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Abstract: This paper deals with four theorems for the stress-strength reliability
measure R = P(Y < X), when X and Y are independent H-function random
variables with different parameters. Several new particular cases of the general
results are given along with known results in the literature. For ready reference,
the results are given in tabular form.
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1. Introduction
The stress-strength probability plays an important role in the reliability theory.
If Y is the strength of a system which is subjected to a stress X, then R = P(X <
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Y) measures the performance of the system. Also, R may be interpreted as the
probability of a system failure when the applied stress X is greater than its strength
Y.

One can find a comprehensive treatment of different stress-strength models till
2002 in Kotz et al. (2003). In this paper, we have provided most of the results
available during the period 2000 to 2020 on the subject which are particular cases
of the unified results of this paper. The results are provided in tabular form for
ready reference. The reliability for Levy random variables are given recently by
Rathie and Ozelim (2017, 2018).

The paper is organized as follows: In Section 2, we define a few distributions
and state known results. Section 3 deals with the derivation of R, in the form
of the theorems, when X e Y are independent H-function random variables. In
Section 4, we derive particular cases of the main result for (a) generalized gamma
distributions, (b) generalized F-Shah-Rathie distributions, and (c) Fréchet distri-
butions. The last section deals with conclusions.

2. Distribution Functions and Results
In this section, we give some definitions and results which will be used subse-
quently.

2.1. Reliability
If X >0andY > 0 are independent, then

R=P(X<Y)= //fx z)gy (y)dzdy, (1)

where fx(x) and gy (y) are density functions corresponding to the random variables
X and Y respectively.

2.2. G-function
The G-function is defined as

n

ai,.a j— S I'l —a; +s
Ey ML M=)
b1, ...s b omi HJ a1 L(1 = bj 4 5) ['(a; —s)

_] =n+1

m,n
GPMI |:

where = # 0, an empty product is interpreted as unity, 0 < m < qgand 0 <n <p
(not both m and n zeros simultaneously). The parameters b;, j = 1,2,...,m and
aj, j =1,2,...,n, are such that no pole of H;’Ll I'(b; — s) coincides with any pole of
[I;-; T(1—a;+s). See Luke (1969) for details about the contour L and conditions
of convergence of the integral.

2.3. The H-function
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The H-function is defined by

l(a] / BS)HJ lF(l_a]+AS)
1(bs, By) " 2mi H] ma1 L (1 —0;+ Bjs) — Ajs)

x°ds,
(3)

where, 0 < m < ¢, 0 < n < p (not both m and n zeros simultaneously), A; > 0,
Jj=12,...,p, B; > 0,5 =1,2,...,q, a; and b; are complex numbers such that
no poles of I'(b; — B;s), j = 1,2,...,m coincide with poles of I'(1 — a; + A;s),
7 =12 ....n. Lis a suitable contour w — 700 to w + 200, w € R, separating the
poles of two types mentioned above. For more details, see Mathai et al. (2010)
and Springer (1979).

2.4. The H-function Distribution

m,mn
HPMI [

jn+1 (

Let X > 0 be a random variable with density function defined as

1(aj,45)p
=kH™" |nat|" 7 4
(o) = kit || 0] (@)
where k is given by
Aj
57)5 j= m+1r( b __) ? ”+1F(aj+?)

k= (5)

n Aj
[T, T+ ) T T(1 =0y — %)
Notationally, we denote X ~ HD[z,k,n,&,1(aj, A;)p,1(bj, B;),). Here the param-
eters k,n,&,a5,A;,7=1,2,...,p,and b;, Bj,j = 1,2,...,q satisfy

a) fx(x) >0 and

>A§&@w=

2.5. Generalized Gamma Distribution

The generalized gamma density, denoted by fGG(z,a,b,c), is defined as

che c
f(z) = —ax“_le_bx , x,a,b,c>0. (6)
r(e)

c

The corresponding distribution function FGG(z,a,b,c) is given by

F(&) = o
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The following well-known distributions are the special cases of density fGG(z,a,b, ¢):

