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1. Introduction

The concept of fixed point was established by S. Banach in 1922 for contraction
mapping, which is known as Banach fixed point theorem [2]. Since then, many
authors have obtained various extensions and generalizations of [2] by using con-
traction mapping in different spaces.
In 2007, Huang and Zhang [18] generalized the concept of metric spaces and define
a new space, which is called a cone metric space by replacing the set of real numbers
by an ordered Banach space. Also they described the convergence of sequences in
the cone metric spaces and they proved the following theorems:

Theorem 1.1. Let (X, d) be a cone metric space, P be a normal cone with normal



186 J. of Ramanujan Society of Mathematics and Mathematical Sciences

constant K. Suppose a mapping T : X — X satisfies the contractive condition
d(Tz,Ty) < kd(z,y) (1)

Va,y € X and where k € [0,1). Then T has a unique fized point inX . And for any
x € X, iterative sequence {T"x} converges to the fized point.

Theorem 1.2. Let (X,d) be a sequentially compact cone metric space, P be a
Regular cone . Suppose a mapping T : X — X satisfies the contractive condition

d(Tx,Ty) < d(z,y) (2)

Ve,y € X and x # y. Then T has a unique fixed point in X.

Theorem 1.3. Let (X, d) be a cone metric space, P be a normal cone with normal
constant K. Suppose a mapping T : X — X satisfies the contractive condition

d(Tx,Ty) < k[d(Tz,z) + d(Ty,y)] (3)

Va,y € X and where k € [0,1). Then T has a unique fized point in X. And for
any x € X, iterative sequence {T™x} converges to the fized point.

Theorem 1.4. Let (X, d) be a cone metric space, P be a normal cone with normal
constant K. Suppose a mapping T : X — X satisfies the contractive condition

d(Tx,Ty) < k[d(Tx,y) + d(Ty, )] (4)

Va,y € X and where k € [0,1). Then T has a unique fized point in X. And for
any x € X, iterative sequence {T™x} converges to the fized point.

The above results of [18] were generalized by Sh. Rezapour and R. H. Hagi
in [25] omitting the assumption of normality of the cone. Subsequently, many au-
thors have generalized the results of [18] and have studied fixed point theorems for
normal and non-normal cone.

In 2009, A. Beiranvand, S. Moradi, M. Omid and H. Pazandeh [3] introduced a new
class of contractive mappings: T" — Contraction and 7' — Contractive functions, ex-
tending the Banach Contraction Principle and the Edelstein’s fixed-point theorem
[20], respectively. Subsequently, various authors have generalized and extended in
different type of T-contraction mappings on different spaces (see for [21],[22], [23],
24], (6], [7], [8),127], 18], [20]).

Recently, Cho et al. [4], Wang and Guo [17] defined a concept of c- distance in
a cone metric space, which is a cone version of the w-distance Kada et al. [35]
and proved some fixed point theorems in ordered cone metric spaces. After that,
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several authors studied the existence and uniqueness of the fixed point, common
fixed point, coupled fixed point and common coupled fixed point problems using
this distance in cone metric spaces and ordered cone metric spaces see for examples
[1, 10-16, 26].

Quick recently, in 2017 Fadail et al. [4], studied some fixed point theorems of T-
Reich contraction type mappings under the concept of c-distance in complete cone
metric spaces depended on another function. Since then, fixed point theorems for
T-contraction mapping on cone metric spaces with c-distance have been appeared
(see for instance [17],[33], [34],[5],[30] and [9, 31]).

The purpose of this paper is to generalize and improved common fixed point
theorems for T-contraction type mappings with c- distance in cone metric spaces.
Our results pull out and generalized the results of [9]. Throughout this paper, we
do not impose the normality condition for the cones, but the only assumption is
that the cone P is solid, that is int P # ¢. Also, in this paper we assume R as a
set of real numbers and N as a set of natural numbers.

2. Preliminaries and Basic Concept

Definition 2.1. ([18]) Let E be a real Banach space and 6 denote the zero element
in B .A cone P is a subset of E such that :

(i) P is a non — empty, closed, and P # {60 };
(i1) If a,b are non — negative real numbers and x,y € P then ax + by € P;
(iii)) x € P and —v € P = x = 0.

Given a cone P C F, we define a partial ordering < on E with respect to P by
x <y if and only if y — z. We write x < y to indicate that x <y but x # y, while
x < yif and only if y — x € int P, int P denotes the interior of the set P.

