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1. Introduction, Notations and Definitions
Throughout the present paper, we adopt the following notations and definitions.
For a and ¢ complex numbers with |¢| < 1 the g-shifted factorial is defined as,

(a5 9)oo

(a;q)n = (00" ) =(1—a)(1—aq)..(1—ag" "),

(a;q)o =1
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and
o0

(4;9)00 = [ (1 = ag").

r=0

For brevity we write,

(a1; @)nla2; @)n---(ar; @Q)n = (@1, a2, ..., ar; q)n-

Also,
(_1)nqn(n+1)/2

a™(q/a; @)n
Following [Gasper and Rahman [5]] the basic hypergeometric series is defined as,

(a;q)—n =

> a ,a ,...,ar;q n n n n(n— 14+s—r
_y (o I (g2 T )

a1,0A2,...,0r;4; 2
T (Q7b1ab27‘“7bs;Q>n

blaan "'7bs

n=0

which converges for |z| < oo if r < s and for |z| < 1if r = s+ 1.
The basic bilateral hypergeometric series is defined as

a1, Qg ey Qs @ 2 2. (a1, ag, ..., Gy Q) 12057
WU = 2 {(=1)ngn )/ . (1.2
[b17b27-.-7b5 ] Z (b17b27"'7b3;q>n {( ) } ( )

n=—00
b1bs...b
a1ag...ay
whole complex-plane i.e. for |z] < co.

A great deal of literature is available on special functions of two and more variables,
transformations formulas and identities [1, 2, 5]. However, the literature on basic
multiple hypergeometric functions seems to be a lot less extensive. Apart from the
aforementioned work on basic (q) series identities have developed [6, 7, 8, 9, 10, 11]
various interesting properties of basic (q) series and their generalizations and special
cases. In the present paper we prove a number of general bilateral ¢g-series identities
and transformations which are shown to be applicable in the derivation of continued
fraction and partition theoretic interpretation and its generating functions. We also
consider several other interesting consequences of some of the results presented here.

which converges for < |z| < 1if r = s and for s > r it converges in the
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2. Main Results
In this section we establish following results

_ abeay | (g9
(b=c)s¥s d,bq, cq ]_ (q/a,d;q)s
21 _ o080 d/b Qe 5y (ed/a,d/c )
. {b -9 (bq,4/b; @)oo S (cq,q/¢ @)oo } (1)
abegy | (49%
(b=c)s¥s d,bq, cq ]_(Q/a>d;Q)oo
_ /0, dfbi ) o (ca/a,d/¢ o
X{b(l ) (09, 4/b; ) oo -t (¢q:q/¢ @)oo } (22)

b<1 - )‘)(1 - C) (Q/aa Q/b, d? bQ; q)oo

a.b,cq. g6 5 | (b=c)(b—N) (q:9)%(bg/a,d/b;q)x
aWy = . (2.3)
d,bq, c, A

Proof of (2.1)-(2.3)
Let us consider the Bailey’s transform,

T a,b;q; z _ (az,d/a,c/b,dq/abz; q)s " a,abz/d; q;d/a
e (s dg/bcd/abzig)e '

(2.4)

az,c
[5; (5.20) (i), p.150]
Putting ¢ = bg and z = ¢/a in (2.4) we have,

a,b;q;q/a )2 (d)a,d/b: q) a,bg/d;q;d/a
U, _ (a)%(d/ /‘ Voo g, . (25)
d, bq (Q/a, Q/b, d? da q)oo bq
Summing the o®;-series by making use of [5; App. II (I1.8)] we have,
a,b;q;q/a )2 (bg/a,d/b; q)s
d, bq (Q/av Q/b7 d> bqa q)oo

which is a known result [3; (1.1) p. 165].
Now, let us consider

a,b;q;1/a a,b;q;q/a =\ (a;q)n(1—b) 1
0 — b, = E: G 9)nl 2 7 0) &
22[d,bq ] 22[d,bq (d;

n=—oo
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a;q;1/a
=(1-0)174 ] : (2.7)
If we make use of the summation formula [5; App. II (I1.20)] to sum ;V¥;-series in
(2.7) we get,
a,b;q;1/a a,b;q;q/a
2Ws =b Vs : (2.8)
d,bg d,bg

From (2.6) and (2.8) we find,

" a,b;¢;1/a | (q;9)%(bg/a,d/b; q)u
22 d,bq <Q/G’JQ/b7d7bQ7Q)oo .

