J. of Ramanujan Society of Mathematics and Mathematical Sciences

Vol. 9, No. 2 (2022), pp. 153-16/
ISSN (Online): 2582-5461
ISSN (Print): 2319-1023

SOME REMARKS ON GENERALIZED SUMMABILITY USING
DIFFERENCE OPERATORS ON NEUTROSOPHIC
NORMED SPACES

Archana Sharma and Vijay Kumar

Department of Mathematics,
Chandigarh University, Mohali, Punjab, INDIA

E-mail : dr.archanasharmal(022@gmail.com, kaushikvjy@gmail.com

(Received: Apr. 12, 2022 Accepted: Jun. 05, 2022 Published: Jun. 30, 2022)

Abstract: For the mth difference operator A™ and the admissible ideal Z C
P (N), the purpose of this paper is to introduce generalized summability methods:
A™(Iy)—convergence and A™(Zy,)—convergence in neutrosophic normed spaces
(briefly known as NNS). We develop some basics properties of these notions and
find condition on Z for which two methods of summability coincides. Finally, we
define A™(Zx)—Cauchy sequences in NN S and obtain the Cauchy-convergence
criteria in these spaces.
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1. Introduction

Statistical convergence as a generalization of usual convergence was introduced
by H. Fast [7] and I. J. Schoenberg [24] independently and further developed in
[4], [8], [10] and [22] etc. A sequence (zj) of numbers is said to be statistical
convergent to a number L if for each ¢ > 0, lim, + {k < n:|z, — L| >¢e}| = 0.
For any set K C N, the natural density of K is denoted by § (K) and is de-
fined by lim, = [{k <n:k e K}|. Using density, a sequence (x;) of numbers is
said to be statistical convergence to a number L if for each ¢ > 0, § (K.) = 0,
where K. = {k <n:|zxy — L| > e} C N. The idea is generalized by Kostyrko et
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al.[15] with the help of an admissible ideal Z called Z—convergence. Their idea
attracted many mathematicians to work in this direction. For some pioneer work
on Z—convergence, we refer [5, 6, 9, 14, 16, 17, 18, 19 and 20| etc. On another side,
Fuzzy sets were introduced by Zadeh [27] and generalized by Atanassov [1] while
observing that Zadeh’s idea of fuzzy sets need more attention to handle certain
problems in time domain. He called this set as intuitionistic fuzzy set. His work is
followed by many authors, for instance intuitionistic fuzzy metric spaces by Park
[21], intuitionistic fuzzy topological spaces by Saadati and Park [23] etc. In past
decade, the ideas of statistical convergence and Z—convergence respectively have
been extended in intuitionistic fuzzy normed spaces in [10] and [19]. Smarandache
[26], presented a generalization of intuitionistic fuzzy sets and called it neutrosophic
set. This idea is further used to define neutrosophic metric spaces and neutrosophic
soft linear spaces respectively in [12] and [2|. Further, Bera and Mahapatra [3] in-
troduced the concept of neutrosophic norm and define some sequential concepts
like convergence, Cauchy and convexity in these spaces. Recently, Kirigci and
Simsgek [13] extended notion of statistical convergence and study its properties in
these spaces. We aim in this paper to introduce and study new kind of summa-
bility methods: A™ (Zyr) —convergence and A™(Z3,)—convergence in NNS. We
find conditions on Z for which the two methods coincide. Later, we define some
related concepts: A™ (Zy) —Cauchy, A™ (Zy) —completeness, A™(Zx,)—Cauchy,
A™(Zx;)— completeness in NN .S and obtain some relationships among these no-
tions.