Definition 2.2. ([18]) A cone P is called normal if there is a number K > 0 such
that for all, z,y € E,0 < x <y implies ||z|| < K||y||. The least positive number
satisfying the above is called the normal constant of P.

In the following we always suppose FE is a Banach space, P is a cone in E with
mntP # ¢gand < is partial ordering with respect to P.

Definition 2.3. ([18]) Let X be a non — empty set and E be a real Banach space
equipped with the partial ordering < with respect to the cone P. Suppose that the
mapping d : X x X — E satisfies the following conditions:

(d1). 0 2 d(z,y) and d(x,y) = 0 if and only if xt =y, for all xz,y € X;
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(do). d(z,y) = d(y,z) for all z,y € X;
(d3). d(z,y) < d(x,z)+d(z,y) for all x,y,z € X.

Then, d is called a cone metric on X and the pair (X, d) is called a cone metric space.
Notice that the notion of cone metric space is more general than the corresponding
of metric space.examples of cone metric space can be found of [18] and [4].

Example 2.4. Let E =R? and P = {(z,y) € E : 2,y > 0} C R?, X = R? and
suppose that d : X x X — FE is defined by d(z,y) = d((z1,22), (y1,92))=(]z1 —
y1|) + |22 — y2|,a max{|xy — y1|, |r2 — y2|}), where @ > 0 is a constant.Then (X, d)is
a cone metric space.lt is east to see that d is a cone metric space, and hence (X, d)
becomes a cone metric space over(E, P). Also, we have P is a solid and normal
cone where the normal constant K = 1.

Definition 2.5. ([18]) Let (X, d) be a cone metric space, let {x,} be a sequence in
Xandzr e X |

(i) for all ¢ € E with 0 < ¢, if there exists a positive integer N such that
d(zp,x) < ¢ for all n > N,then {x,} is said to be convergent and {z,}
converges to x.

(i1) for all c € E with 6 < ¢, if there exists a positive integer N such that for all
n,m > N, d(x,, x,) < c. Then {x,} is called a Cauchy sequence.

(111) if every Cauchy sequence in X is converge in X then (X,d) is called a com-
plete cone metric space.

The following Lemma is useful to prove our main results.

Lemma 2.6. ([26])

1. If E be a real Banach space with a cone P and a < Aa wherea € P and
0< A< 1,thena=290.

2. IfceintP, 0 < a, and a, — 0, then there exists a positive integer N such that
a, <L c foralln > N.

Next, we give the definition of c-distance on a cone metric space (X, d) of Cho et
al. in [4].

Definition 2.7. ([4]) Let (X, d) be a cone metric space. A function q: X x X — X
1s called a c- distance on X, if the following conditions hold:

(@) 0 <q(x,y) for allz,y € X;

(q2). q(z,2) < q(z,y) +q(y, 2) for all z,y,z € X;
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(g3). for each x € X and n > 1 if q(z,yn) < u for some u = u, € P, then
q(z,y) < u whenever {y,} is sequence in X converging to a point y € X.

(qa). for all c € E with 0 < ¢, there exists ¢ € E with 0 < ¢ such that q(z,z) < e
and q(z,y) < e imply d(z,y) < c.

Example 2.8. ([4]) Let E =R, and P ={z € F: 2 > 0}, X = [0,00) and define
a mapping d : X x X — F such that d(z,y) = |z —y|,for all z,y, € X.Then (X, d)is
a cone metric space.And define a mapping ¢ : X x X — E by ¢(z,y) = y for all
x,y € X.Then q is a c-distance on X.

The following Lemma is very important to prove our results.

Lemma 2.9. ([4]) Let X, d) be a cone metric space and q is c- distance on X . Let

{z,} and {y,} be a sequence in X and z,y,z € X.Suppose that {u,} is a sequence
in P converging to 8. Then the following hold:

(1) If ¢(xn,y) < u, and q(xy, 2) < u,, then y = z.

(11) If ¢q(Tn, Yn) < up, and q(z,, 2) < uy,, then {y,} converges tobz.
(111) If q(xp, ) < uy, for m > n, then {x,} is Cauchy sequence in X.
() If (y, xn) < uy, then {x,} is a Cauchy sequence in X.

Remark 2.10. ([4])
(1). q(z,y) = q(y,x) does not necessarily for all x,y,€ X.

(2). q(z,y) = 0 is not necessarily equivalent to x =y for all x,y € X.
Next definition is taken from [3]:

Definition 2.11. Let (X, d) be a cone metric space, P a solid cone andd : X — X.
Then

(i) T is said to be continuous if lim x,, = x* implies that lim Tx, = Tx* for all

n—00 n—oo
{z,} in X.