Now, consider

a,b,c;q;1/a a,b,c;q;q/a a,b;q;1/a
3\113 —C 3\1’3 = (1—0) 2\112 . (210)
d,bq, cq d,bgq, cq d,bq

From (2.9) and (2.10) we get,

ab.6¢:1/a @b, c;q5q/a (:9)%(ba/a, d/b; q)
3 - —c 2. = (1 = ¢)p- 2l ) 1900
o [ ] e [ (=2 (¢/a,q/b,d,bq; q)oo
(2.11)

d,bq, cq d,bq,cq

Again, interchanging b and ¢ in (2.11) we get,

a,b,c;q;1/a a,b,c;q;q/a )2 oo
0, ¢ 1/ b, ¢ q/ :(1_b)c(q,q)oo(cq/a,d/c,q) ‘
d,bq, cq d, bq, cq (¢/a,q/c,d,cq; q) oo
(2.12)
Substracting (2.12) from (2.11) we get
a7b7 i 4q; % X 2
(b—c) 5s _ (g q?oo
d, bq,cq (Q/a7da Q)oo
" {b(l g (bg/a,d/b;q)oc e(1—b (cq/a,d/c; q)oo} (2.13)
(bq,q/b; 4)so (¢q,4/¢ @)oo

which is precisely (2.2).
Multiplying (2.11) by b and (2.12) by ¢ and then Substracting second from first we
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have,
aboag | (o
(b=c)s¥s d, bq, cq ] B (¢/a,d;q)
201 _ c (bQ/avd/b; Q)oo . 62 . (CQ/aad/c; Q)oo
- {b S (bq,9/b; @)oo (-0 (¢q,q/¢ @)oo } (2.14)

which is precisely (2.1).
Let us now consider,

a,b,cq;q;1/a = (a,b:q)n 1 [1—cq™
30y _ Z ( ‘C]) _n( q )
d,bq,c . (d,bq; q)n a 1—c

=—0Q

1 a,b;q;1/a a,b;q;q/a
_ U, ¢l/a | ¢ 0, aq/ |
1-c d, bg 1-c d, b

(2.15)
Using (2.6) and (2.9) in (2.15) we get,

a, b, cq, q, 1/CL B (b — C) (q;q)go(bq/a’ d/b, Q)oo
e [ d,bg, c ] - (1 _C) (Q/Q7Q/b, d, bq;q)oo ) (2'16)

which is a known result [4, page 305].
Now, let us consider

a,b,cq;q;1/a a,b,cq;q;q/a
3\Il3 [ ] - b 3‘113 [

d, bq, c d, by, c
a,cq;q;1/a
— (1 - b) 2\112 ]
d,c
1-b a;q;l/a | (11— a;q;q/a
=7 1V [ ] _d ) 1Yy ]
—c d 1—c d
(2.17)
Summing |V, series in (2.17) by using [5; App. II (I1.20)] we find,
a,b,cq;q;1/a a,b,cq; q;q/a
LU, o), S0, fo| (2.18)
da b(], C d’ bq’ ¢
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Thus from (2.16) and (2.18) we have

a,b,cq;q;q/a — < )2 .
0, Gga/e | (b—c) (695 0ba/a,d/bq)s (2.19)
d,bg, b(1 —c¢) (¢/a,q/b,d,bg; q)w
Again, proceeding by taking
a,b,cq,\q;q;1/a > (a,b,cq: @)oo (1= Ag™\ 1
0, -y ( i 9) ( q ) L
d7 bq7 c, A N——o00 (dv bQ7 G Q)oo 1—A a
1 a,b,cq;q;1/a A a,b,cq; ¢;q/a
= v - v . (220
=X’ 3[d,bq,c ] D 3[d,bq,c .
Making use of (2.16) and (2.19) in (2.20) we have
abyeq Aqiqil/a | (b—c)(b— ) (g:9)%(bg/a, d/b;q)s (2.21)
L dbg, e\ b(1=N(1—c) (¢/a,q/b,d,;bg;q)oc '

which is precisely (2.3).

