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1. Introduction

Fuzzy mathematics forms a branch of mathematics related to fuzzy set the-
ory and fuzzy logic. It started in 1965 after the publication of Zadeh’s seminal
work Fuzzy sets [41]. Usually, a fuzzification of mathematical concepts is based
on a generalization of these concepts from characteristic functions to membership
functions. Fuzzy subgroupoids and fuzzy subgroups were introduced in 1971 by
Rosenfeld [39]. Hundreds of papers on related topics have been published. Recent
results and references can be found in [10] and [4]. In mathematics, a t-norm (also
T-norm or, unabbreviated, triangular norm) is a kind of binary operation used in
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the framework of probabilistic metric spaces and in multi-valued logic, specifically
in fuzzy logic. A t-norm generalizes intersection in a lattice and conjunction in
logic. The name triangular norm refers to the fact that in the framework of proba-
bilistic metric spaces t-norms are used to generalize triangle inequality of ordinary
metric spaces. The author by using norms, investigated some properties of fuzzy
algebraic structures [15-38]. In this work, we introduce the concept of fuzzy sub-
bigroups of a bigroup G by using t-norm T' (T-fuzzy subbigroups of bigroup G).
We investigate some properties of them and show the relationship between T-fuzzy
subbigroups of bigroup G and subgroups of G. Next, we define the intersection of
two T-fuzzy subbigroups of bigroup GG and prove that intersection of any family of
T-fuzzy subbigroups of bigroup G is also T-fuzzy subbigroup of bigroup G. Also
we define normal of two T-fuzzy subbigroups of bigroup G and we obtain that in-
tersection of any family of normal T-fuzzy subbigroups of bigroup G is also normal
T-fuzzy subbigroup of bigroup G. Finally, we investigate T-fuzzy subbigroups of
bigroup G and normal T-fuzzy subbigroups of bigroup G under homomorhisms of
groups and we prove that image and pre-image of T-fuzzy subbigroups of bigroup G
(normal T-fuzzy subbigroups of bigroup G) is also T-fuzzy subbigroups of bigroup
G (normal T-fuzzy subbigroups of bigroup G).

2. Preliminaries

In this section we recall some of the fundamental concepts and definition, which
are necessary for this paper. For details we refer readers to [1, 2, 3, 6, 7, 8, 9, 11,
13, 14, 15, 39, 40].

Proposition 2.1. Let (G, e) be a group and H be a non-empty subset of G. Then
H is a subgroup of G if and only if v,y € H implies v o y~' € H for all z,y.

Definition 2.2. it Let G be a group and H be subgroup of G. We say that H is
a normal subgroup of G, if we have gH = Hg for all g € G.

Definition 2.3. A set (G,+,0) with two binary operations + and o is called a
bigroup if there exist two proper subsets G1 and Gy of G such that

(]) G - G1 U GQ,

(2) (G1,4) is a group and

(3) (G3,0) is a group.

Definition 2.4. A non-empty subset H of a bigroup (G,+,0) is called a sub-
bigroup if H itself is a bigroup under the operations + and o defined on G.
Definition 2.5. A t-norm T is a function T : [0,1] x [0,1] — [0, 1] having the

following four properties:
(T1) T(x,1) = = (neutral element),
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(T2) T(x,y) < T(x,2) if y < z (monotonicity),
(T3) T(xz,y) =T(y,x) (commutativity),
(T4) T(x,T(y,2)) =T(T(z,y),z) (associativity),
for all x,y,z € [0, 1].
It is clear that if x; > x5 and y; > yo, then T'(z1,y1) > T(x9,y2).

Example 2.6. (1) Standard intersection T-norm 7, (z,y) = min{z, y}.
(2) Bounded sum T-norm Ty(z,y) = max{0,x +y — 1}.
(3) algebraic product T-norm T,(z,y) = zy.
(4) Drastic T-norm
y ifx=1
Tp(z,y) =< = ify=1
0 otherwise.

(5) Nilpotent minimum 7-norm

[ min{z,y} ifrx+y>1
Tom(z,y) = { 0 otherwise.

(6) Hamacher product T-norm

0 ife=y=0
otherwise.

