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1. Introduction and Definitions

If f(z) and g(z) be two transcendental entire functions, Clunie [5] showed that
T{;?f;) = oo and lim,_, ngg) = 00. After this many authors [3, 4, 6, 7,
8, 9, 10, 12] made close investigation on composition of two entire functions with
finite order and obtained various results. Recently Jin Tu et.al [11] investigated
the composition of entire functions with finite iterated order and proved results on
comparative growths of log?*¥ T},(r) (p,q) € N with log” T(r) and log!® T, (r).
In this paper we study some properties on iteration of functions with finite iterated
order and extend some earlier results of Banerjee and Adhikary [1] for composition
of n entire functions. We first recall the notion of iterated order [7].

lim, o0

Definition 1.1. The iterated i order p;(f) and iterated i lower order p;(f) of an
entire function f are defined by

pi(f) = limsup o8 MY 1(7) = lim sup - AU 1(7)
r—00 log r r—00 log r

, (1€N)
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and [i+1] (4]
1 i+1 M 1 i T
wi(f) = liminfog—f(r) = liminfog—m, (i € N),
r—00 IOgT T—00 10g7“
where
log!! (r) = log(r), logl™ (1) = log(log!” (r)) 1 € N, for all sufficiently large r.

Definition 1.2. The finiteness degree of the order of an entire function f(z) is
defined by

0 for f polynomial,
i(f) =< min{j € N:p;(f) < oo} for ftranscendental,
00 for fwith p;(f) = oo for all j € N.

Throughout we assume fi, fa, -+, fn. etc. are non-constant entire functions and
C1,Co, -+ ,Cp; dy,do, -+ ,d, etc. are suitable constants.

2. Preliminary Theorems
In this section we presents some results in the form of preliminary theorems
which will be needed to prove our main results.

Theorem 2.1. 2| Let f1, fo, -+, fn be n entire functions. Then for all large values

of r
1 1 1 .
Mjiopsonop (1) 2 My (gMp(3gMys - 7o M5 (5) )
and
Mpiopsorop, (1) < Mg (My,y (- -+ My, (1) - +)).

Theorem 2.2. [2] Let fi, fo, -+, fu be n entire functions such that My, (r) >
%\fl(O)] fori=23,..n and for any € > 0. Then for all large values of r

Ttofsoof, () < (14 €) " VT (M (- My, (r) ).

Theorem 2.3. 2| Let f1, fa, -+, fn be n entire functions. Then for all large values
of r
Tprofionona(r) 2 3108 My, (5 My, (- <M, (5) )
fiofao-ofp r) = 3 0og f1 9 f2 18 fn 8

3. Main Theorems
The following theorems are the main results of this paper.
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Theorem 3.1. Let fi, fo, -+, fn be n entire functions having finite iterated orders
with i(fy) =pr for k=1,2,--- ,n and p,, (fx) >0 fork=1,2,---  (n—1). Then

Z.(flOf2o"'ofn):pl_l'p2+"'_‘_pn

and
p[P1+P2++pn](f1 © f2 ©--+0 fn) = ppn(f”)
Proof. By definition for sufficiently large r and for any given € > 0

Tfl (T) < exp[pl—l]{rppl (f1)+5}
Mf2 (7’) < GXp[p2]{rpp2(f2)+e}

By Theorem 2.2, we have for sufficiently large r
Thioaoofa(r) < (14 €)" T (Mp, (- My, (r) )

< (14" exph U {[My - My (1)) 00}
< (1407 e fe e (Mgl M) D))

(14" L expl?!] {01 explP?! {02 exp!P?! { {c _,explPr 1l {r”"" f”)+€}} }}}
ex

<
S [P1+p2+ +pn—1] {rﬂpn(fn) (n— 1)5}‘ (31)

Hence (3.1) gives

lo [p1+p2+~~+pn]T oronor (T
lim sup 28 frofa00fn (T)

r—00 log 7

< Ppu(fn). (3.2)

Again i(f,) = pn, so

[Pn+1] M

20 _ ().

