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Abstract: In this paper, we introduce a generalized form of Whittaker function
with the help of generalized confluent k-hypergeometric function. We establish
several interesting properties of the Whittaker k-function such as its integral repre-
sentations, derivative, Laplace transform and Hankel transform. Further, we inves-
tigate the Riemann-Liouville fractional integral and k-Riemann-Liouville fractional
integral of Whittaker k-function. Some intriguing particular cases of the main re-
sults are also mentioned.
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1. Introduction
Special Functions are remarkable for their significance and utilization in several

domains, particularly in mathematical physics such as astronomy, string theory,
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statistics, and engineering sciences. Numerous authors considered the various gen-
eralizations of the most eminent Special functions like Beta function, Gamma func-
tion, and hypergeometric functions [1, 8, 20, 22, 25, 28]. Many functions, includ-
ing the Legendre and Logarithm functions, are particular cases of hypergeometric
functions, while some other functions (e.g., Bessel functions and the Exponential
functions) are the limiting cases of hypergeometric functions. Whittaker function
is also a solution of the modified form of a confluent hypergeometric differential
equation. As a result, the generalization of hypergeometric functions has many ap-
plications in mathematics as well as in other fields. Whittaker functions have been
generalized in a number of intriguing ways by numerous authors [2, 17]. In response
to the frequency occurrence of expressions of the form α(α + k)...(α + (n − 1)k)
in a variety of contexts, particularly in the combinatorics of creation and in the
computation of Feynman integrals (see [4, 5]).

Diaz and Pariguan introduced a new form of the Pochhammer symbol as the
Pochhammer k-symbol and gamma k-function [6]. Successively, k-analogue of other
functions like Beta k-function, hypergeometric k-function, zeta k-function, and Ap-
pell k-functions based on k-analogue of Pochhammer symbol was proposed and
investigated [13, 15, 16, 27]. Kokologiannki [10] derived many inequalities and
properties of beta k-function and gamma k-function. Further, Krasniqi [11] stud-
ied limiting behavior for the k-gamma and k-beta functions. Fractional calculus
provides numerous prospects for applications across many fields of science and en-
gineering, and it has emerged as an intriguing research topic. In recent years,
attention to fractional operators and special functions has developed and a spec-
tacular array of advances and generalizations have been made by many researchers
(see [3, 8, 9, 24]). The Riemann-Liouville fractional integral has a significant role in
fractional calculus, where the fractional derivatives are defined through fractional
integrals [9, 12, 21]. By utilizing the k-gamma function, Mubeen et al. introduced
the k-Riemann Liouville fractional integral [14, 18]. This paper is organized as fol-
lows. In the next section, we examine the properties of confluent k-hypergeometric
functions. In section 3, we introduce the Whittaker k-function and discuss the
main properties of the Whittaker k-function. In section 4, we develop the Laplace
transforms and Hankel transform of the Whittaker k-function. In section 5, we
investigate the fractional integrals of the Whittaker k-function. Section 6 presents
a brief conclusion. We begin by recalling some important definitions.
Diaz et al. [6] defined the following k-generalized gamma function Γk given by:

Γk(α) = k
α
k
−1Γ(

α

k
) =

∫ ∞
0

tα−1e−
tk

k dt, (1)
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(<(α) > 0 and k > 0).

In the same paper, they have also defined the k-beta function Bk as follows:

Bk(α, β) =
1

k

∫ 1

0

t
α
k
−1(1− t)

β
k
−1 dt, (2)

(k > 0 ,<(α) > 0 and <(β) > 0).

Let α ∈ C, k ∈ R and n ∈ N+, the Pochhammer k-symbol is defined by (see [6])

(α)n,k = α(α + k)(α + 2k) . . . (α + (n− 1)k). (3)

In particular, (α)0,k := 1. If α ∈ C and p, n ∈ N+ then for k ∈ R+, we have

(α)n,k =
Γk(α + nk)

Γk(α)
, (4)

and
(α)p+n,k = (α)p,k(α + pk)n,k.