(o) ={ _a

T+y—zy

The drastic t-norm is the pointwise smallest t-norm and the minimum is the
pointwise largest t-norm: Tph(x,y) < T(z,y) < Tmn(x,y) for all z,y € [0, 1].
We say that 7" is idempotent if for all z € [0,1],7(x,z) = =.

Lemma 2.7. Let T be a t-norm. Then
T(T(z,y), T(w,2)) =T(T(z,w), T(y,=2)),

for all x,y,w, z € [0, 1].

Definition 2.8. Let X be a non—empty set. A fuzzy subset u of X is a function
p: X —[0,1].

Definition 2.9. Let u be a fuzzy subset of a group (G,e). Then p is called a fuzzy
subgroup of (G, ) under a t-norm T iff for all z,y € G

(1) p(x o y) = T(p(x), p(y))

(2) (™) = p(x).

Denote by T-fuzzy subgroup of (G, e), the set of all fuzzy subgroups of (G, e) under
at-norm T.
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Definition 2.10. Let pq, o be two T-fuzzy subgroups of (G,e) and x € G. We
define

(1) p1 € po iff pa(x) < po(),

(2) p = po iff pu(x) = po(x),

(3)(p1 N p2) (@) = T(pa (), po ().

Proposition 2.11. Let py, pus be two T-fuzzy subgroups of G. Then py N po will be
T-fuzzy subgroup of G.

Definition 2.12. Let f : G — H be a map andu G — [0,1] and v : H — [0,1].
Following [12] f(u) : H — [0,1] and f~'(v) : G — [0,1], defined by Vy € H,

i
F()(y) = sup{p(x) | v € G, f(x) =y} if 7y )#@ and f(p)(y) =0 4f [~ (y) =
0. AlsoVr € G, f~1(v)(z) = v(f(z)).

3. Main Results

Definition 3.1. Let G = (G U Gg,+,0) be a bigroup. Then a fuzzy set p: G —

[0 1] is said to be a T-fuzzy subbigroup of bigroup G if there exist two fuzzy subsets
:G1 — [0,1] and ps : Gy — [0, 1] such that:

(]) w1 18 a T-fuzzy subgroup of (G1,+),

(2) ps is a T-fuzzy subgroup of (Ga,0) and

(3) = p1 U pa.

Example 3.2. Consider the bigroup G = {+i,0,£1, £2, 43, ...} under the binary

operation + and o where G; = {0,+1,4+2,£3,...} and G5 = {£1,+i}. Define

p: G —[0,1] by

I IA

0.65 if v =41
p(z) = 1 ifx e {0,4£2,44,...}
0.50 if w € {£1,+3,...}

and py : G; — [0, 1] by

(@) = 1 ifz € {0,£2, 44, .}
T =0 050 if o € {+1,+3,...}.

and
pe : Go — [0,1] by
)= { 065 ifo =i
HAT) =9 050 if v € +1.

Let T be an algebraic product T-norm T,(a,b) = ab for all a,b € [0, 1]. Then
p1 and py will be T-fuzzy subgroup of (Gp,4+) and (Gg,o0) respectively. Thus
p = p1 U pe will be a T-fuzzy subbigroup of bigroup G = (G U Gy, +, 0).
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Proposition 3.3. If u = py U pe be a T-fuzzy subbigroup of a bigroup G =
(G1 UGy, +,0). Then

(1) pr(—x1) = pi(zq) such that —xy is an inverse element of x1 in (G, +).

(2) If T' be idempotent t-norm, then pi(z1) < pi(eq,),

(3) pz(w3 ") = pa(w2) and

(4) If T be idempotent t-norm, then ps(xs) < poeg,)

for all x1 € Gy and x5 € G.

