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Abstract: The aim of the paper is to introduce g-analogue of degenerate %—
Changhee numbers Ch,, , ! with the help of a p-adic g-integral on Z, and derive
explicit expressions and some identities for those numbers. In more detail, we
deduce explicit expressions of Ch,, , 1, as a rational function in terms of Euler
number and Stirling numbers of the first kind, as a fermionic p-adic g-integral on

Z
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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C,
will denote the ring of p-adic integers, the filed of p-adic rational numbers and
the completion of an algebraic closure of Q,. The p-adic norm | . |, is normalized

by | p |p= 713. Let C(Z,) be the space of continuous function on Z,. Let ¢ be an

indeterminate in C, with | 1—¢ |,< 1 and g-extension of z is defined by [z], = %.
Then the fermionic p-adic g-integral of f on Z, is defined by Kim as follows

pN-1

L) = | fadny@) = fim S f@huyfe+"2,).
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f (see [24]). (1.1)

= lim
N%oo

NMZ

—q
Let fi(x) = f(x +1). Then, by (1 1) we get

Ao(f1) + 1-4(f) = [24(0). (1.2)
It is well known that the Euler numbers are defined by

TL

Z w7 (see [6-31]). (1.3)

et+1

Let ¢ be an indeterminate in C, with | 1 — ¢ |,< 1. The g-analogues of Euler
numbers are given by

qet+1 ;Enq i+ (see [20, 24, 25, 26]). (1.4)

Note that lim,, E,, , = E,, (n > 0).
The g-analogues of Changhee numbers are given by

Z C’hnq (see [17, 26, 31]). (1.5)
Kim-Kim [16] introduced the A-Changhee polynomials are defined by

m (1+t)* Z(JhnA (1.6)

where \ € Z,,.

When x = 0, Chy, » = Ch,, 2(0) are called the A-Changhee numbers.
For n > 0, the Stirling numbers of the first kind are defined by

251 n, 1)z, (see [1-5, 16-20]), (1.7)

where (x)g =1, and (2), =z(x —1)---(r —n+1),(n > 1). From (1.7), it is easy
to see that

Slog(1+8)" =" Si(nr)—, (r>0),(see [6-15, 21-81).  (1.8)
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For n > 0, the Stirling numbers of the second kind are defined by
" = ZSQ n,l)(x), (see [8-15]). (1.9)
From (1.9), we see that
(et —1)" ZSgnr—. (1.10)

As is well known, the Catalan numbers are defined by the generating function as
follows (see [1, 2, 3, 21, 22, 31])

2 _lovi-4 > Cut", (1.11)

1+yI—4 2 g

where C,, = (2:)L (n > 0).

n+1’
The Catalan polynomials are defined by the generating function as follows (see

[23])

a:+y 2 z
/Zp(l — a0 F s ) = e 1~ 40’
=S G, (1.12)

When x =0, C,, = C,,(0) are called the Catalan numbers.
Thus, by (1.11) and (1.12), we have

Cute) = 350 (2) Sitm, y(-ay Ces

m=0 j=0

Kim introduced the %—Changhee polynomials which are given by the generating
function (see [22])

| a0 F ) = e VT

P

=> Ch, (). (1.13)
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When z = 0, C’hné = C’hn,%(O) are called the %—Changhee numbers.
On replacing t by —4¢ in (1.13) and by using (1.12), we have

/z<1_4t) aly) = 1—1—\/21—425

t’fL
-3 Oty
ZC Zoh g (1.14)

Comparing the Coefﬁcnents of t, we get

(1— 4t

Cn(x) = ﬂChné(x)Z%.

n!

Recently, Kim et al. [21] introduced the g-analogues of Catalan polynomials which
are given by

[ a0 ) = e

- f:cw(x)t". (1.15)

When z =0, C,,, = C, 4(0) are called the ¢-Catalan numbers.

In this paper, we study g-analogue of degenerate Catalan numbers associated
with p-adic g-integral on Z, and derive some identities of these numbers and poly-
nomials. Also, we define g-analogue of degenerate %-Changhee numbers by using
p-adic g-integral on Z, and deduce some properties of them.

2. g-analogue of Degenerate %—Changhee Numbers and Polynomials

For \,t,q € C, with | 1 —¢ |[< 1 and | X |< pfp%l. Now, we define the
g-analogue of degenerate %—Changhee numbers which are given by the generating
function

2],
1+q\/1 +log(1 + At)>

>l

/Z (14 log(1 + M) N 3dp_y(z) =

= Zc*hnqA 1_. (2.1)
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Note that
lim Cth% =Ch

A—0
From (1.2), we note that

/Z et dp_g(z) ZE ' (2.2)

P n=0

1, (n >0).

n q ’

Thus, by (2.3), we get
[ 4" diy() = B 2 0). (2.3
Zyp

On the other hand, from (2.3), we note that

/Z(1+1og(1+m)i S, Z/ P (2 !(1og(1+At)%)m

P

:iE 27N mZSlnm
i (i En 27" AT S (n, m)) _n (2.4)

n=0 \m=0

Therefore, by (2.1) and (2.4), we obtain the following theorem.
Theorem 2.1. Forn > 0, we have

Chogas = Y Eng2 ™A S1(n,m).

m=0
By replacing t with le™* — 1] in (2.1), we have

(e - 1)

1 —4t)2d Ch 1
/Z,,( : Hg Z ™02 m/!