(1) T is said to be subsequentially convergent, if we have, for every sequence
{zp},that {Tz,} is convergent,implies {x,} has a convergent subsequence.

(111) T is said to be sequentially convergent if we have, for every sequence {x,}, if
{Tx,} is convergent, then {x,} is also convergent.
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3. Main Results
In this section, we generalize and extend the results of [9].

Theorem 3.1. Let (X,d) be a complete cone metric space, P be solid cone and
q be c-distance on X. and T : X — X be an one to one, continuous function
and subsequentilly convergent and P,Q) : X — X be a pair of mappings. In addi-
tion, suppose that there exists mapping ri,ro : X — [0,1) such that the following
conditions hold:

(a) r1(Pz) < ri(z),r2(Px) < ry(x), for allx € X;
(b) (r1+2ry)(x) <1 foralzeX;

(¢) (TPz,TQy) < ri(x)q(Tz, Ty) + r2(x)[¢(T Pz, Ty) + ¢(TQy, Tx))
forall x,y € X Then the mapping P and Q) have a unique common fixed point

x* € X and for any v € X, iterative sequence {P?**x}and {Q* 1z} converges to

the common fized point. If u = Pu = Qu. Then q(Tu,Tu) = 6.

Proof. Choose zy € X. We define the iterative sequences {x9} and {x9,.1} by
Toks1 = Prag = Py,

Tog+2 = QI2K+1 = Q2K+1l’07- (5)

Then we have

q(Two, Txopy1)) = q(T Prog—1, TQxot))

< r1(wor—1)q(Txop—1, Twor) + ro(wor—1)[q(T Prop—1, Twor) + (T Quor, Tok—_1))
= 11 (Prog_1)q(Trop—1, T2o) + r2(Pror—1)[q(T 2o, Twor) + q(Txops1, TTox—1)]
< ri(wok—2)q(Txop—1, Twor) + ro(wor—2)[q(Txop—1, TTor) + q(T 2, TToh41)]

Continuing in this manner, we get

q(Twop, Tropr1)) < 11(20)q(Tvok—1, Txok) + 12(20)q(T 2281, TTo))
+ 19(20)q(T ok, TTok 1)

and hence

[r1(20) + r2(20)]
1 —ra(xo)

= §q(Twop—1, Twoy,)

< &q(Twoph—2, Txop—1)

< &"q(Txo, Tx1)

q(Txok, Txopy1) <

Q<Tx2k71a Tka)
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where £ = M < 1. Note that

1—7r2(z0)

Q(TpiU%beQﬂ?zk) = C](T332k, T$2k71)
= &q(Twop—1, Twoy) (6)

Let kK > n > 1. Then it follows that,

q(Txok, Txay)) < q(d(wag, Tops1) + ¢(TTok41, TTonr2 + - - - + @(T o1, Tog]

SRR L M2 (T, Tay)
2k

<
S1-¢

Thus, Lemma 2.9(iii) shows that {Tzo} is Cauchy sequence in X. Since X is com-
plete, there exists v € X such that xop — v as n — co. Since T is subsequentially
convergent, {9} has convergent sequence. So, there are x* € X and {zg;} such

that xop; — 2% as ¢ — oo. Since T is continuous. So, we obtain lim Txqy; — Tx*.
n—o0

The uniqueness of the limit implies that Txz* = v. Then by (g3), we have

q(Txy, Tx1) — 00, as n — oo. (7)

k

A
q(Txor, Tx™) < N

)\q(TxO, Txy) (8)
Now using (6),we have

q(Txy, TPx") = q(T Pxoy_1, TPx™)
< hq(Tro—1, Tz")

2%k—1

1—A
2%k

< S

S1-¢

By Lemma 2.9(i), (8) and (9),we have T'z* = T'Pxz*. Since T is one to one. So,

then z* = Px*. Thus x* is fixed point of P. Similarly, we can prove that z* is

fixed point of (). Therefore, z* is common fixed point of P and Q).
Moreover, suppose that u = Pu = Qu, then we have

<¢

q(Txo, TSL’1>

q(Txy, Txy). 9)

q(Tu, Tu) < q(TPu, TQu)
<1 (w)q(Tu, Tu) + r2(u)[g(T Pu, Tu) + q(TQu, Tu)]
= r1(w)q(Tu, Tu) + ra(u)lg(Tu, Tu) + q(Tu, Tu)]
= [(r1 + 2r2)](20)q(Tu, Tw).
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Since [(r1+272)](z) < 1, Lemma 2.6(1) shows that ¢(Tu, Tu) = 6. Next, we prove
that the uniqueness of the common fixed point. Suppose that, there is another
common fixed point of y* of P and (). Then we have

q(Tz", Ty") < q(TPz", TQy")
< i (")g(T*, Ty") + ol (TP, Ty*) + o(TQy", Ty")]
= ()T, Ty") +ra(a”) (T Ty") + o(Ty", Ty")
= (r1 + 2r) (™) q(Tx™, Ty").