Proof. Let x1 € G1, 25 € Gy and py and py be two T-fuzzy subgroups of (Gy, +)
and (Gy, o) respectively. Then

(1) pa(z1) = pa(=(=21)) = pa(=21) = pa(21) and s0 pa(—21) = pa (1)
(2) Let T be idempotent t-norm. Now
pilea,) = p(z1 — 1)

= p (21 + (—21))

> T(pa(z1), pa(—1))

= T(pa(z1), pa(21))

= pa(21).
Thus pi(z1) < paleg,)-
(3) pa(w2) = pa((w57) ") > pa(3") > pia(a) and then pg(5") = pa(2).
(4) If T be idempotent t-norm, then

po(ec,) = pa(az 0 25")

> T(pia(w2), pa(73 "))

= T(p2(2), pa(x2))

= p2(2).
Then ps(z2) < pa(eq,)-
Proposition 3.4. If p = py U ug be a T-fuzzy subbigroup of bigroup G = (G; U
Ga,+,0) and T be idempotent t-norm. Then
(1) pi(z1 —y1) = pa(eq,) gives us that py(xy) = pa(ya) for all 1,y € Gy.
(2) pa(wg 0 yy ') = paleq,) implies that pa(xzs) = pa(ya) for all za,ys € Ga.
Proof. (1) Let x1,y; € G and p; be T-fuzzy subgroup of (Gy,+) such that T be
idempotent t-norm. Then

pa (1) = pa(zr — v + 1)

(11(m1 = y1), pa(v1))
(,ul (6G1>7 M1 (yl))
(k1 (y1), pa (y1))

vV

AV
N4 94
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Then pi1(z1) = (1)
(2) Let xg,y2 € G and ps be T-fuzzy subgroup of (G, 0) and T' be idempotent
t-norm. Now

pia(2) = a2 0 Yy ' 0 ys)
> T(ug(xg 0y 1) ta(y2))
T(p2(ea,), p2(y2))
T(Mz(?ﬂ) p2(y2))
2(y2)
(y2 0 x5 0 29)
((za0yy )"t oms)
pa((r2 095 ) ™), pa(2))
pia(2 0 Yy 1), pa(2))
pa(eg,), t2(z2))
M2(I2)aﬂ2(x2))

AV |
T T T
NN

v
ER8A3
&

Therefore pa(z2) = p2(y2).
Proposition 3.5. Let p = py U puy be a T-fuzzy subbigroup of a bigroup G =
(G1 UGy, +,0).
(1) If p1(xy —y1) = 1, then py(x1) = pi(y1) for all x1,y, € Gy.
(2) If pa(w2 0 95 ') = 1, then po(xa) = pa(ys) for all ws,ys € Ga.
Proof. (1) Let x1,y; € G;. Then
pi(r1) = pa(z1 — y1 + 1)

> T(pa(wr = y1), pa(v1))

=T(1, pa(y1))

= (1)



T-fuzzy Subbigroups and Normal T-fuzzy Subbigroups of Bigroups 171

= p1(—y1)

= Iul(—ilfl +x1 — y1)

> T(p(=21), (21 — 1))
=T (1 (=m1),1)

= i (—21)

= 11 (x1).

Thus i1 (1) = p1 ().
(2) If To, Y2 € GQ, then

pia(w2) = pia(x2 0 Y3 ' 0 yo)
> T(po(z2 095 "), t2(ya))
=T(1, p2(y2))
= f12(y2)
= m(ygl)
= jip(z5 0wy 095 Y)
> a3, a2 0 971))
= T(pa(w3"), 1)
= #2(352_1)
= pa(2).

Thus pi2(22) = p2(y2)-

Proposition 3.6. If u = py U pe be a T-fuzzy subbigroup of bigroup G = (G U
G, +,0). Then

(1) Hy = {x1 € Gy | pu(x1) = 1} is either empty or a subgroup of (G1,+).

(2) Hy = {x9 € Gy | ua(x2) = 1} is either empty or a subgroup of (G, o).

(8) H = Hy U Hy is either empty or a subbigroup of G.

Proof. If H; and H, be empty, then H = H; U Hy will be empty.

(1) Let x1,y1 € Hy then py(z1) = pm(y1) = 1. As py is a T-fuzzy subgroup of
(G1,+), so iz — y1) 2 T(pa(@1), m(=y1)) = T(a(z1), pa(yn)) = T(1,1) = 1.
Thus pi(x; —y1) = 1 and then x; — y; € H; and then H; will be subgroup of
(G1.+).