) log
lim sup
r—00 10g r

If p,,(fn) > 0, then there exists a sequence {r,,} — oo such that for any € (0 <
€ < pp,(fn)) and for sufficiently large ,,, we have

My, (rm) > explPd {ppem()=e} (3.3)
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If {r,,} denotes a sequence tending to infinity not necessarily the same at each
occurrence then since p,, (fx) > 0 for £ =1,2,--- ,(n — 1) so from Theorem 2.3
and using (3.3) we have

Ttiofs0-ofn(Tm) = %log Mfl(% M%MA% PRRE %an(%”) )
> %exp[pl—u {[%Mh(%M 3(1_18 e 1_18an<%m) » ))]um(m—e}
> %exp[pl] {dl exp[p’r” {[% fg(%jwf4 e %an(%”> - )]HPQ(fZ)_e}}
> %exp[pl] {d1 expl??! {d2 expl?! { .. {dnfl explPn 1 {(%’L)ppn(fn)—f}} o }}}
> explPrtpet o ten—l] {rrprfn(fn)f(nfl)e} . (3.4)
Thus

lim sup log[p1+p2+"'+Pn] Tf10f20'"0fn (T)
r—00 10g T

So from (3.2) and (3.5) we have

> ppu(fn)- (3.5)

loglPrtpettpal o
lim sup 28 frofaoofa(T) _ oo (1),
r—00 log r
Consequently
i(fiofzo - o fu) =pr4p2+ - +pn
and

p[p1+p2+--~+pn}(f1 ofyo--rofn)=pp,(fn) for p, (fu)>0.

If pp, (fn) = 0, then by definition

So there exists a sequence {r,,,} — oo such that for arbitrary A > 0

log[pn] an (rm)

T > A e, My (ry) > exp[]?n—l] {r;‘l} . (3.6)
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Hence from (3.4) and (3.6) we have

Tf10f20'"0fn (Tm) > eXp[p1+p2+"'+Pn—2] {(%)A_E} '

So

log[p1+P2+~~+pn—1]

Tf10f20"'0fn(rm) > (A—¢)
log r,, -

for a sequence of values {r,,} tending to infinity.

Consequently
lifisogp log[:vl+p2+~--+p:0—g1]TTflof20mofn (r) .
Therefore
i(fiofao -0 fu)=pi+pat-+pn
and
Plpr+pattpn) (J1 0 fa 00 fr) = pp, (fn)-
Theorem 3.2. Let fi, fo, -+, fn be n entire functions with finite iterated orders

with 0 < p,, (f1) < o0 and 0 <, (fi) < pp,(fi) < o0 fori=2,3,--- n. Then

i(fiofao-rofy)=pi+pat-+pn

and

//Jpn(fn) < p[p1+p2+---+pn](f1 ofyo--rofy) < ppn(fn)'

Proof. Since p,,(fi1) > 0, there exists a sequence {R,,} tending to infinity such
that for any € (0 < € < pp, (f1))

My, (Rp) 2 expl?tl { Rypom (0071 (3.7)

Since M (r, h) is an increasing continuous function, so there exists a sequence {r,}
tending to infinity satisfying R, = § My, (55 My, (- - 15 My, (") ---)) such that for
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sufficiently large r,, and by Theorem 2.1, we have

1 1 1 -
Miofaoof,(tm) 2 My (GMp (3o Mp (- oMy, (57) )
= Mfl (Rm)
> expl” {Rmp"l (fl)_e} using(3.7)

11 1, .,
> exp { (MMl g5 () -+ )ym ]

[p +1] [p 71] 1 1 T Hpo (fQ)_E
> exp ey { LM oM ()0}

> explPi ] {Cl exp??! {02 explPe! { . {Cn_l explPn 1 {(%)umm)—e}} L }}}

> eXp[P1+p2+---+pn] {T#n(fn)*(nfl)ﬁ} ) (3.8)

Hence [P1+p2ttpn+1]
log 1TP2 Pn Mflofgo“'ofn(rm)

log ry,

2> /Mm(fn) —(n—1)e

ie.,
Plpr+patipa] (J1 O f2 020 fr) > pp, (fr)- (3.9)