Chi: fGG(x,n,2, 2), Chi-square: fGG(x ,g,é,l) Erlang: fGG(z, p,l,l) Expo-
nential: fGG(x ,1,;,1) Gamma: fGG(z, 9,¢, ) Half-normal: fGG(z, ,202,2),

Maxwell: fGG(x, 3, 912,2) Rayleigh : fGG(x,1, 57 52;,2) and Weibull: fGG(z,¢,0,9).
2.6. Generalized F-Shah-Rathie Distribution

In 1974, Shah and Rathie defined the generalized F density function, denoted by
fGFSR(x,p,a,h,m), as

ka1 "
f({L') _m7 xr,ox,m,p, >07 (8)
where ,
har P
k= =7 o Mm> T, (9)
B(h’m_ Z) h

and B(-,-) is the well-known beta function.
The corresponding distribution function FGFSR(x,p,«, h,m) is given by

1 1+§jm,1] (10)
%

L(R)T(m=1%)
The following well-known distributions are special cases of fGF'S R(:p p,a, h,m):
Beta-2 Inverted: fGFSR(z,a,1,1,a + 3), Dagum: fGFSR(z, 08,1 0,8+ 1),
F:  fGFSR(z,6,, z—;, 1,6, + #6y), Half-Cauchy: fGFSR(x,1, 912,2, 1),
Half-Student-t: fGFSR(x,1,1,2,0 + %), Log-logistic: fGFSR(x,v,a™",,2)
Singh-Maddala: fGFSR(z,p,a,p,q), Lomax: fGFSR(z,1,5,1,a+ 1).

2.7. Known Results

F(x) = G;g lomch

Y

The following known results will be needed in proving the results of the subsequent
sections:
Duplication formula for gamma function

1 1
I'(2z) = 22x_17r_2F(:U)F<;1: + 5), (11)
using (1 + )% as
_ 1 1,1 (1_a71)
1 — 12
() = sttt [« 000). (12)

—X

using e~ 7 as

e =Hy{ [](0,1)], (13)



Stress-Strength Reliability Models Involving H-function Distributions 221

this equality

1(0,‘,14') (a1+Alch1)7~--’(a +Apc,A )
ICHIT))’LZ]TL T J J/P — ;néln T P P P (14)
’ 1(ijBJ)LZ ’ (bl+Blchl)v~~~:(bq+BqCqu)
finally
o -
1(d;,D;) 1(aj,Aj)
/ S— 1H;T1Lll’]?l |inx 73 )p1 H;n[,}n ZQ?U 32435 )p d.ﬁC —
0 1(€5,E5)qq | ’ 1(b5,B;)q
o —sHm+n1,n+m1 _o| 1(aj;45)n,1(1—ej—sE;,0E;)q sn+1(a;,A5)p 1
- p+q1,9+p1 ) ( 5)
1(bj,Bj)m,l(1fdjstj,0'Dj)pl,m+1(bj,Bj)q

for conditions of existence etc. see Mathai et al. (2010).
When no two b;’s differ by an integer or zero, we have

by +v
P@jn) [T7o T = wjin) (=1)%a 5w
Hr [ 5 p] [Tz , s
e B };vz(:) Jem T _19 w) i1 D(pjn)  v!By
where
(bh + U) Aj(bh —+ U)
7.9]7h:b]—B]B—h7 SOjﬁ:aj_Th’

forx;éOif,u>0andf0r0<|$|<%ifu:(). Here

q 1BBj p
—1
b= e p= Z Bj =) 4
Jj=1 j=1
Similarly to (16), when no two a;’s differ by integer or zero, we have
m « n " _lzaptv
e [of o] =525 et st T ) (S0 D g
7 1(65,55) h=1 v=0 ;1 m+41 (]‘ - 19; h) ] =n+1 F((p;{,h) U!Ah
where 1 ) A1 )
—ap+v il —ap+v
* = + B.—7 * o 4. + ,
gh = Y5 J A, Pjh = j A,

forx#Olf,u<Oand|:c|> if p=0.