(2) If x9,yo € Ha, then ps(xe) = ua(y2) = 1. Since pg is a T-fuzzy subgroup of
(G2,0), 50 pa(wg 0y t) > T(pa(a), pa(yrt)) = Tlpa(a), pa(y2)) = T(1,1) = 1.
This implies that ps(zy o y2_1) =1 and so z3 0 ygl € Hy and Hy will be subgroup
of GQ.
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(3) From (1) and (2) we have that H; and H, are subgroup of (G, +) and (Ga,0)
respectively. Then H = H; U Hy will be a subbigroup of G = (G; U Go, +, 0).

Proposition 3.7. If p = py U pe be a T-fuzzy subbigroup of a bigroup G =
(G1 UGy, +,0) and T be idempotent t-norm. Then

(1) Hy ={x1 € G | (1) = pu(eq,)} is a subgroup of (G1,+).

(2) Hy = {x2 € Ga | pa(w2) = pa(eq,)} is a subgroup of (Ga, o).

(3) H = Hy; U Hs is a subbigroup of G.

Proof. (1) Since eg, € Hy so Hj is not empty. Let zq,y; € Hy then py(z;) =
p1(y1) = pa(eq,). From part(2) Proposition 3.3 we get that py(z1 —v1) < pi(eq,).
Now as i1 is a T-fuzzy subgroup of (G1,+), so pi(z1 —y1) = T(pa (1), pa(—y1)) =
T(pa(z1), pa(yr)) = T(palea, ), p(ec,)) = pilea,) and then pu (1 —y1) = paleq, ).
Therefore 1 (x; — 1) = p1(eq,) so that 1 —y; € Hy and then H; will be subgroup
of (Gl, —|—)

(2) We know that eg, € Hs then Hy is not empty. If xo,y0 € Ho, then us(zy) =
t2(y2) = poleg,). Part(4) Proposition 3.3 give us that pg(zs 0 y5 ') < pileg,).
Since piy is a T-fuzzy subgroup of (Ga,0), 50 (w3 0 Y5 ') > T(pa(2), pa(yy ') =
T(pa(2), pa(y2)) = T(pa(ec,): palec,)) = pz(eq,) and then pa(w20y5 ") > pa(eq,)-
Therefore pg(x20y; 1) = pa(eq,) so that xy0y, b € Hy and then Hsy will be subgroup
of (GQ, O).

(3) By (1) and (2) we obtained that H; and H, are subgroup of (G, +) and (G, 0)
respectively. Then H = Hy U Hy will be a subbigroup of G = (G; U Gg,+,0).
Proposition 3.8. If u = puy U ps be a T-fuzzy subbigroup of a bigroup G =
(G1 UGy, +,0) and T be idempotent t-norm. Then

(1) p(x1 +y1) = T(pa(x1), i (yr)) for all x1,y1 € Gy such that py(x1) # pa(yr).
(2) pa(x 0 y2) = T(pa(w2), p2(y2)) for all xa,ya € Go such that jiy(w2) # pa(ys).
Proof. (1) Let 21 € G; such that for all y; € G we have that p;(y1) < p1(x1) < 1.
Then

pa(yr) = T(pa(yn), pa(yn)) < T(a(@), pa(yn)) < T(pay), 1) = pa(yn)
and so g1 (y1) = T'(pa(21), 1 (y1)). Now
pi(y1) = pa(—=z1 + 21 + Y1)
> T(pr(—x1), pa(z1 +11))
=T(p1(x1), pa(z1 4+ y1))
> T (i (xy +y1), pa(z1 + 1))
= 1 (21 + Y1)
> T(pa (1), pa(y1))
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= (Y1)

Therefore pi1(z1 +y1) = pa(y1) = T(pa (1), pa (y1))-
(2) Let x5 € Go such that for all y, € Gy we have that us(yz) < pa(zg) < 1.

Then pa(ye) = T(pa(y2), p2(y2)) < Tpa(2), r2(y2)) < T(pa(y2), 1) = pa(y2) and
80 p2(y2) = T'(pa(z2), p2(y2)). Then
1i2(y2) = pa(3" 0 29 0 ys)

> T(jua(w5"), 12 22 0 32))

= T(p2(z2), p2(22 0 32))

> T(p2(x2 0 y2), pra(x2 0 Y2))

= f12(z2 0 Y2)

> T (pa(w2), p2(y2))

= p2(y2)-

Thus p2(22 0 y2) = pia(y2) = T(p2(x2), p2(y2))-

Proposition 3.9. If u = puy U ps be a T-fuzzy subbigroup of a bigroup G =
(G1 UGy, +,0) and T be idempotent t-norm.