2. Background and Preliminaries

We quote in this section some definition and results which form the base for
present study. We begin with the following definitions of triangular norm and tri-
angular conorm. A binary operation o : [0, 1] x [0, 1] — [0, 1] is said to be a
continuous triangular norm or t—norm if it satisfies the following conditions: (i) o
is associative and commutative, (ii) o is continuous, (iii) ao 1 = a for every a €
[0, 1] and (iv) aob < cod whenever a < c and b < d for each a,b,cand d € [0, 1].
A binary operation e : [0, 1] x [0, 1] — [0, 1] is said to be a continuous triangular
conorm or t—conorm if it satisfies the following conditions:(i) e is associative and
commutative, (ii) e is continuous, (iii) a 0 = a for every a € [0, 1] and (iv)
aeb < ced whenever a < ¢ and b < d for each a,b,c and d € [0, 1]. Using these
definitions, Kirigci and Simsek [13], recently defined neutrosophic normed spaces
and studied statistical convergence in these spaces.

Definition 2.1. [13] Let F be a vector space, N = {(9,G (9),B(9),Y (9)) : ¥ € F}
be a normed space such that N : F' x Rt — [0, 1] and o, e respectively are contin-
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uous t—norm and continuous t—conorm. Then a four touple V = (F,N, o,e ) is
called a neutrosophic normed spaces (NN S) if the following conditions are satisfied.
For every u,v € F and \, ;> 0 and for every o # 0 we have

(i))0<G(u, \)<1,0< B(u, \) <1,0< Y (u, \) <1 for every \e RT ;

(ii) G (u, \)+ B(u, \)+ Y (u, \) <3 for \ée R" ;

(11i) G (u, ) =1 (for A > 0) if and only if u = 0;

(iv) G (ou, 2) =G (u, )3

(0) G(u, 1) oG (1, N) < G(utv, A+ po);

(vi) G (u, .) is continuous non-decreasing function;

(vit) limy 00 G (u, A) =1;

(viii) B (u, A\) =0 (for A > 0) if and only if u = 0;

(i) B(ou, N) =G (u, )

(2) Blu, 1) o B(o, \) > Bu+ov, A+ p);

(xi) B (u, .) is continuous non-decreasing function,

(xit) im0 B (u, A) = 0;

(ziii) Y (u, A) =0 (for A > 0) if and only if u = 0;

(xiv) Y (ou, \) =G (u, ﬁ) ;

(20) YV (u, p) o B(v, A) >V (u+v, A+pu);

(zvi) Y (u, .) is continuous non-decreasing function;

(zvii) imy o0 Y (u, \) = 0;

IfA<0, then G(u, \)=0, B(u, A)=1 and Y (u, A\)=1.
Here, N (G, B,)) is called the neutrosophic norm. Some examples of neutrosophic
normed spaces can be found in [13]. A sequence (aj) in a neutrosophic normed
spaces V is said to convergent if for each ¢ > 0 and A > 0, there exists a pos-
itive integer m and £ € F such that G(ar — L, \) > 1 —¢, B(ax—L,\) <
eand Y (ar — L, \) < e for all k > m. This is equivalent to say that limy_,., G(ar—
L, N) =1, limg oo B(ag — L, A\) =0 and limg Y (ax — L£,\) =0 and we
write in this case N — limy_ o ax = L. Moreover, the sequence (ay) is said to
be Cauchy if for each € > 0 and A > 0, there exists a positive integer p such that
G(ag —an, \)>1—¢, B(ag —a,, \) <ecand Y (ar —a,, \) <ceforalk, n>p.

Definition 2.2. [13] Let V be a NNS; 0 < e <1 and A > 0. A sequence (ay)
in 'V is said to statistical convergent if there exists L € F' such that lim,, %|{k <
n:Glag— L, \) <1—corBlay— L, \) >¢eand Y(ap — L, \) > €}| = 0; or
equivalently, the natural density of the set A((e, \) ={k <n: Glar— L, \) <
1—corBlay— L, \) and Y(ap — L, \) > €} is zero, i.e., 6 (A(e, X)) =0.

Definition 2.3. [13] Let V be a NNS; ¢ > 0 and A > 0. A sequence (ay) in
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V' is said to statistical Cauchy if there exists p € N such that lim, %|{/{: <n:
Glag —ap, \) < 1—¢or Blay —a,, A\) > e and V(ap —ap, A) > €} = 0; or
equivalently, the natural density of the set A(e,\) = {k < n: Glax —a,, \) <
l—cor Blag—a, A) >cand Y (ap —a,, A) > e} is zero, i.e., 6 (A(e, X)) =0.