3. Special Cases

In this section we deduce certain special cases of the results established in
section 2.
(i) Taking d =0 and a — oo in (2.1) we get,

> (_l)nqn(nfl)/Q

b=c) 2 (1 —=0bg™)(1 — cq™)

(¢:)2 { v? 1 c? 1 } (3.1)
(1=0) (bg,¢/b50)00 (1 =) (cq,q/¢5 )0
Putting b = ¢ and ¢ = e=® in (3.1) we get,
(1 —2q"cost +¢*) (T —cosf) T[22, (1 —2¢"cos @ + ¢>) '
Taking § = 7/2 in (3.2) we have
ol —1)rgn(n—1)/2 -7)2 < q)?

1+¢) IO+ ¢) (—@)%

n=—oo
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Taking 6 = 7 in (3.2) we get,

(=t 3 (ge)k -3 (gk
Z (14 qm)? 2 Hf:1(1+qn)2 9 (—q; Q)go (3.4)

n=—oo

Putting 7 + 6 for 6 in (3.1) we have

o~ (=DrgrVR 14 2sind (4:9)%
n:Z:OO (1+2¢7sinf +¢>)  1+sinf [, (1+2¢"sinf + ¢2°) (3:5)
(ii) Taking d = 0 and a — oo in (2.2) we get,
R e G D
©=9 2 T b e
9 b 1 . c 1
= (40) { (1=0)(bq,q/b50)00 (1 =) (cq,q/c; q)oo} ' (36)
(3.6) can be expressed as,
. — (=gt f (A=) (1))
0=9) 2 T pgyi gy~ @V Vet G
i (45 9) o N (45 @)oo
S (e e cee v el R

Comparing (3.6A) with [2; (3.8) p. 34] we have,

(4 @)oo % S S Nmargt - —— 3 SN (mn)en"
1-0b 1—c

m=—oo n=0 m=—oo n=0

SagN pmtt o gmtl
= (D Y ZNv(m,n)q”{l_b— 1—(:}’ (3.6B)

m=—oo n=0

where N,(m,n) stands for the number vector partitions of n with crank m.



60 South FEast Asian J. of Mathematics and Mathematical Sciences

Putting b = Ae? and ¢ = Ae™® in (3.6) we have,

( 1)nqn(n+1)/
2isinG Z 1—2>\q cos 0 + \2g*"

)\ew e —i6
= (¢ 9)% = - =
Aet?) H (1 —2X\q" cos O + \2¢*") e H — 20" cos O + \¢*)
n=1 n=1
(3.7)
which on simplification gives
i (=gt (4 9%
= (1=2Agmcosf +A%¢%) (1 —2Acosf + A?) J[[Z, (1 — 2Ag" cos € + A2¢*")
(3.8)
Taking 6 = 0 in (3.8) we get
o (L=Agn)? (A=A T (= Ag)?
For 6 = 7/2, (3.8) yields
= (A (AT (1 A% '
For § = 7, (3.8) yields
= (A2 (LR APTILL (L + Mg '
If we take A =1 in (3.11) we get,
= (L+gr)? 2(—q;q)% '
Putting A = 1 in (3.10) we get
(1+¢°) 2(—¢* )3 '

n=—0oo
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(iii) Putting d = 0 and a — oo in (2.3) we get
> —1)" n(n—1)/2 1— "\ (1 — \g" bh— b—\ . 2\2
3 (=1)"q (1 —cq")( q") (b—=c)( ) (9% (3.14)

famtt (1—bg") Cb(1=b) (ba,q/big)s
Comparing (3.14) with [2; (3.8) p. 34] we have,