(1) Let x1 € Gy then py(x1 +y1) = pi(y1) if and only if pi(x1) = pyi(eq,) for all
y € Gy

(2) Let xo € Gy then us(xe 0 ya) = pe(ye) if and only if pe(z2) = peleq,) for all
Y2 € Go.

Proof. (1) Necessity: let 1 € Gy and py(z1 + y1) = pi(y1) for all y; € G1. Now

set y; = eq, then py(z1 + eq,) = pi(eq,) and so pi(x1) = pi(eq,).
Sufficiency: assume that u(z1) = pi(eq,) for all y; € Gy then by Proposition 3.3

(part 2) we get that (1) = pileq,) = (1), pa (@1 + y1). Now
pa (1 +y1) > T(pa (1), pa(yn))

T(pa(y1), 11 (1))
= m(yl)
= (=21 + 21 + 1)
> T(p(—z1), pa(z1 + 1))
= T(p1 (1), pa (1 + 1))
> T(pa(zy + 1), a2 + 1))
= (21 +y1).

Thus g (21 +y1) = (Y1)
(2) Necessity: assume x5 € G and puo(z3 0 o) = p2(ys2) for all yo € Go. Now if we
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let yo = eq,, then (s 0 eq,) = pa(eq,) and therefore ps(zs) = pa(eq,).
Sufficiency: as ps(xe) = us(eq,) for all yo € G5 so by Proposition 3.3 (part 4) we

obtain that us(x2) = paleq,) > pa(ya), t2(x2 0 yo). Thus

p2(2 0 y2) > T(p2(w2), 2(y2))
> T'(p2(y2), p2(y2))
= p12(y2)
= pia(w3" © 13 0 y)
> T(pa(wy "), pra(ws 0 2))
= T(p2(2), po(z2 0 Y2))
> T(pa(w2 0 y2), pra(w2 0 12))
= M2(I2 © y2)~

Thus pia(22 0 y2) = pa(y2)-
Definition 3.10. Let p = py U ps and v = vy U vy be two T'-fuzzy subbigroups
of bigroup G = (G1 U Ga,+,0). Define the intersection pu and v by f = pNv =
(1 Upe) N (1 Ue) = (1 Ny )U(peNee) = B1UBy such that By = piNuvy @ G1 — [0, 1]
and Py = s Nvg : Gy — [0, 1].

Now we prove that the intersection of two T-fuzzy subbigroups is also T-fuzzy
subbigroup.
Proposition 3.11. Let pu = puy U ps and v = vy Uy be two T-fuzzy subbigroups of
bigroup G = (G1UGs,+,0). Then = pNv = B ULy will be T-fuzzy subbigroup of
bigroup G = (G1 U Go,+,0) such that y = puy Ny : Gy — [0,1] and By = pa Ny
Gy — [O, 1]
Proof. (1) We prove that 51 = puyNvy - Gy — [0, 1] is T-fuzzy subgroup of (G4, +).
Now for all z1,1y; € GG; we have that

(a)

Bz +y1) = (m Nvi) (@1 + 1)

= T(p(z1 +m1), vi(z1 +31))

> T(T(pa (1), pa(y1)), T(wa (1), v1(y1)))
(T(p1 (1), vi(21)), T (pa (y1)s 1 (91)))
((pa M) (), (pa ) (y1))
(51(%),51@1))'

Then Bi(z1 4+ y1) > T(B1(z1), Bi(v1))-
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(b)

Bi(=z1) = (pn M) (—21)
= T(p1(=21), 1 (—21))

> T(pr(z1), vi(z1))

= (1 Nvi)(21)

= 51(%)-

So Bi(—x1) > Bi(x1).