We now give a brief introduction related to Z—convergence and related concepts.
For any set X, let P (X) denotes the power set of X. A family of sets Z C P (X) is
called an ideal in X if and only if (i) () € Z; (ii) A, B € Z implies that AUB € Z and
(iii) for each A € Z and B C A, we have B € Z. Further, a non-empty family of sets
F C P(X) is called a filter on X if and only if (i) 0 ¢ F; (ii) A, B € F implies
that AN B € F and (iii) for each A € F and B O A, we have B € F. An
ideal Z is called non-trivial if Z # () and X ¢ Z. A non-trivial ideal Z C P (X)
is called an admissible ideal in X if and only if it contains all singletons, i.e.,
if it contains {{z}: 2 € X}. If Z C P (X) be a non-trivial ideal, then the class
F=F(I)={A° C X :Ae€Z}isafilter on X and is called the filter associated
with the ideal Z.

Let w denotes the set of all sequences in the neutrosophic normed space V' =
(F,N, o,e,). Define A™ : w — w by A%y, = ap; Alap, = ap — apy1 ;- A™ay, =
A" (Aay) = A™ 7 (a, — agg1), m > 2 and for all k& € N. We now turn our
attention to the main results.

3. A™(Zyr)-convergence

Definition 3.1. Let Z C P (N) is an admissible ideal, V be a NNS; 0 < e < 1 and
A > 0. A sequence (a) in 'V is said to A" (Zy)—convergent to a if there exists L €
F such that A(e) = {k € N: G(AMar — L, \) < 1—cor B(A™ap — L, \) >
e and Y(A™ar — L, \) > e} € I. In this case we write A" (Zy ) — limy ap, = a.

With particular choice of m = 0 and the ideal Z = { K C N : K is an finite set},
A™(Zyr)—convergent coincides with the statistical convergence of [13] in NNS.

By a lacunary sequence we mean an increasing integer sequence 6 = (p,) with
po =0 and h, = p, —p,_1 = o0 as r — oo. If we denote I, = (p,_1, p,] and
gr = 2=, then for any set K C N the lacunary density of the set K is denoted
by &g (K) and is defined by &y (K) = h% lp € I, : p € K| provided the limit exists.
For the choice m = 0 and the ideal Z = {K C N: ¢y (K) = 0}, then A™(Zy)—
convergence in this case coincides with lacunary statistical convergence of [11] in
NNS.

For K C N, K is said to be uniformly dense if u(K) = lim, o + > xx(J +
p) = a uniformly p or equivalently lim, oo £ [K N {p+1, p+2, ---p+n}| =a
uniformly in p where p =0, 1, 2, 3--- and yxx is the characteristic function. If we
take ideal Z = {K C N : u (K) =0} and m = 0, then Z is an admissible ideal and
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the corresponding A™(Z,r)—convergence coincides with uniform statistical conver-
gence in NNS.

The following lemma is a direct implication of the Definition 3.1 together with
properties of ideal and filter.

Lemma 3.1. Let Z C P (N) is an admissible ideal and V be a NNS, then for
every € > 0 and A > 0, the following conditions are equivalent.

(i) A™(Zy) — limy, a, = a.

(ii) {k e N: G(A"ar—L, \) <1—e}eZ; {keN:B(A™ap,—L, \) >c} el
and {k e N: Y(A™ap, — L, \) >e} el

(i) {k e N: G(A™ap, — L, \) >1—¢ and B(A"a, — L, \) <&, B(A™ay, —
L, \)<e}eFI).

() {k e N: G(AMar, — L, \) >1—¢c} € F(I),{k e N:B(A™a, — L, \) <
ey € F(I) and {k e N: Y(A™a, — L, \) <e} € F(I).

(v) T —limy G (A"ar, — L, \)=1 and Z — lim B(A™a, — L, \) =0, T —
limg YV (A™a, — L, A\) =0 .

We next formulate the following theorem of uniqueness.