3. Main Result in Reliability
In this section, we prove the main result in reliability. Let X and Y be inde-
pendent random variables with respectively density functions given by

f ( ) — legzl,q:ll {nlxﬁl

1(aj,45)p,
} L0 (), (18)

1(b5,B;)qy
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and
m27n2 2 (C'vc')P
o) = bt [ O 10 ), (19
where
k 677 Jj= m1+lr( b - _) fl n1+1F( J 5_1]) (20)
1= mi ny Aj
[T (b + 24) T T(1 —a; — )
and
G
ey = 577 j= mz+1F( —d; — _) 52 n2+1F(Cj + E_z) (21)
ma ng C; '
[T (d+ 24) T2 T(1— ¢ — &)
Then,
Fon 1| 1(a5,45)p, ma,n €| 1(¢5:Ci)py
R=P(X<Y) ki H™ ™ ko H2: 12 2 dxd
/ / 1, ¢1 |: L (b B)q1:| 25 P2, g2 |:772y en Dj)q2:| xray
(c; [12, T(r )
= kpk HT2m |yt | /
1 2/ P2, 2 [ 1(dy,D;) } 2mi Jp [, 0 T j)x
ni 1—\ _ .
X H 1 %)/ (nlel)sda:dsdy. (22)
j n1+1 (wj)

Using (3),

%) m1
C 7C )PQ F )
R = k1/€2/ H'> "2 [TIQ?J& ’ } / X
0 P2, 42 2714 H] m1+1 j)

% Hnl F( wj) (77 y&l)syr(gls + ]_)
] n1+1 (wj) F(€18 + 2)
where R(& s+ 1) > 0. Here 7; = b; — Bjs, and ¢; = a; — A;s. Thus,

o0 c;,C; mi.n
R = kiky / yH 0" [nzy@ o )] i [ 1y
0

1(dj,D;)qy prtbat
Substituting u = y*' and using (15), we get

dsdy, (23)

(0.61),1(a;,4;)p, } dy.
1(bj7Bj)q17(—1,£1)

Theorem 1.

e £2 | 4(c;,C5) 1 (0,61),1(a; du
R = ]{1]{?2\/0 uét ’U,El H;;Qq;m |:’I72u§1 JrIre H;?iﬁqu-&-l mu 1e)

1(d5,D5)qs 1(b,-,B]-)q1 51
1(ijcj)nz~,1(1 bj—& Bj, ng ) 1(0,62), nyt1(¢5,C5)py (24>
1(dj,Dj)mqy,(=1,€2),1 (1 a7_lAJ ZA ) yma+1(dj,Dj) gy

&2
— kiks 51 mo+ni+1,na+my g
S T HP2+Q1+1 atm+1 [ T2Th
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In (23), writing I'(&15+1) /T'(§15+2) as I'(s+ gil)/[flf(s + gil +1)] and following
the same procedure, we arrive at the alternative result:

Theorem 2.