Therefore (a) and (b) give us that ; will be T-fuzzy subgroup of (G, +).
(2) We show that By = s Ny : Gy — [0, 1] can be T-fuzzy subgroup of (Gy,0). If
To, Y2 € Gg, then

(a)

Ba(x2 0ya)) = (2 N12)(x2 0 o)
= T(M2(332 © Z/z), V2(-752 © 92))

T(T(p2(w2), p2(y2)), T (va(w2), v2(y2)))
T(T(M(l’z) va(w2)), T(p2(y2), v2(y2)))
T((p2 N ve)(w2), (H2 Nr2)(y2))

T(B2(2), B2(y2))-

Then Ba(xg 0 ya)) > T(B2(x2), B2(y2)).
(b)

Ba(ay ') = (2 Nva)(wy )
= T(us(wz"), va(w3 "))
> T(pa(x2), va(z2))
= (p2 N1a)(2)
= Pa(x2)
then By(x5') > Ba(wy). Thus from (a) and (b) we obtain that 8, will be T-fuzzy
subgroup of (G, o).

Corollary 3.12. The intersection of family of T-fuzzy subbigroups of bigroup
G = (G1 UGy, +,0) is a T-fuzzy subbigroup of G = (G1 U Gy, +,0).

Definition 3.13. Let p = py U o be a T-fuzzy subbigroups of bigroup G =
(G1 U Ga,+,0). We say that i = py U ug is normal if for all x1,xo € G1 and
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o, Ty € Go we have that p(z1 + y1 — x1) = pa(y1) and pa(za 0 yo 0 25 ") = pa(ya).
Example 3.14. Let G; = (Z,+) and Gy = (R — 0,0) be two groups. Then
G = (G1 U Gy, +, 0) will be subbigroup. Define uy : G; — [0, 1] by

) = { 060 ifr {0,554, )
T = 050 if w € {&1,43,...}

0.65 if x € {£2,44,...}
Ha(T) = { 050 if x € {&1,43,..}.
Let T be a Bounded sum T-norm Ty(a,b) = max{0,a + b — 1} for all a,b € [0, 1].
Then p = pq Upg will be a T-fuzzy subbigroup of bigroup G = (G1UG», +, 0). Also
since for all z1,x9 € G1 and x5, x5 € Go we have that p(z1 +y1 — 1) = pa(y1)
and fip(w2 0y 0 w5 1) = pa(y2) S0 1 = py U pig will be a normal T-fuzzy subbigroup
of bigroup G = (G1 U Gy, +, 0).
We claim that the intersection of two normal T-fuzzy subbigroups is also normal
T-fuzzy subbigroup.
Proposition 3.15. Let p = py U o and v = vy U vy be two normal T-fuzzy
subbigroups of bigroup G = (G1 U Ga,+,0). Then f = pNv = B U By will be
normal T-fuzzy subbigroup of bigroup G = (G1 U Gg, +,0) such that 1 = py Ny
Gl — [O, 1] and ﬂg = o MNvy: G2 — [O, 1]
Proof. As Proposition 3.11 f = uNv = By U By is T-fuzzy subbigroup of bigroup
G = (Gl U GQ, +, O). Let T1,Y1 € Gl. Then

Bi(z1 +y1 — 1) = (u Nv) (@ + 41 — 21)
=T (21 +y1 — 21), v1 (21 +y1 — 71))
=T (1 (y1), v1(y1))
= (1 N 1) (yn)
= Bl(yl)~

Also if 1,71 € G4, then

Bo(zioyroar’) = (pe Nwo)(z1 0y 02y ?)
= T(pa(xr 0y oy "), va(r oy 027 Y))
= T(p2(y1), v1(y1))
= (u2 N 12)(y1)
= Pa(y1)-



T-fuzzy Subbigroups and Normal T-fuzzy Subbigroups of Bigroups 177

Corollary 3.16. The intersection of family of normal T-fuzzy subbigroups of
bigroup G = (G1 U Ga, +,0) is a T-fuzzy subbigroup of G = (G1 U Gy, +,0).

4. Homomorphisms and 7-fuzzy Subbigroups of Bigroups

In this section we investigate T-fuzzy subbigroups of bigroups under homomor-
phisms.