Theorem 3.1. Let Z C P (N) be an admissible ideal and V be a NNS. If (ay) is
a sequence in V' such that AN"™(Zy) — limgar = L1 and A™(Zy) — limy a = Lo
then L1 = Ls.
Proof. Suppose that £; # L5 and let ¢ > 0. Choose p > 0 such that (1 —
g)o(l—¢) >1—pand cec < u. For A > 0, we define the following sets.
Kg (e, A) = {k € NiG(A™a, — L1, 3) <1—¢}, Kg,(e, \) = {k € N:G(A™a, —
Ly, ) < 1—c¢}, Kg (e, ) = {k € NiB(A™a, — L1, 3) > e}, Kp,(e, \) =
{k € N:B(A™ay, — Lo, 5) > €}, Ky, (e, \) = {k € NN Y(A™a;, — Ly, 3) > ¢} and
Ky, (g, A) = {k € N:Y(A™a;, — Ly, ) > €} Since A™(Zy) — limpap = £, and
A™Zy) —limg a, = Lo so by Lemma 3.1, sets Kg, (¢, \); Kg, (¢, A\); Ky, (e, \)
and Kg, (e, \); Kpg, (¢, A) and Ky, (¢, \) belongs to Z. Define a set Ky (i, A)
by Ky (p, A) = {{Kq, (1, M)} U{Kg, (1, N} 0 {{Kp, (1, A} U{Eg, (1, M)}
{{Ky, (g, N} U{Ky, (1, N}}}; then Ky (p, A) € Z which immediately gives
{N=Ku(u, \)} € F(Z). Then {N—Ky (u, A\)} is a nonempty set as otherwise
{N=Ku(u, \)} € Z. Let k € {N=Kpx (1, M)}, then we have the following possi-
bilities: (i) k € N — {{Kg, (1, \)} U{Kg,(u, N)}}. (i) k € N—{{Kp, (1, \)}U
{Ks, (1, A)}} and (iii) k& € N = {{Ky, (1, A)} U{EKy, (1, A)}}-

Assume (i) holds, then k ¢ {Kg, (1, \)} U {Kg, (1, A\)} which gives k ¢
Kg, (11, A) and k ¢ Kg, (1, A). This implies that

G(A™May — Ly, 3)>1—¢ and G(A™Ma,— Ly, §)>1—¢
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Now,
A A
g(ﬁl—ﬁg,)\> > Q(Amak—ﬁl, §)og(Amak—£2, E) > (1—8)0(1—8) > 1—/JJ (31)

Since p is arbitrary and (3.1) holds for every A > 0, it follows that G (£, — Lo, A) =
1 and therefore £, = L,.

We now assume (ii) holds, then k ¢ Kp, (¢, A\) and k ¢ Kp, (11, A) and therefore
we have

B(A™ay — L1, 3) <e and B(A™ay — Ly, 3) <e.
Now,

A A
5) o B(A™a;, — Lo, 5) <cec<u (3.2
As p is arbitrary and (3.2) holds for every A > 0, we must have B (£, — L3, A) =0,
which gives immediately £ = Ls.

Finally, if we assume (iii) holds then as in case (ii) one have £, = L,. This
completes the proof of the Theorem.

Theorem 3.2. Let Z C P (N) is an admissible ideal, V be a NNS and (a), be
any sequences in V such that N —limy, (A™ay) = L , then A" (Zy)—limgap = L .
Proof. Assume N — lim; (A™ax) = £ . Then for each ¢ > 0 and A\ > 0 there
exists a positive integer mg such that G(A™a, — L, ) > 1—¢, B(A™ar—L, \) <
eand Y(A™a, — L, \) < e forall k> mg. It follows that the set {k € N :
G(AMap—L, \)<1—e or B(AM™a,—L, N)>e , VAM™ap—L, \)>¢e };
is a finite set and therefore belongs to Z. Hence A™(Zy) — limga, = L .
In next Theorem, we give linear property of Z—convergence in a NNS.