3 o _2p &g ¢ o
_ _kiko ma+ni+1, na+m 77 niﬁ 1(CJ’C.J)"2’1(lfbjféBj)ﬁB])ql7(1fé7§)7n2+1(CJ’Cj)P2 (25)
= 2,28 +a1+1, g2 +p1+1 | 1271 f .
e2n?/ e petaitl oty 1(dj,Dj)m2,(fé,%),1(karéAj,g—fA,)pl,mﬁl(dj,pj)qz
Let
v mi.mi ¢ | 1(a5:45)py ma, n3 €5 ] 1(€5>Ei)ps
Fx(y) =k HJ i o dx = ks H)2%: " |3y - . (26)
0 1 J’Bﬂ)ql 1(fJ7FJ)Q3
Then, similarly we obtain:
Theorem 3.
) O . T &p O
R = _k2ks m2+n3, n2+ms3 Tm{a I(CJ’CJ)”2’1(1 fi 53’€3F3)q3’"2+1(%cﬂ)p2 (27)
T 42,.1/63 T p2+4q3,92+p3 3 E; .
£33 1Dy g1 (1=es =5 2B;) | mg41(d;.D;)ag
If we take
_ mi,ni 1(ej,E; Pl
Fx(y) =1—kH]" [771?/gl } (28)
1(f5,F)ay
then, one obtains:
Theorem 4.
&2 O _r B &pn O
R = 1 — —keka pmatni, natm 3 1(0]’0])"2’1(1 Ji 51’§1FJ)Q17n2+1(C]’CJ)p2 29
- gl /E1 T P2tan, a2t T27h Ej ¢y : ( )
17 1(djaDj)m2a1(1—ej—§aan)pl,mﬁl(dj,Dj)qQ

4. Particular Cases
Three particular cases of (22) are derived in this section.

4.1. Generalized Gamma Distributions

Let X ~ GG(z,a1,b1,¢1) and Y ~ GG(y, as, by, c3) be independent random vari-
ables having generalized gamma density functions. Then, using (6), (13) and (14),
we have the following density functions respectively:

1

bt
fx(z) = Lk HS:? [blxcl}((al — 1)/01,1)}, x,a1,b1,c0 >0

()

=
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and .

6262?2
(%)

Using (22) and (24), we get

fr(y) = Hy'? [b52%?]((az — 1)/c2,1)],  y,as,b2, 2 > 0.

1 1

CQbQCQ bl “
FEr(s)

Alternatively, (30) may be written as

€2

H's [beI”

R=P(X<Y)=

(1_%;17;3),(0,02)] . (30)

ag—1
(?71) ; (—1702)

1

2] _a1tl ea) (1_1
R=P(X <Y)= Hy s L < j;l’”)’(ll 22’“) . (31)
abpT(2)r(e)  |ap | () e

For ¢; = ¢g, (31) reduces to the result recently obtained by Nojosa and Rathie
(2020). For ¢; < ¢, (24) and (16) yield the following expression for computational
purposes:

a2+1+cl7‘

o T (M) I (a1 + c1r) e 2
By S
r=0

riT (a1 + 1+ 1)

where

Using the well-known distributions indicated after Eq. (7), which are special cases
of fGG(x,a,b,c), the corresponding results for reliability P(X < Y) may be de-
rived as particular cases of (30) or (31).

4.2. Generalized F-Shah-Rathie Distributions

Let X ~ GFRS(z,p1,a1,h1,my) and Y ~ GFRS(y, pa2, aa, he, ms) be independent
random variables having generalized F Shah-Rathie density functions. Then, using
(8), (12) and (14), we have the following density functions respectively:

1
I

fx(z) = pl)Hll:ll [alxhl

(1omi22)

p1—1
( h1 ’1)

FE)C (- B

]7 x7p170517h17m1>0
h1



Stress-Strength Reliability Models Involving H-function Distributions 225

and
1
h2a2h2 1.1 h (1_m2+p%—171)
= H ' ? g ) ) ) 7h Y > O'
fY(y> F(h_z)r(mZ — p];_z) 1,1 [OZZZJ (p%;,l) Y, P2, Qg, N2, M2

Applying (22) and (24), we get

ha

R=P(X<Y)=K"Hy; [aQthl

—1 1 h
(1-mat22=2 1) (12152 22 ) (0.h2)

pa—1 p1+1l hg
(ﬁ:l)v(*lzhﬁ:(mlf 2 ’H)

|

where
. mar o
PO T (= BT T (me = 32)
Alternatively, (33) may be written as
R=P(X <Y) =2 g2 [amlﬁf (1—m2+1"%;111)7(1;%?172?)7(11—51vZ?) )
i () () o 528)

Using the well-known distributions indicated after Eq. (10), which are special cases
of fGFRS(z,p,a, h,m), the corresponding results for reliability P(X < Y) may
be derived as particular cases of (33) or (34).