Definition 4.1. Let p = py U pg and v = vy U 1 be two T'-fuzzy subbigroups of
bigroup G = (G4 U Gy, +,0) and H = (Hy U Hy, +,0) respectively and f : G =
(G1 UGy, +,0) = H = (Hy U Hy, +,0) be a mapping. Define

f) = flpn U pe) = f(1) U f(p2) : (Hi U Ha, +,0) — [0,1]
by

S (e, y2) = [ U p2) (1, y2)
= (f(r) U fp2)) (1, v2)
= sup{p(z1,z2) | 21 € G1,72 € Gy, f(21) = Y1, f(22) = ¥}
= sup{ (1 U p2) (21, 2) | 21 € G1, 32 € G, f(21) = 1, f(22) = v}
= sup{p(z1) U po(x2) | 1 € G1, 22 € Ga, f(x1) = y1, f(22) = ¥}

for allyy € Hy and y, € Hy with f~'(y1), [~ (y2) # 0.
Also for all x1 € G and x9 € Gy define

FHW) (@, ) = fH 1 Ug) (21, 20)
= 1) (@) U fH (1) (22)
= vi(f(z1)) Ura(f(z2)).
Proposition 4.2. Let = g U pe be T-fuzzy subbigroup of bigroup G = (G1 U
Go,+,0) and H = (Hy U Hy,+,0) be a bigroup. If f : G — H be a group epimo-

morphism(surjective homomorphism), then f(u) = f(pu1) U f(u2) will be T-fuzzy
subbigroup of bigroup H = (Hy; U Ha, +,0).

Proof. Let y;,yo € Hy and xy, 29 € G with f‘l(yl),f‘l(yz) # 0 and y; = f(z1)
and yp = f(x2).
(1) We must prove that f(uq) : (Hy,+) — [0, 1] is a T-fuzzy subgroup of (Hy,+).
As py is T-fuzzy subgroup of (Gy,+) so
F) (1 +y2) = sup{pa(z1 + 32) |1 = f(21), 92 = f(22)}
> sup{T'(p1(21), pa(22)) [ 41 = f(21), 92 = f(22)}
= T(sup{p(x1) [ y1 = f(x1)}, sup{pn(z2) [ y2 = f(22)})
=T(f () (Y1), () (y2))
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and

f(u)(=y1) = supfpu(=21) [ =y = f(=21)}

=sup{ (1) | —y1 = —f(z1)}

= sup{p(z1) |1 = f(21)}

= f() ().
Thus f(p1) will be a T-fuzzy subgroup of (Hy, +).
(2) Let y1,yo € Hy and xy, 25 € Gy with f~(y1), 7 (y2) # 0 and y; = f(x;) and
Yo = f(x). Now we prove that f(us) : (Hz,0) — [0,1] is a T-fuzzy subgroup of
(Hs,0). Since ps is T-fuzzy subgroup of (G2, 0) so we can obtain that

)
)
f(p2)(y1 0 y2) = sup{pa(z1 0 22) [ 11 = f(21), 92 = f(22)}
> sup{T'(p2(21), p2(22)) | y1 = f(21),y2 = f(z2)}
= T(sup{pz(21) | y1 = f(x1)}, sup{pa(z2) | y2 = f(22)})
=T(f(p2) (1), f(p2)(32))

and

Flp2)(yr ) = sup{pz(a1?) [y ' = flar )}
= sup{pa(a1) [y = fl21) "'}
= sup{ua(z1) [ 1 = f(21)}
= f(u2) (1)
Then f(uy) will be a T-fuzzy subgroup of (Hs, o).

Therefore (1) and (2) will give that f(u) = f(u1) U f(pe) is T-fuzzy subbigroups
of bigroup H = (Hy; U Hy, +,0).

Proposition 4.3. Let v = vy Uy be T-fuzzy subbigroup of bigroup H = (H; U
Hy,+,0) and G = (G U Gy, +,0) be a bigroup. If f : G — H be a group ho-
momorphism, then f~'(v) = vi(f) Uwvs(f) will be T-fuzzy subbigroup of bigroup
G = (G1 UGy, +,0).

Proof. Let x1, 25 € Gy.

(1) We prove that f~'(11) = vi(f) : G1 — [0,1] is a T-fuzzy subgroup of group
(G, +). Since vy is a T-fuzzy subgroup of group H = (H;,+) so

S ) (@1 + 22) = i (fa1 + 22))
—Vl( (1) + f(z2))
T (f(z1)), 1 (f(22)))
T(f () (@), f7H () (w2)).
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Also

F ) (=21) = i (f(—21)) = (= f(21)) = vi(f(21)) = £~ (1) (21).