Theorem 3.3. Let Z C P (N) is an admissible ideal, V be a NN S and (ay), (b) be
two sequences in 'V such that A™(Zy)—limg ar = L1 and A" (Zy)—limy by = Lo,
then

(1)) A™(Zy) —limg(B ax) =B Ly for f#0
Proof. The proof of the Theorem follows parallel lines of Theorem 3.1 so we
skipped here.

B(£1 — £2, )\) S B(Amak — El,

4. T* — convergence

Kirigci and Simsek [13] proved that “Let V be a NNS. Sy — limga, = L if
and only if there exists a increasing index sequence J = {j1, j2,js -+ } C N, while
§(J) =1, N —limgaj, =L .” We use this result together via applying the
difference operator A™ to define a new type of convergence called A™(I*) —
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convergence in NNS.

Definition 4.1. Let Z C P (N) is an admissible ideal and V be a NNS. A
sequence (ag) in V is said to A™(Zx;)—convergent to L if and only if there exist
a set J = {j1,j2,j3- - } € F(Z) such that N' = lim,, A™a; =L . In this case we
write. A"™(Zx,) — limy a, = L .

Next Theorem gives relationship between A™(Z)—convergence and A™(Z*)—
convergence in NNS.

Theorem 4.1. Let Z C P (N) is an admissible ideal, V' be a NNS and (ax) be
any sequences in V such that A™(Z3,) —limy a, = L, then A™(Zy)—limga, = L .
Proof. Since A™(Zx,) —limgar, = £ so there exist a set J = {j1, Jjo, j3- -} €
F(Z) such that N'—lim,, A™a; = L. For each € > 0 and A > 0 there exists a
positive integer pg, such that g( A"a; — L, \)>1—¢, B(A"ay, — L, \) >
e and Y(A™a; —L, \)>e¢for every n > po. If we take a set P = N—J, then
P € T and therefore we have the containment A(e, \) = {k € N: G( A"ay —
L, N)<1l—cor B(A"ay— L, \) >ecand Y(A"a,—L, \) >} C PU
{J1s Jos J3--Jpo} - Since P € T and {j1, Jo, Js-- - Jpo ) IS a finite set so their union
must be Z which immediately gives A (e, \) € Z. Hence, A™(Zy) —limyar = L .

We now describe the Lemma 4 of [20].

Lemma 4.1. Let {K;};°,be a countable collection of subsets of N such that K; €

F(Z) for eachi where F(I) is a filter associate with an admissible ideal Z satisfying
property (AP). Then there exists a set K C N such that K € F(Z) and the set
K — Kjis finite for each 1.

Theorem 4.2. If 7 C P (N) is an admissible ideal with property (AP) then the
concepts of A™(Iy)—convergence and A™(Ix) — convergence in neutrosophic
normed spaces coincide.

Proof. To prove the result it is sufficient to show that if 7 is an admissible ideal
with property (AP) then A™(Zy)—convergence implies A™(Z}.)—convergence in
neutrosophic normed spaces. Let (ax) be any sequences in Vsuch that A™(Zy) —
limy ar, = £ . By definition, for every ¢ > 0 and A > 0 we have A(e, \) = {k €
N: G(A™a, — L, \) <1—¢ or B(AMar— L,\) > e and Y(A"ar, — L, \) >
e} € T For u € N, we define sets K(u, A\) and P(u, A\) by K(u, \) = {k € N :
G(A™ar — L, \) > 1— %L and B(A™ap — L, \) < % or Y(A™ap — L, \) < ,_IL}
and P(u, \) ={k e N: G(A"a, — L, \) <1 —% or B(A™ap — L, ) >
i . Y(AMa, — L, ) > i} Since A™(Zyr) — limg ar, = L, so for A > 0 and p €
Nyiepu=1,2, 3, -+, P(u, \) € Z which immediately gives K(u, \) € F(Z).
Thus K (1, \), K (2, \), K (3, A\), ---isasequence of sets in F(Z). As the ideal
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satisfy the property (AP) so by Lemma 4.1, there exists a set K’ C N such that K =
{k1, ko, ks---} € F(Z) and the set {K — K(u, \)} is finite for p =1, 2, 3, ---.
Now to prove the result it is sufficient to show that AN — lim; A™May; = L . Suppose
that N — lim; Amakj # L . Then there is some ¢; > 0 and a positive integer p
such that for all j > py G(A™ay, — L, A\) < 1—¢; or B(A™ay, — L, A) >
g1 and Y(A™ay, —L, \) > e1; which immediately implies that the set {k; € N :
G(AMay, — L, A) > 1—er, B(A™a, — L, A) <eror Y(AMa,, —L, A\) <ei}isa
finite set and must be in Z and therefore we obtain a contradiction as it belongs to
F(Z). Hence, N — lim; Amakj = L and this completes the proof of the Theorem.

