mathematical modelling to investigate the effect of the sexual behaviour of
asymptomatic individuals and vector control measures on Zika, Letters in
Biomathematics, 6 (1) (2019), 1-19.

[3] Castillo-Chavez C., Feng Z. and Huang W., On the Computation of R0 and
Its Role on Global Stability, In: Mathematical Approaches for Emerging
and Reemerging Infectious Diseases: An Introduction, Springer-Verlag, New
York, 2002, 229-250.

[4] Chitins, N., Hyman, J.M. & Cushing, J. M., Determining Important Pa-
rameters in the Spread of Malaria Through the Sensitivity Analysis of a
Mathematical Model, Bull. Math. Biol., 70, 1272 (2008).

[5] Counotte, M. J., Kim, C. R., Wang, J., Bernstein, K., Deal, C. D., Broutet,
N., & Low, N., Sexual transmission of Zika virus and other flaviviruses: A
living systematic review, PLoS medicine, 15 (7) (2018), e1002611.

[6] Ding, C., Tao, N., & Zhu, Y., A mathematical model of Zika virus and its
optimal control, 2016 35th Chinese Control Conference (CCC), (2016), 2642-
2645.



98 South East Asian J. of Mathematics and Mathematical Sciences

[7] Herbert W. H., The Mathematics of Infectious Diseases, Society for Industrial
and Applied Mathematics, 42( 4) (2000), 599–653.

[8] Heffernan J. M., Smith R. J. and Wahl L. M., Perspectives on the basic
reproductive ratio, J. R. Soc. Interface, 2 (2005), 281–293.

[9] Kibona, I. E. and Yang, C. H., SIR Model of Spread of Zika Virus Infections:
ZIKV Linked to Microcephaly Simulations, Health, 9 (2017), 1190-1210.

[10] Martins, M. M., Medronho, R. A., & Cunha, A., Zika virus in Brazil and
worldwide: a narrative review, Paediatrics and international child health,
(2020), 1–8.

[11] May M., Relich R. F., A Comprehensive Systems Biology Approach to Study-
ing Zika Virus, PLoS ONE, 11 (9), (2016), e0161355.
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