Thus f~'(v1) = vi(f) is a T-fuzzy subgroup of group (G, +).
(2) Now prove that f~!(vy) = 1u(f) : Gy — [0,1] is a T-fuzzy subgroup of group
(Go,0). Since vy is a T-fuzzy subgroup of group H = (Hs, o) then

I 1(1/2)($1 o 1’2) = VQ(

(fﬂl © 562))

f
fla

Also

fﬁl(V2)(95171) = V2(f($fl)) = V2(f(951)71) = 1a(f(21)) = fﬁl(V2)<$1)-

Thus f~1(1n) = 1(f) is a T-fuzzy subgroup of group (G, 0).
Now (1) and (2) show that f~'(v) = v1(f) U vu(f) will be T-fuzzy subbigroup of
bigroup G = (G U Gg, +,0).

Proposition 4.4. Let p = p1 U po be normal T-fuzzy subbigroup of bigroup
G = (G1 UGg,+,0) and H = (Hy U Hy,+,0) be a bigroup. If f : G — H be
a group epimomorphism(surjective homomorphism), then f(u) = f(u1) U f(uz)
will be normal T-fuzzy subbigroup of bigroup H = (Hy U Hy, +,0).

Proof. By Proposition 4.2 we have that f(u) = f(u1) U f(u2) is T-fuzzy sub-
bigroup of bigroup H = (H; U Hy, +,0). Let y1,yo € Hy and x1,25 € G with
F7H ), f (y2) # 0 and yy = f(21) and yp = f(22). Then f(u1)(y1 +y2 — 1) =
sup{pa(g1) g1 € Gi, f(g1) = v + 32 — n} = sup{ua(g) |1 € Gy, f(g)
flan) + fla2) — f(z)} = sup{p(g1) [ 1 € Gu, f(g1) = flar + 22 — m)} =
sup{pi(z1 + 22 — 1) | g1 € G, f(g1) = f(x2) = yo} sup{p(x2) ’91 € Gl, (1) =
flza =y2)} = f(1)(y2). Let yr,y2 € Hy and 1,29 € Go with f~(y1), 7' (y2) # 0
and y; = f(x1) and yo = f(x3). Then

Y1+ — Y1}

f(z1) o f(wa) o fz)™'}
= f(rioz0zy)}

G, [(92) = f(z2) = y2}
f(x2) = y2}

f(p2)(yr o y2 0y t) = sup{pa(gz) | g2 € Ga, f(
= sup{p2(g2) | g2 € Go, f(g
= sup{uz2(92) | g2 € G2, f(g
= sup{pa(r1 029 0 77 ) | 92
= sup{pz(22) | g2 € G2, f(g
= f(p2) (1)

fo

)
2)
2)
S
2) =



180 J. of Ramanujan Society of Mathematics and Mathematical Sciences

Thus f(p) = f(u1) U f(uz) will be normal T-fuzzy subbigroup of bigroup H =
(Hl U HQ, +, O).

Proposition 4.5. Let v = 1y Uy be normal T-fuzzy subbigroup of bigroup H =
(Hy U Hy,+,0) and G = (G1 U Gg,+,0) be a bigroup. If f : G — H be a group
homomorphism, then f~*(v) = f~ (1)U f~ (1) will be normal T-fuzzy subbigroup
of bigroup G = (G1 U Gy, +,0).

Proof. From Proposition 4.3 we get that f~'(v) = f~1(v1) U [~ (1) is T-fuzzy
subbigroup of bigroup G' = (G; U G, +,0). Let x1, 29 € G1. Then

Now let x1, x5 € G5 then

f_l(l/g)([EI 01Xy 0 :L’l_l) =vy(f(x1 0290 xl_l))

(f(
= vo(f(z1) o f(x2) o f(21)7)
(f(

Therefore f~!(v) = f~1 (1)U f!(vy) will be normal T-fuzzy subbigroup of bigroup
G == (Gl U GQ, —|—, O).
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