= Chypr s A" S(n, m)(—4)")\"n'

=0
- Z (Z Chyp g 1 A" (=1)"2%"S,(n, m)> % (2.5)
m=0 ’
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On the other hand,
/(1-415) dp_q(z) = L—Zc . (2.6)
Zyp 1—|-Q\/_—4t n=0 i

Therefore, by (2.5) and (2.6), we obtain the following theorem.
Theorem 2.2. Forn > 0, we have

n22n n

Cha Zohm“m ™Sy (n, m).

From (2.6), we have

f:(—nw /Z p (i) dpi_g(a)t" = nf%cn,qtn. (2.7)

n=0

From (2.4), we have the following equation

3 1 - —m\yn—m
/Z (;) dp—q(z) = o Z{)Em,QQ A"TTMS (n, m). (2.8)

Therefore, by (2.7) and (2.8), we obtain the following theorem.
Theorem 2.3. Forn >0, we have

—1)" &
Chyg = ( n!> ZEm,qQQ”’m)\”’mSl(n,m).

m=0

From (2.1), we observe that
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Therefore, by (2.1) and (2.9), we get the following theorem.
Theorem 2.4. Forn > 0, we have

Chygrt = Z/ (5) )Ny (n, m).

First, we note that

1

(1 + log( 1+/\tiézz(§> og( +)\t )x]™

m=0

y (2.1) and (2.10), we get

(Z Chygas > ((1+10g(1+ 20)%)

NI

)
_ZChnq“— <ZCh > (Zk: (%)mkk s m);s:'>

. Zc*hnqA 1 +Z (ZZ ( )A’“ m (—)mSI(kz,m)C’hn_k,q’A’Q i—n'

k=0 m=0
(2.11)
By comparing the coefficients of t on both sides, we obtain the following theorem.

Theorem 2.5. Forn > 0, we have

oy 2], ifn=0
Chiga +ZZ( )A m (—) Si(k,m)Chy o1 =

k=0 m=0 0, ifn>1.

By replacing t by —%log(l -+ )\tﬁ in (1.15), we get

2, S5 il A1OELH A"
l—l—q\/1+log 1+)\t)X m=0 m:
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S 0y ED g 08 A"

4m m)

= i qu(—l)m)\_mm! i Si(n, m)E

n!

=0 n=m

(i <_41n)m0m7q)\”_mm151(n,m)> ﬁ (2.12)

n!

Therefore, by (2.1) and (2.12), we get the following theorem.
Theorem 2.6. Forn > 0, we have

n _1 m
Chn,q,)\71 —= Z ( ) Cm7q)\n—mm!51 (’)’L’ m)

Now, we observe that

x)m log(1 + At)x]™
m!

_ 5:0 @) A ZO <;O <—> MG, (n, m)) 2—”' (2.13)

Now, we consider the q—cmalogue of degenerate §—C’hanghee polynomaials which are
given by the generating function as follows

1. z4+y 2
/ (14 log(1+ At)3)™2 dp—q(y) = 12l -
Ly 1+q¢1+bg1+wa

(1 +log(1 + At)X)% = i (

Do |

>l

(14 log(1 4 Mt)x)2
[e.e] tn
= Z Chy g3 (0) (2.14)

When x = 0, Chn7q7)\7l
Changhee numbers. From (2.14), we note that

2 1,z
2l (1+log(1+ At)>)2
1+ gy/1+ log(1 + M)

- z log (14 At)x)™
- ZO Chn,q,)\ ' Z ( 2 ) m[

C’hnqA ( ) are called the q-analogue of degenerate %-

>
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00 m 00 % o 00 )\ltl
:ZChn7q’)\7%—!Z < ))\ m'ZSl(l,m)T
tl

—Y Oy 3 (i) NS, (1)
— Z (ZZ ( )(5 NS (1L, m)Chy, g, 1m‘) ;n' (2.15)

=0 m=0
By (2.14) and (2.15), we obtain the following theorem.

Theorem 2.7. Forn > 0, we have
ey @ =305 () (2 s mcn,
=0 m=0

Replacing t with “—— in (2.14), we have

1—4t)=2d —4t)r = Chql 2.16
I e N D SN T
On the other hand, we have

. [ = S (—4)"Amt"

Z Chm,q,k,%( Z Chm 24, )\ ))\ Z SZ(na m)T

m=0 n=m ’

tn
— (2.17)

= Z <Z C’hmq/\ T)A(—1)"22" Sy (n, m)) ol

Therefore, by (2.16) and (2.17), we obtain the following theorem.
Theorem 2.8. Forn > 0, we have

T)A"T"2% Sy (n, m).

mq)\

Chql(z

From (1.2), we see that

i — @+t g, _ )
nZ:O/ZP(ny) f1—q(y) /Zpe fi—q(y) ot 1 2 Pl
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From (2.14), we have

[2](1 1 1, z+y

1+ q\/l +log(1 + At)>

[e.9]

Thus,

Z M B (T )\mZSlnm)\ntn: (ZQmqu YJATTS (n, m))t

(1+log(1+ )\t)i)% = /Z (1+1log(1+ M)>) =2 du—g(y)

= Yoo og(t 40N [ (ot ) d(y
m=0 Zyp

oo

n
nl’

(2.19)
by (2.14) and (2.19), we get the following theorem.

Theorem 2.9. Forn > 0, we have

h,, Al 22 " B g () NS (n, m).
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