5.A™(Zy )— Completeness in NN S

In this section, we introduce the concepts of A™(Zyr)—Cauchy and A™(Z3,)—Cauchy
sequences in NN S and define corresponding completeness.

Definition 5.1. LetZ C P (N) is an admissible ideal and V be a NNS. A sequence
(ax) in'V is said to A™ (Zyr) — Cauchy if and only if for everye > 0 and A > 0 there
exists a positive integer p such that the set {k € N : G(A™ap — a,, \) <
l—cor B(A™ay —ap,, A) >cand Y(A™a, —ap, X\) > e} isinT.

We next give the generalized Cauchy convergence criteria in neutrosophic normed
spaces.

Theorem 5.1. Let Z C P (N) is an admissible ideal, V be a NN S and (ax) be any
sequences in V such that A™ (Zy) — limg ax, = L, then (ay) is A™ (Zy) — Cauchy.
Proof. Assume that A™ (Zy) — limg ar, = £ . For every € > 0 and A > 0, choose
p > 0 such that (1 —¢)o(l—¢)>1—pand cee < u. Then, A(e, \) ={k e N:
G(AMay—L, 3)<1—¢c or B(A™a,—L, §) >eand Y(A™a,—L, §)>el el
and A%, \) ={k e N: GA"q - L, 3)>1—-¢, B(A™a,—L, 3) <
e or Y(AMa, — L, 3) < e} € F(Z) and therefore, is a non-empty set. Let
p € A%(g, A), then we have G(A™a, — L, 3) > 1—¢c, B(A™a,— L, 3) <

e or Y(AMa, — L, 3) < € Let, B(p, \) = {k € N: G(A™a, — a,, ) <

1 — poor B(A™ay Z ap, A) > p and Y(AMay — a,, A\) > p} is in Z. We
shall show that B (u, \) € A(u, A). For this, let kg € B(u, A\) — A(u, A),
then we have G(A™ay, — a,), A) < 1 —p and G(A™ag, — £,3) > 1 — p. In
particular  G(A™a,, — £, 3) > 1 —e. Now, 1 —pu > G(A™ay, — ap), \) >
G(A™ay, — L, 3) o G(A™a, — L, 3) > (1 —¢g)o (1 —¢) > 1 — pu which is not
possible. If B (Am(ako — Qp), )\) >pu and B (Amako - L, %) < p. In particu-

lar B (A™ay, — L, 3) < e. Now, p < B(A™(ak, — ap), N) < B(A™ay, — L, 3) @

2
B(A™ay, — L, 3) < £ ec < p which is not possible. Finally, if Y(A™(ay, —
ay), A) > pand Y(ay, — £, 3) < p. In particular Y (A™a,, — £, 3) < e. Now,

i< V(A — ap), ) < VB, — L, 3) e V(Ama, ~ L, 3) < cec < p

72
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which is not possible. Thus, in every case, B (i, A) C A (p, A). Since A (u, \) €Z
therefore B (u, A\) € Z as B(u, A\) € A(u, A). Hence, (ax) is A™(Zy)—Cauchy
sequence.

Definition 5.2. Let Z C P (N) is an admissible ideal and V be a NNS. V is said
to be ideal complete or A™(Zn)—complete if every A™(Zy)— Cauchy sequence in
Vis A™(Zy)—convergent.