Diaz [6] introduced the following form of hypergeometric function:

F(α, k, β, s)(z) =
∞∑
n=0

(α1)n,k1(α2)n,k2 · · · (αp)n,kp
(β1)n,s1(β2)n,s2 · · · (βq)n,sq

zn

n!
, (5)

where α = (α1, · · · , αp) ∈ Cp, β = (β1, · · · , βq) ∈ Cq, k = (k1, · · · , kp) ∈ (R+)p and
s = (s1, · · · , sq) ∈ (R+)q such that βi ∈ C \ siZ−.
In 2012, Mubeen et. al [13] defined the confluent k-hypergeometric function 1F1,k

as follows:

1F1,k(β; γ; z) =
∞∑
n=0

(β)n,k
(γ)n,k

zn

n!
, (6)

where k ∈ R+, n ∈ N; β, γ, z ∈ C and γ is neither zero nor a negative integer and
its integral representation is given by

1F1,k(β; γ; z) =
Γk(γ)

kΓk(β)Γk(γ − β)

∫ 1

0

t
β
k
−1(1− t)

γ−β
k
−1 ezt dt, (7)

(k > 0,<(γ) > <(β) > 0).

In other paper, Mubeen [15] gave the following k-analogue of Kummer’s first for-
mula:

1F1,k(β; γ; z) = ez1F1,k(γ − β; γ;−z). (8)
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In [23], the Riemann-Liouville fractional integral for a function f of order −µ is
defined as follows:

Dµ
z{f(z)} =

1

Γ(−µ)

∫ z

0

f(t)(z − t)−µ−1 dt, (9)

where <(µ) < 0.
In particular, for the case n−1 < <(µ) < n (n=1,2,...), (9) is written in the form:

Dµ
z{f(z)} =

dn

dzn

{
1

Γ(−µ+ n)

∫ z

0

f(t)(z − t)−µ+n−1 dt
}
. (10)

The k-Riemann-Liouville fractional integral of order −µ is defined by (see [14, 18])

kD
µ
z{f(z)} =

1

kΓk(−µ)

∫ z

0

f(t)(z − t)−
µ
k
−1 dt, (11)

where <(µ) < 0 and k ∈ R+. If we set k = 1 in (11) then this k-Riemann-Liouville
fractional integral of order −µ reduces to the Riemann-Liouville fractional integral
given in (9). In particular, for the case, n− 1 < <(µ) < n where n =1,2,3. . .

kD
µ
z{f(z)} =

dn

dzn

{
1

kΓk(−µ+ nk)

∫ z

0

f(t)(z − t)−
µ
k
+n−1 dt

}
. (12)

The classical Whittaker function is defined as (see [25])

Mλ,ρ(z) = zρ+
1
2 e−

z
2φ(ρ− λ+

1

2
; 2ρ+ 1; z), (13)

(<(ρ) >
−1

2
and <(ρ± λ) >

−1

2
),

where φ is the confluent hypergeometric function which is defined as (see [19]),

1F1(β; γ; z) = φ(β; γ; z) =
∞∑
n=0

(β)n
(γ)n

zn

n!
, (14)

(β ∈ C, γ ∈ C \ Z−0 ; z ∈ C).

2. Some Properties of Confluent k-hypergeometric Function
For the new confluent k-hypergeometric function, we have

1F1,k(β; γ; z) =
∞∑
n=0

Bk(β + nk, γ − β)

Bk(β, γ − β)

zn

n!
. (15)
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Theorem 2.1. For confluent k-hypergeometric function, we have the following
differential formula:

dm

dzm
(1F1,k(β; γ; z)) =

(β)m,k
(γ)m,k

1F1,k(β +mk; γ +mk; z), (16)

where m ∈ N and k > 0 .
Proof. Using mathematical induction, for m=1 and from (15)

d

dz
{1F1,k(β; γ; z)} =

d

dz

{
∞∑
n=0

Bk(β + nk, γ − β)

Bk(β, γ − β)

zn

n!