Again for sufficiently large r, from Theorem 2.1, we have

Mrofsonog, (1) < My (Mp, (- - My, (M, (r)) - --))
1 D f €
< expl? [{ My, (- My, (My, () - ) )07
< exp[p1+ﬂ (dy exp[pz—ll {Mf3(- My, (Mg, (1)) - - )}sz(f2)+e]

< exp? H[dy expl) {dy exp?! {- - {d,,_y explrr=1) {(r)on(FITL Y LAY

< e:):p[p1+p2+"'+p”] {Tppn(fn)Jr(n—l)e} ) (310)
50 [p1+p2-+--+pn+1]
loglP1 P2+t Mo fyomor (r)
n < " —1
— < ppalf) + (0= 1)e
ie.,

p[p1+p2+-~-+pn](f1 ofyo--rofy) < ppn(fn)' (3.11)
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Thus
i(fiofao--rofu) =pr+prt+---+pn
and from (3.9) and (3.11) we obtain

MPn(fn) < p[p1+p2+~~~+pn](f1 © f2 ©---0 fn> < ppn(fn)'

This completes the proof.

Theorem 3.3. Let fi, fo, -, fn be n entire functions of iterated orders with
i(fe) =k, for k=1,2,--- ,n and p,,(fn) < tp,(f1). Then

loglP2+P3+-+pnl

. Tfiofgoofn (T
llm'r*)oo Tf1 (,r,)fl f2 ! ( ) — 0 and
i 1087 Myoponop () _
r—00 log My, ()
Proof. By definition, for sufficiently large r, we get
Ty, (r) > expP1 1 {T#m(fl)_e} ) (3.12)

From (3.1), we have

Tfiofyoof, (1) < explPr P2t tpn—l] {rppn(fn)+(n71)e} .

Now for sufficiently large r and for any given ¢, we have from (3.12)

loglPtpottpal o, expl?t=1) Lo () H(n=1)e

OfZO"'ofn (T)

— 0
Ty, (r) = expler—1] {pim (=<}
le.,
lim log[p2+1’3+"'+pn] Tflofzo'"ofn (T) = 0.
r—00 Tf1 (7”)
Similarly for sufficiently large r
log My, (1) > expPr 1l {rﬂm(fl)*f} _ (3.13)

Again by (3.10), we obtain
My oy0mop, (1) < explPrte2ttpnl Lpppn () Hn=hiel

Hence from (3.13), we get

[p2+p3+-+pn+1] My, fy0mo, () exp[pl_” {rppn (fn)+(n—1)6}

log My, (1) = explil {prn (S}

log

— 0
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ie.,

logP2tPst-tpatl] 31 oo
i 108 frofsoofa (1) _ 0.

r—o0 log My, (r)

Example 3.1. The condition p,, (f,) < pp,(f1) in Theorem 3.3 is necessary.
Which is shown by the following example.

Let fi(z) = exp(2), fa(2) = exp[z](z), ey falz) = exp["](z) and p; = 1, py = 2,
e =
ogln+1l r . ogr
Then  pp, (fu)=pu(fu)=limsup, ., T m0) = jiy, , loer —
. . logl® M (r
and fi,, (f1) = wa(f1) = liminf, ngl() =1
log[%]Mflobomofn(r)

But lim,_, =lim, 0 = =1 #0.

log My, (r)

Theorem 3.4. Let fi, fo, -+, fn be n entire functions of iterated orders with
i(fi) = pw, for k=1,2,--- n and p,,(fn) < pp (f1). Then

logP Pt tPnl Ty oy, (7)

lim inf =0
rree T, (T)
and [p2+p3+--+pnt1]
1 p2Tp3T - TPn M 0 Faomo
lim inf —2 pofsoofelT) _
reo log My, (r)
Proof. By definition, for sufficiently large r
Ty, (r) > explPr = {prm )=y (3.14)
Again from (3.1) for a sequence {r,,} — oo we have
Thyofaoofn (Tm) < explP? T2 4pn =1 Lptipn (fr)H(n=l)e} (3.15)