Theorem 5.2. Let Z C P (N) is an admissible ideal, the NNS V is A™(Zy)—
complete.

Proof. Let (ay) be any A™(Zy)—Cauchy sequence in V. To prove the result,
we have to prove that (ag) is A™(Zy)—convergent in V. Suppose that (ay) is
not A™(Zy)—convergent in V. Let ¢ > 0 and A > 0. Choose u > 0 such
that (1—¢)o(l—¢) > 1 — pandcee < u. Since, (ai) is A"™(Zy)—Cauchy
so there exists a positive integer p such that A(e, \) = {k € N: G(A™ay —
a,), \) < 1—¢ or B(A™a, —a,), ) > cand Y(A™a, — a,), \) > e} € I,
and ) #£ A%, \) ={k e N: G(A™ax —ap), \) >1—¢c, B(AMax —ay,),\) <
e or Y(A™a, —ap), \) <e} € F(I). Let, B(e, A) be define by B(e, \) = {k €
N: G(A™ap — L, \) <1—cor B(A™ap— L, \) >eand Y(A™ar — L, \) > ¢}.
Since, (ay) is not A™(Zy)—convergent in V' so B (e, A) ¢ Z and therefore in F(Z),
which immediately implies that B¢(e, \) = {k € N : G(A™ap — L, )\) >
1—¢,  B(A™ap — L, \) < eor Y(A™a, — L, \) < e} € Z. Now we shall
show that A® (e, \) C BY (g, \). Let ko € A9 (g, M), then G(A™(ag, — a,), A) >
l—e, B(A™ag,—a,, A) <e or Y(A™ag,—a,, \) < e. Now, as in Theorem 5.1,
we have G(A™ay, —ap), N) > G(A™ay,—L, 3)oG(A™a,—L, 3) > (1—¢)o(l—¢) >

’ 2 )

1—p; B(A™(a, — ap), A) < B(A™ap— L, 5) e B(A™a,— L, §) <ceec<p and

2

V(A™a, — ap), \) < V(A™a, — L, 3) e Y(A™Ma, — L, 3) < e ec < p. This

shows that k, € B (1, ) and therefoQIe we have A (e, )\2) C BY(g, A). Since
BY (e, \) € T so A (e, \) € Z, which is a contradiction as A (e, \) € F(I) .
Hence, (ay) is A™(Zy)—convergent in V' and therefore Vis A™(Zx)—complete.

From, the above discussion we have the following Theorem.
Theorem 5.3. Let Z C P (N) is an admissible ideal, and Vbe a NNS. For any
sequence (ay) in V, the following conditions are equivalents.

(i) (ax) is A"™(Zy)—convergent in V;

(i) (ax) A™(Zn)—Cauchy in'V and

(iii) Vis A™(Zy)—complete.
Definition 5.3. Let Z C P (N) is an admissible ideal and V be a NNS. A
sequence (ay) in V is said to A™(Ix)—Cauchy if and only if there exist a set
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J =11, jo, Js---} € F(Z) such that the subsequence ( A™aj;,) is N—Cauchy.
Definition 5.4. Let Z C P (N) is an admissible ideal and V be a NNS. V is said
to be A™(Zx;)—complete if every A™(Zy)—Cauchy sequence in V is A" (ZL3)—
convergent.

Theorem 5.4. Let Z C P (N) is an admissible ideal, V be a NNS and (a;) be
any sequences in Vsuch that A™(Zy:)— Cauchy, then it is A" (IZy)— Cauchy.

Theorem 5.5. IfZ C P (N) is an admissible ideal with property (AP) then the con-
cepts of A™( Iy)— Cauchy and A™(Z3)— Cauchy in neutrosophic normed spaces
coincide.

Theorem 5.6. Let Z C P (N) is an admissible ideal and NNS. For any sequence
(ax) in V, the following conditions are equivalents.

(1) (ar) is A™(Z};)—convergent in V;

(i) (ap) A™(Zx))—Cauchy in'V and

(111) Vis A™(Zx)—complete.
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