Since (11 + 2ry)(x*) < 1, then by Lemma 2.6(1), we have ¢(Tz*, Ty*) = 6. Also,
we have ¢(Tz*, Tx*) = 0. Thus 2.9(i), T2* = Ty*. Since T is one to one.So, then
r* = Px* = Qx*. Therefore, the common fixed point is unique. This completes
the proof of the theorem.

Corollary 3.2. Let (X,d) be a complete cone metric space, P be solid cone and
q be c-distance on X. and T : X — X be an one to one, continuous function
and subsequentilly convergent and P,Q : X — X be a pair of mappings. In addi-
tion, suppose that there exists mapping ri,ro : X — [0,1) such that the following
conditions hold:

(a) r1(Px) < ri(x),ro(Px) < ro(x), for allz € X;
(b) (r1+2ry)(x) <1 forallzeX;
(¢) ¢(TPz, TQy) < ri(x)q(Tz, Ty) + ro(z)[¢(T Pz, Tx) + ¢(TQy, Ty)]

for all x,y € X Then the mapping P and Q) have a unique common fixed point
r* € X and for any x € X, iterative sequence {P*z}and {Q**1x} converges to
the common fized point. If u = Pu = Qu. Then q(Tu,Tu) = 0.

Theorem 3.3. Let (X, d) be a complete cone metric space, P be solid cone and q be
c-distance on X and T : X — X be an one to one, continuous function and subse-
quentilly convergent and P, Q) : X — X be a pair of mappings. In addition, suppose
that there exists mapping r1,rs : X — [0, 1) such that the following conditions hold:

(a) ri(Px) < ri(x),r2(Px) < ra(x), for all x € X;
(b) (r1+2ry)(x) <1 forallzeX;

(c) ¢(TPx,TQy) < ri(z)q(Tz, Ty) + ro(x)[q(TQy, Tx) + ¢(T Px, Ty)]
+r3(2)[q(T Pz, Tx) + q(TQy, Ty)]
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forall x,y € X Then the mapping P and Q) have a unique common fixed point
r* € X and for any v € X, iterative sequence {P?**x}and {Q* 12} converges to
the common fized point. If u = Pu = Qu. Then q(Tu,Tu) = 6.

Proof. Choose xyp € X.We define the iterative sequences {xqx} and {xg9,41} by

_ _ p2K _ _ N2K+1
Top+1 = Prog = P™7 xg, ToK+2 = Q$2K+1 =@ Zo- (10)
Then we have

q(Txo, Tropy1)) = @(TProg—1, TQxot))

< ri(wor—1)q(Twop—1, Taop) + ro(w2—1)[q(TQrok, Top—1) + q(T Prog—1, Toy)]
+ 1r3(wop—1)[q(T Prog—1, Twop—1) + ¢(TQuok, TTot)]

= 11 (Prog_1)q(Trop—1, Too) + r2(Pook—1)[q(TTops1, Tox—1) + q(Txok, To)]
+ 13(Pwor—1)[q(T ok, Twor—1) + ¢(Tr2p11, To1)]

= ri(or—2)q(Txor—1, Twor) + ro(@op—2)[q(TTop+1, TTor—1) + ¢(T w2k, TTop+1)]
+ 13(Pwok—1)[q(T 2ok, Twor—1) + ¢(Tw211, To1)]

< ri(wor—2)q(Txop—1, Twor) + ro(vor—2)[q(Top—1, Txox) + ¢(Tw2h, TTok41)]

+ 13(vor—2) [¢(Twok—1, Tror) + q(Tvok, To41)]

Continuing in this manner, we can get

q(Txop, Trort1)) < [ri(zo) + ro(zo) + r3(@o)|q(Txok—1, Tok)
+ [r2(20) + 72(0)]q(T @k, T2k 11)

and hence

[r1(x0) + 1m2(x0) + 73(20)]
1 —ro(zo) — 13(20)

= £q(Twop—1, Two)

< &Eq(Twop—2, Txop—1)