}
,

replacing n by n+1 and after simplification, we get

d

dz
{1F1,k(β; γ; z)} =

∞∑
n=0

Bk(β + (n+ 1)k, γ − β)

Bk(β, γ − β)

zn

n!
.

Since
Bk(β, γ − β) =

γ

β
Bk(β + k, γ − β).

Using this, we get

d

dz
{1F1,k(β; γ; z)} =

∞∑
n=0

β

γ

Bk(β + nk + k, γ − β)

Bk(β + k, γ − β)

zn

n!
,

d

dz
{1F1,k(β; γ; z)} =

β

γ
1F1,k(β + k; γ + k; z), (17)

let it is true for m-1, then we have

dm−1

dzm−1
{1F1,k(β; γ; z)} =

(β)m−1,k
(γ)m−1,k

1F1,k(β + (m− 1)k; γ + (m− 1)k; z).

Now,

dm

dzm
{1F1,k(β; γ; z)} =

(β)m−1,k
(γ)m−1,k

d

dz
{1F1,k(β + (m− 1)k; γ + (m− 1)k; z)}.

Using (17), we get

dm

dzm
{1F1,k(β; γ; z)} =

(β)m−1,k(β + (m− 1)k)

(γ)m−1,k(γ + (m− 1)k)
1F1,k(β +mk; γ +mk; z).
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After simplification, we get the desired result.

3. Whittaker k-Function
The Whittaker k-function, denoted by Mλ,ρ,k(z), for k > 0 is defined as

Mλ,ρ,k(z) = zρ+
1
2 e

−z
2 1F1,k(ρ− λ+

1

2
; 2ρ+ 1; z), (18)

where <(ρ) > −1/2, <(ρ ± λ) > −1
2

and 1F1,k is the confluent k-hypergeometric
function given in (6).

Remark. If we take k=1, then the Whittaker k-function given in (18) reduces to
classical Whittaker function given in (13).

3.1. Integral representations of Whittaker k-Function

Theorem 3.1. Each of the following integral representations holds true:

Mλ,ρ,k(z) =
zρ+1/2 e

−z
2 Γk(2ρ+ 1)

kΓk(ρ− λ+ 1/2)Γk(ρ+ λ+ 1/2)

×
∫ 1

0

t
ρ−λ+1/2

k
−1(1− t)

ρ+λ+1/2
k

−1ezt dt,

(19)

(k > 0, β > α,<(ρ) >
−1

2
and <(ρ± λ) >

−1

2
),

Mλ,ρ,k(z) =
zρ+1/2 e

z
2 Γk(2ρ+ 1)

kΓk(ρ− λ+ 1/2)Γk(ρ+ λ+ 1/2)

×
∫ 1

0

u
ρ+λ+1/2

k
−1(1− u)

ρ−λ+1/2
k

−1e−zu du,

(20)

Mλ,ρ,k(z) =
(β − α)1−

2ρ+1
k zρ+1/2 e

−z
2 Γk (2ρ+ 1)

kΓk(ρ− λ+ 1/2)Γk(ρ+ λ+ 1/2)

×
∫ β

α

(u− α)
ρ−λ+1/2

k
−1(β − u)

ρ+λ+1/2
k

−1ez(
u−α
β−α ) du.