= %(Q;Q)w ) Ny(mn)bg",

m=—o00 n=0
where N,(m,n) is the number of vector partitions of n with crank m.
Taking ¢° for ¢ and then putting b = ¢* in (3.14) we have

i ()" VP =) (1= A) (@ =)@ =) (¢%6°)%

= (1—¢m*2) P-4 (450w
- ¢ (@% % ¢~
Taking ¢° for ¢ and then putting b = ¢ in (3.14) we get
i (=17 " V(L — ™) (1= Ag™") _ (g—c)la—N) (¢%¢°)%
= (1 —g™tt) q1-q)  (¢"4d5% ¢ )
_@=9la=N (@)% 546
a q (¢, 4% )0 (316)
From (3.15) and (3.16) and corollary [1; (6.2.6) p. 153] we have
i (_1)nq5n(n—1)/2(1 _ cq5n)(1 _ )\q5n)
_ g5n+2
n=—o0 (- ) (@ =9 =N (0.4"¢")x
i ()"0 — e (1= Ag)  a(g =)= A) (6%, 6% ¢%)w

(]_ _ q5n+1)

n=—oo

(=@M [1 q¢ ¢ ¢

= —_— . 3.17
q(q—c)(q—/\){1+1+1+1+...} (3:17)
Taking A = ¢ =0 1in (3.17) we find,

OO (_1)nq5n(n—1)/2

>

_ gdn+42
e U0 44 d ¢ (3.18)
e D Gt ZE S B BN B IS '
Z (1 _ q5n+1)

n=—oo
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(iv) Putting A = 0 in (2.3) we get

a,b,cq;q;1/a b— q)2 (bg/a,d/b;q)ee
5Ty fa | (b—c) (@)% (bg/a,d/b;q) (3.19)
d, bq,c (1—¢) (q/a,q/b,d,bq;q)s
Taking d = ¢ =0, a — oo in (3.19) we get,
e —1)" n(n—1)/2 L \2

(1—=bg")  1=b(bqg,q/b;q)se

n=—oo

Replacing ¢ by ¢* and putting b = ¢ in (3.20) and using [1; (1.1.7), p. 11] we get,

e _ 1\n,n(n—1) 2. ,2\2
Z <(112 §2n+1) - q(éj;z));o = q*(q). (3.21)

n=—oo

Replacing ¢ by ¢® and b by ¢ in (3.20) we get,

& —1)" 4dn(n—1) 8; 3\2

(1 — g%+ (4,47 ¢%) o

n=—oo

Again, replacing ¢ by ¢® and b by ¢* in (3.20) we find,

i (_1)7Lq4'fl(n—1) _ 3 <q8>q8)go (3 23)
(1— g3y q (@ ) :

n=—oo

Taking the ratio of (3.22) and (3.23) and using [1; (6.2.38), p. 154] we get,

0 (_1)nq4n(n—1)

2.

— o3n+3
B D A SR S B IS '
nzz_oo (1 _ q8n+1)
(v) Taking d = ¢, a — oo and ¢ = 0 in (3.19) we get,
0 n n(n 1)/2 b . bla:
Z (% 9)o _ 0(g:9) (3.25)
SI=bg")  T=b(g e (B0)

n=
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Replacing ¢ by ¢* and putting b = ¢? in (3.25) we get,

0 n 3n(n 1)/2 3.3
Z _ (0% ¢%)oo (3.26)

n ]_ _ q3n+2)

n=0
Again, replacing ¢ by ¢ and b by ¢ in (3.25) we have,
3n(n 1)/2

Y AN G @20

n:O ’

Taking the ratio of (3.26) and (3.27) and using [1; (7.1.1), p. 179] we get,

2. 3 —1 5 5
2P q q q q (3.28)

2 1 () A-1tq—1+t@—1+g — ..

Putting ¢* for ¢ and b = ¢ in (3.25) we get,

S wees
—~(q*;q") ) (9"
Putting ¢* for ¢ and b = ¢* in (3.25) we find,
- 1 —¢") (%4
Taking the ratio of (3.29) and (3.30) and using [1; (7.1.2) p. 179] we get
i n 2n(n 1)
e G U LU N I ¢ ¢
il )rgn(n=1) (0" 1-14+¢@—14+¢*"—1+¢— ...
(3.31)

A number of similar results can also be deduced.
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