4.3. Fréchet Distributions

The Fréchet distribution of random variable X has density function as

fx () = pax™ exp (—pz™®), z,p,a >0

and the distribution function is
Fx(r) = exp (—px™?).

The reliability, when X ~ Fréchet(z, u, ) and Y ~ Fréchet(y, A, ) are indepen-
dent, is given by

R=P(X<Y)= /\0/ Gyt l,uza
0

et e

] dz.
0

0
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Using (15), we have

R=HY o

0,%)
o1 ]
Alternate forms for R may be obtained by using other results of this paper.

5. Conclusions

Four theorems are established for the Stress-Strength reliability R = P(X <Y),
when X and Y have independent H-function distributions with different param-
eters. Three particular cases for generalized gamma, generalized F-Shah-Rathie
and Fréchet distributions are derived. Several new and known results are given
in tabular forms, for computational purposes for real data analysis. Several new
particular cases for other statistical distributions may be obtained from the four
general theorems proved in this paper.



Stress-Strength Reliability Models Involving H-function Distributions 227

Attachments

Table 1: Special cases of Results (30) or (31).

Distributions of

X (Stress) and Y (Strength) R=P(X<Y) Articles
(T1.1) Exponential Aminzadeh (1997),
GG(z,1,1/0,1) =5 Chao (1982) and
GG(y,1,1/v,1) Diaz-Francés and Montoya (2013).
(T1.2) Weibull . Neal et al. (1991),
GG(z,c, bc ,C) bcbﬁ Krishnamoorthy and Lin (2010)
GG(y,c, b“ c) o and Ali and Kannan (2011).
; k

<GT01(3) Wzlbuli 1-K {1 -2 </72k>2} Ali and Kannan (2011) and

s 9 V1
GG(y,GQ o, 02) where K = ky /= e4k2 Kundu and Gupta (2006).

(T1.4) Weibull
GG(x,0, k1, 6)
GG(y7 27 k?a g)

k2
1-— 6ﬁD,2 [kg(?@)_§
where D, (z) is cylindric
parabolic function.

Ali and Kannan (2011) and
Kundu and Gupta (2006).

(T1.5) Gamma
GG(z,a, é, 1)
Exponentlal
GG(y, 1,4 5 1)

Jovanovic and Rajic (2014),
Ismail et al. (1986),
Constantine et al. (1986),
Constantine et al. (1990),
and Nadarajah (2005).

(T1.6) Power hazard
(Weibull)

GG(x,k+1, 25,k +1)
GG(y, k+1, 7%,k +1)

a
ai+taz

Kinaci (2014)

Alternative results:

(T1.4) R =¢ (ﬁ)wH
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Table 1 : Continuation.

Distributions of
X (Stress) and Y (Strength) R=P(X <Y) Articles

(T1.7) Rayleigh 9

GG('Z'7 27 #7 2) L
n CL% + Cl%

GG(ya 27 m’ 2)

(TL.8) Chi

GG(x,m1,1/2,2) W}(@)Gﬁé [1

GG(y,n2,1/2,2) Y

(T1.9) Chi-square
GG(r,7/2,1/2,1) WIF(VJ)G% [1
GG<y7 ’72/27 1/27 1) ’ ’

(T1.10) Erlang [

GG($7PI71/6L1,1) &Ggé
GG(?/ap% 1/0,2, 1)

(T1.11) Half-Normal - )
GG(z,1,1/62,2) 263 | (5)
GG(y,1,1/62,2) L
(T1.12) Maxwell - 2] 117
GG(x,3,1/62,2) wasy ()| .
GG(y,3,1/62,2) . 2
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Table 2: Particular cases of Results (33) or (34).