(21)

Proof. Using the integral representation of 1F1,k given in (7) in the definition
(18), we get (19). Now,if we put t= 1-u, t= u−α

β−α in (19), we get (20) and (21)
respectively.
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Corollary. For k=1, in equations (19), (20) and (21) respectively, we get the
integral representations of Classical Whittaker functions as follows:

Mλ,ρ(z) =
zρ+1/2 e

−z
2 Γ(2ρ+ 1)

Γ(ρ− λ+ 1/2)Γ(ρ+ λ+ 1/2)

×
∫ 1

0

tρ−λ−1/2(1− t)ρ+λ−1/2ezt dt,
(22)

Mλ,ρ(z) =
zρ+1/2 e

z
2 Γ(2ρ+ 1)

Γ(ρ− λ+ 1/2)Γ(ρ+ λ+ 1/2)

×
∫ 1

0

uρ+λ−1/2(1− u)ρ−λ−1/2e−zu du,

(23)

Mλ,ρ(z) =
(β − α)−2ρzρ+1/2 e

−z
2 Γ(2ρ+ 1)

Γ(ρ− λ+ 1/2)Γ(ρ+ λ+ 1/2)

×
∫ β

α

(u− α)ρ−λ−1/2(β − u)ρ+λ−1/2ez(
u−α
β−α ) du,

(24)

Remark. Using equation (7) in the above equation (20), we get

Mλ,ρ,k(z) = zρ+
1
2 e

z
2 1F1,k(ρ+ λ+

1

2
; 2ρ+ 1;−z), (25)

Thus, it is seen that generalized Whittaker k-function can also be expressed by
equation (25).

Theorem 3.2. For k > 0, the following relation holds true:

Mλ,ρ,k(−z) = (−1)ρ+
1
2M−λ,ρ,k(z), (26)

(<(ρ) >
−1

2
and <(ρ± λ) >

−1

2
).

Proof. Replacing z by -z in (18), we get

Mλ,ρ,k(−z) = (−z)ρ+
1
2 e

z
2 1F1,k(ρ− λ+

1

2
; 2ρ+ 1;−z),

using k-analogue of Kummer’s first formula (8), we get

Mλ,ρ,k(−z) = (−1)ρ+
1
2 (z)ρ+

1
2 e−

z
2 1F1,k(ρ+ λ+

1

2
; 2ρ+ 1; z).
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Again using (18), we get the desired result.

Corollary. When k=1, equation (26) reduces to the standard transformation for-
mula for Mλ,ρ(z) (see [26]).

Mλ,ρ(−z) = (−1)ρ+
1
2M−λ,ρ(z), (27)

3.2. Derivative of Whittaker k-Function

Theorem 3.3. The following differential formula for Whittaker k-function holds
true:

dn

dzn
[e

z
2 z−ρ−

1
2 Mλ,ρ,k(z)] =

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,k
e
z
2 z−(ρ+

nk
2
+ 1

2
) Mλ−nk

2
,ρ+nk

2
,k(z), (28)

where n ∈ N.
Proof. Using (18), we have

dn

dzn
[e

z
2 z−ρ−

1
2Mλ,ρ,k(z)] =

dn

dzn
[1F1,k(ρ− λ+

1

2
; 2ρ+ 1; z)],

using Theorem (2.1), we get

dn

dzn
[e

z
2 z−ρ−

1
2 Mλ,ρ,k(z)] =

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,k
1F1,k(ρ− λ+ nk +

1

2
; 2ρ+ 1 + nk; z).

Again using (18), we get the desired result.

4. Integral transforms of Whittaker k-Function

4.1. Laplace transform of Whittaker k-Function

Theorem 4.1. For k > 0 and <(λ ± ρ) > −1
2

, the following Laplace transform
holds true:

L{e
z
2Mλ,ρ,k(z)} =

1

sρ+
3
2

∞∑
n=0

Bk(ρ− λ+ 1/2 + nk, ρ+ λ+ 1/2)

Bk(ρ− λ+ 1/2, ρ+ λ+ 1/2)

×Γ(ρ+ n+ 3/2)

snn!
.