< §"q(Txo, Try)

Q(Twop, Trops1) < q(Twop—1, Txoy)

where ¢ = [zotrawo)trs@o)l 1 Note that

1—7ra(zo)—r3(zo)

Q(TP@J@A;TQ%%) = C](T332k, Tﬂﬂzk*l)
= &q(Twop—1, Ty (11)
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Let kK > n > 1. Then it follows that,

q(Top, Tron)) < q(d(@an, Tops1) + q(T02k41, TOons + -+ + q(TT2k-1, i)
<R PR L M (T, Tay)
2k

<
S1-¢

q(Txo, Tz1) = 00,a8 N — 0. (12)

Thus, Lemma 2.9(iii) shows that {T'zo} is Cauchy sequence in X. Since X is com-
plete, there exists v € X such that xo, — v as n — co. Since T is subsequentially
convergent, {zo;} has convergent sequence. So, there are * € X and {xq,} such

that xop; — 2% as i — oo. Since T is continuous. So, we obtain lim Txqy; — Tx*.
n—oo

The uniqueness of the limit implies that Tx* = v. Then by (g3), we have

k

1—A

q(Twow, Tx"™) < q(Txo, Try) (13)

Now using (6),we have

q(Txg, TPz") = q(TProy—1, TPx")

S hq(Tka—lvTx*)
2k—1

< 1 7£q(Tx0,Tx1). (14)

By Lemma 2.9(i), (8) and (9), we have Tz* = T'Pz*. Since T is one to one. So,
then z* = Px*. Thusz* is fixed point of P. Similarly, we can prove that z* is fixed
point of (). Therefore, x* is common fixed point of P and Q.

Moreover, suppose that © = Pu = Qu, then we have

q(Tu,Tu) < q(TPu, TQu)

< r1(w)g(Tu, Tu) 4+ ro(uw)[¢(TQu, Tu) + (T Pu, Tw)] + r3(u)[q(T Pu, Tu) + q(TQu, Tu)]
=ri(u)q(Tu, Tu) + ro(u)[q(Tu, Tu) + q(Tu, Tu)] + r3(uw)[q(Tu, Tu) + ¢(Tu, Tu)]

= [(r1 + 2ro + 2r3)](x0)q(Tu, Tu).

Since [(r1 + 2rg 4 2r3)](2¢) < 1, Lemma 2.6(1) shows that q(Tw,Tu) = 6. Next,
we prove that the uniqueness of the common fixed point. Suppose that, there is
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another common fixed point of y* of P and (). Then we have

q(Tx*,Ty*) < q(TPx*, TQy")
< ri(@)g(Ta", Ty") + r2(2")[¢(TQy", Ta") + q(TPz", Ty")]
+r3(@)[q(TPz", Tx") + ¢(TQy", Ty")]
= ri(z")q(Tz", Ty") + ra(z")[q(Ty", Ta™) + q(Ta", Ty")]
+r3(@)[q(Tz", Tz") + q(Ty", Ty")]
= (r1+ 2r2)(z")q(Tz", Ty")
< (r1+2r2 + 2r3)(27)q(T2", Ty")
Since (11 + 2ry + 2r3)(2*) < 1, then by Lemma 2.6(1), we have ¢(Tz*,Ty*) = 6.
Also, we have q(Tx*,Tz*) = 6. Thus 2.9(i), Tx* = Ty*.Since T is one to one. So,
then z* = Px* = Qx*. Therefore, the common fixed point is unique.

Theorem 3.4. Let (X,d) be a complete cone metric space, P be solid cone and q
be c-distance on X. and T : X — X be an one to one, continuous function and
subsequentilly convergent and P,Q : X — X be a pair of mappings. In addition,
suppose that there exists mapping r1,72,73,74 : X — [0,1) such that the following
conditions hold:

(a) r1(Pz) < ri(x),ro(Px) < re(z), for allz € X;
(b) (ri4+re+r3+2ry)(z) <1 foralzxeX;

(¢c) ¢(TPx,TQy) < r1(x)q(Tx, Ty) + r2(x)q(TPx, Tx) + r3(x)q(TQy, Ty)]
+r4(x)[q(TPx, Ty) + ¢(TQy, Tx)]

for all x,y € X Then the mapping P and Q) have a unique common fized point
r* € X and for any x € X, iterative sequence { P*z} and {Q* ™ x} converges to
the common fized point. If u = Pu = Qu. Then q(Tu,Tu) = 6.
Proof. The proof of this theorem is same as previous theorem.
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