Distributions of

X(Stress) and Y(Strength) R=P(X <Y) Articles

(T2.1) Lomax

GFSR(x,1, 1 X 1,1 + 1) al‘il% Ashour et al. (2015)
GFSR(y, 1, ¥ Liag+ 1)

(T2.2) Lomax truncated

at zero ) 00 L7172 L1l

GFSR(x,1, U%’ 1,2) o . [1 + U—l} [1 + 72} dz Punathumparambath (2011)

1
GFSR(y,1, 1,1,2)
(T2.3) Log—logistic k 0 At
1 — k AP A |

GFSR(z, f, 67B’ 2) Z;(’)/U (14+208) " (142)? : Rao and Kantam (2010)
GFSR( B? Bvﬁ 2)

where z = (%)’8 and \ = g—;

(T2.4) Half T Student

4(9192)2 3,2 |6 92,07l
GFSR(Q:’L 20 2,61 +1/2) 70(614+5)0(02+5) 33 [6; 07—;913%} )
GFSR(yv ) 29 >2 92 + 1/2)
(T2.5) F of Snedecor K32 [mmz om0
3,3 [momy | 221 1%

GFSR( xz, Tgl? 7:7,11717 ml——:——nl) ’ 7111n2[1—‘(n1)1—‘(72lz }71 -

m m m T 5 5
GFSR(y, 2, n2’ 1, M) where K = 2

Alternative results
(T122) R = G2 [_H

(T2.3) R = H2? {(&)6

(0,1),(0,8
(0,1),(0,8)

ﬂ,fork':l:s.
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Table 2: Continuation.
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Distributions of
X(Stress) and Y(Strength)

Articles

(T2.6) Beta-2 inverted
GFSR(z,a1,1,1,a1 + (1)
GFSR(y,a2,1,1, a2 + (32)

(T2.7) Dagum
GFSR(z,0161, 5,01, f1+1)
GFSR(Z/, 0-2527 /\sz 02, /B2+1)

R=P(X<Y)

3,2 _B ,—ai,0
KG373 [1 21,21,a?1512:|’
- 1
where K = T(a1)T(az)0(B1)I(B2)

o1
Ag2 | (=Bt 7)1+ 1)
KHy3 |3 ENN
) A1 (1+012 U;) (Br.+ %71)
1/01
where K = l/crl—
Ay 72T(B1)T(B2)

(T2.8) Half-Cauchy
GFSR(x,1,1/6%,2,1)
GFSR(y,1,1/63,2,1)

0201 G3 2 01 2
2 3,3 2

1
0,0,15
0,~1,0

(T2.9) Singh-Maddala | KR [( 5 )&2 (1-2a— L 1),( aiaif)],
GFSR(z, a1, 6", a1, A +1) 21 T o-gnm-r: o
GFSR(y, a2, 457, az, \a+1) where K = Wﬁj(kz)
(T2.10) Dagum (v1, o, v3) - KH22 [ 1 (1-2,53),(1,1) ]
GFSR(x,1vs, %, v3,v1 + 1) 22 | ot | (m- %1 1) | Nojosa et al. (2018)
GFSR(y,p, o, h,m) where K = sy

22|  ha|(-mat+B2t1),(1-1,52)
(T2.11) Singh-Maddala 1-KHy [OW (g Hm_fﬁ) :
GFSR(x,p,a,p,m) "2 i per i}

haogy

GFSR(y,p2, az, ha,msa)

where K =

pa%r(mfl)r(@)r(mzfﬂ).

ho
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Table 3

Distributions of
X(Stress) and Y(Strength) R=P(X <Y)  Articles

(T3.1) Fréchet
Fréchet(z, u, o) H1111 [,UJ/\_(; 0.a
Fréchet(y, A, 0)

(T3.2) Fréchet
Fréchet(z, u, 1) .. Abid (2014)
Fréchet(y, A\, 1)

(T3.3) Rayleigh inverse

Fréchet(zx, p,2) - Tarvirdizade and Garehchobogh (2014)

Fréchet(y, A, 2)

1]

2]
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