(29)

Proof. By using the definition of Laplace transform and equation (18), we have

L{e
z
2Mλ,ρ,k(z)} =

∫ ∞
0

e−szzρ+1/2
1F1,k(ρ− λ+ 1/2; 2ρ+ 1; z)dz,
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using (15), we get

=

∫ ∞
0

e−szzρ+1/2

∞∑
n=0

Bk(ρ− λ+ 1/2 + nk, ρ+ λ+ 1/2)

Bk(ρ− λ+ 1/2, ρ+ λ+ 1/2)

zn

n!
dz,

changing the order of integration and summation, we get

=
∞∑
n=0

Bk(ρ− λ+ 1/2 + nk, ρ+ λ+ 1/2)

Bk(ρ− λ+ 1/2, ρ+ λ+ 1/2)n!

∫ ∞
0

e−szzρ+n+1/2 dz,

using the definition of classical gamma function, we get

=
∞∑
n=0

Bk(ρ− λ+ 1/2 + nk, ρ+ λ+ 1/2)

Bk(ρ− λ+ 1/2, ρ+ λ+ 1/2)n!

Γ(ρ+ n+ 3/2)

sρ+n+3/2
.

After simplification, we get the desired result.

4.2. Hankel transform of Whittaker k-Function

Theorem 4.2. For k > 0, <(ρ±λ) > −1
2

and <(ρ+ν) > −5
2

, the following Hankel
transformation holds true:∫ ∞

0

z Mλ,ρ,k(z) Jν(az) dz =
Γ(ρ+ ν + 5/2)

(a2 + 1/4)ρ/2+5/4

×
∞∑
n=0

Bk(ρ− λ+ 1/2 + nk, ρ+ λ+ 1/2)

Bk(ρ− λ+ 1/2, ρ+ λ+ 1/2)n!

×(ρ+ ν + 5/2)n
(a2 + 1/4)n/2

P−νρ+n+3/2

{
1√

4a2 + 1

}
,

(30)

where P−νρ+n+3/2(z) Legendre function of first kind [23].

Proof. By using the definition of Hankel transform and equation (18), we have∫ ∞
0

z Mλ,ρ,k(z) Jν(az)dz =

∫ ∞
0

zρ+3/2e−z/2

×1F1,k(ρ− λ+ 1/2; 2ρ+ 1; z)Jν(az) dz,

using (15), we have

=

∫ ∞
0

zρ+3/2e−z/2
∞∑
n=0

Bk(ρ− λ+ 1/2 + nk, ρ+ λ+ 1/2)

Bk(ρ− λ+ 1/2, ρ+ λ+ 1/2)

zn

n!
Jν(az) dz.
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Changing the order of integration and summation and using the well known formula
[7] ∫ ∞

0

e−pttµJν(at)dt = Γ(µ+ ν + 1) r−µ−1P−νµ (
p

r
),

(<(µ+ ν) > −1 and r =
√
p2 + a2),

we get

=
∞∑
n=0

Bk(ρ− λ+ 1/2 + nk, ρ+ λ+ 1/2)

Bk(ρ− λ+ 1/2, ρ+ λ+ 1/2)n!

Γ(ρ+ n+ ν + 5/2)

(a2 + 1/4)ρ/2+n/2+5/4

×P−νρ+n+3/2

(
1√

4a2 + 1

)
.

After simplification, we get the desired result.

5. Fractional Integral of Whittaker k-Function

5.1. Riemann-Liouville fractional integral of order −µ of Whittaker k-
Function

Theorem 5.1. For <(µ) < 0,k ∈ R+, <(ρ± λ) > −1
2

, <(ρ) > −1
2

and <(ρ+ n) >
−3
2

, we have

Dµ
z{e

z
2Mλ,ρ,k(z)} =

zρ−µ+1/2

Γ(−µ)

∞∑
n=0

(ρ− λ+ 1/2)n,k
(2ρ+ 1)n,k

zn

n!
B(ρ+ n+ 3/2,−µ) (31)

Proof. Using the definition of Riemann-Liouville fractional integral given in (9)

Dµ
z{e

z
2Mλ,ρ,k(z)} =

1

Γ(−µ)

∫ z

0

tρ+
1
2 1F1,k(ρ− λ+

1

2
; 2ρ+ 1; t)(z − t)−µ−1 dt,

using (6), we have

Dµ
z{e

z
2Mλ,ρ,k(z)} =

1

Γ(−µ)

∫ z

0

tρ+
1
2

∞∑
n=0

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,k

tn

n!
(z − t)−µ−1 dt,

Changing the order of integration and summation (which is permissible under the
conditions stated along with the theorem), we have

Dµ
z{e

z
2Mλ,ρ,k(z)} =

1

Γ(−µ)

∞∑
n=0

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,kn!

∫ z

0

tρ+n+
1
2 (z − t)−µ−1 dt,
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putting t=uz, we get

Dµ
z{e

z
2Mλ,ρ,k(z)} =

zρ−µ+
1
2

Γ(−µ)

∞∑
n=0

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,k

zn

n!

∫ 1

0

uρ+n+
1
2 (1− u)−µ−1 du.

Using the definition of classical beta function, we get the desired result.

5.2. Riemann-Liouville k-fractional integral of order −µ of Whittaker
k-Function

Theorem 5.2. For <(µ) < 0,k ∈ R+, <(ρ± λ) > −1
2

, <(ρ) > −1
2

and <(ρ+ n) >
−3
2

, we have

kD
µ
z{e

z
2Mλ,ρ,k(z)} =

zρ+
1
2
−µ
k

kΓk(−µ)

∞∑
n=0

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,k

zn

n!
B(ρ+ n+

3

2
,
−µ
k

). (32)

Proof. Using the definition of k-fractional integral given in (11)

kD
µ
z{e

z
2Mλ,ρ,k(z)} =

1

kΓk(−µ)

∫ z

0

tρ+
1
2 1F1,k(ρ− λ+

1

2
; 2ρ+ 1; t)

×(z − t)−
µ
k
−1 dt,

using (6), we have

kD
µ
z{e

z
2Mλ,ρ,k(z)} =

1

kΓk(−µ)

∫ z

0

tρ+
1
2 (z − t)−

µ
k
−1

∞∑
n=0

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,k

tn

n!
dt.

Changing the order of summation and integration (which is permissible under the
conditions stated along with the theorem), we get

kD
µ
z{e

z
2Mλ,ρ,k(z)} =

1

kΓk(−µ)

∞∑
n=0

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,kn!

∫ z

0

tρ+n+
1
2 (z − t)−

µ
k
−1 dt,

putting t=uz, we get

kD
µ
z{e

z
2Mλ,ρ,k(z)} =

1

kΓk(−µ)

∞∑
n=0

(ρ− λ+ 1
2
)n,k

(2ρ+ 1)n,k

z−
µ
k
+ρ+n+ 1

2

n!

∫ 1

0

uρ+n+
1
2 (1−u)−

µ
k
−1 du,

using the definition of classical beta function, we get the desired result.
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Corollary. For k=1 in Theorem (5.1) and (5.2), we get

Dµ
z{e

z
2Mλ,ρ(z)} =

zρ+
1
2
−µ

Γ(−µ)

∞∑
n=0

(ρ− λ+ 1
2
)n

(2ρ+ 1)n

zn

n!
B(ρ+ n+

3

2
,−µ). (33)

(<(µ) < 0,<(ρ± λ) >
−1

2
,<(ρ) >

−1

2
;<(ρ+ n) >

−3

2
)

6. Conclusion
Whittaker functions are utilized in numerous different fields, including mathe-

matical physics, holonomic systems, modelling hydrogen atoms, and more. There-
fore, the generalization of Whittaker functions has applicability in some pertinent
areas of engineering sciences and mathematical physics. In this paper, we de-
fine the k-analogue of Whittaker function by using the confluent k-hypergeometric
function. We then discussed its some important properties, like integral representa-
tions, derivative and Integral transforms. By applying the theory of the Riemann-
Liouville fractional integral to the Whittaker k-function, we obtain some results in
terms of the Beta function.
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