So from (3.14) and (3.15) for a sequence of values of {r,,} tending to infinity

N [p1—1] upn(fn)Jr(n*l)e}
log[pz+p3+ +pn] T fa0mof, (Tm) exp {Tm

Tf1 (rm) - exp[Pl—l] {Tm“m (fl)—e} — 0.
Therefore N
JoglPetpsttpal p
lim inf 08 fiofa fn(r) —0.
r—00 Tfl(r>

The proof for second part is omitted.
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Theorem 3.5. Let fi, fo, -+, fn be n entire functions of iterated orders with
i(fe) =pk, for k=1,2,--- n and 0 < pp, (f1) < pp,(fn) < 00 then

logP Pt tPnl Ty oy, (1)

lim sup =00
r—r00 Tfl (T>
and ) |
1 2+p3+-+pn+1 M o Froo
lim sup o fiofa fn(lr) — 0.
r—00 log My, (r)

Proof. By definition, there exists a sequence {r,,} — oo and for any given ¢(> 0),
we have
T, (rm) < explPr=1 {Tﬁfl(mﬁ} : (3.16)

Again from (3.4)
logle Pt Pl T () > explr =l [ ()= (De)
So from (3.16)

[p—1] ppn(fn)*(nfl)ﬁ}
log[p2+p3+ ol Tf10f20“'0fn(rm) > “r {Tm
Tt (rm) T eaple-] {Tfrz;l (f1)+e}

Since pp, (f1) < pp,(fn), sO

limsup logﬁpz+p3+...+pn] Tt ofroofy (r) o
r—00 Tfl (T)

The proof for second part is omitted.

Theorem 3.6. Let fi, fa, -+, fn be n entire functions of non-zero iterated lower
orders with i(fi) = pr, for k =1,2,--- ;n and p,, (f1) < pp, (fn) < 00. Then

lim sup 1Og[p2+p3+---+pn] Tfrofsoofs (7«) e
r—00 Tf1 (’I“)

and
vt pn+1
limsup 10g[p2+p3+ +pn+1] Mflofzomofn(T) e
o log My, (1)
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Proof. For all large r, we get from Theorem 2.3 and (3.3)

1 1 1 1 T

1
3
1 1 1 1 r
> [p1—1] Mo (=M (—Me oo —Me (=)--- tpy (f1)—€
s [0 (M (M M () )

1 1 1 1 T
> Z explPi {d1 explPz~1 {[—Mf3<—Mf4 e 1_8Mf"(§) .. )]upg(fz)—e}}

1
> expl!] {d1 expl??] {d2 expl?! { . {dH explpn 1l {(g)upnm)fe}} . }}}
explP P2 400 =1] st (F)=(n=De (3.17)

v

Also from definition there exists a sequence {r,,} — oo such that for any given
e(>0), we have

Ty, (rm) < exp” {n’%pl(ﬁ)”} : (3.18)

Combining (3.17) and (3.18) we get for a sequence {r,,} tending to infinity, we get

[p—1] Hpn(fn)*(nfl)ﬁ}
TflonO“‘Ofn(rm) > erp {Tm
Ty, (rm)  expl—] {rﬁfl(h)ﬂ}

1Og[p2+p3+~--+pn}

— 00

log[P2+P3+:--+pn] Ty ofp0.-0fn (r)

Ty, (1)

Similarly, we can prove that lim sup, _, .

ie., limsup,_, = 00.

loglP2+P3+-+pn+1] My, ofy0.0fn (r)
log My, (r)

= OQ.

Example 3.2. The condition p,, (f1) < pp, (fn) in Theorem 3.6 is necessary. This
follows from the following example.

Let fi(z) = expl(2), fa(2) = expl"(2), -+, fu(2) = exp(2), and p; = n,
=n—1,, pp_1=2,p,=1.Th h
P2 ="n ) ,p' 1 plog[nHl , (i? We' ave .
iy (F1) =4 (f1)=lm inf, 0 2B = Tim, o (257 =
.. log!?! My, (r)
and g, (fn)=p(fn) = liminf, g = 1.
n(n—1 n(n—1 n(n

- 1og! Y My e op, (1) _ 1 logt e expl ()
But lim = lim o

rsco - log My, (r) rosoo exp™(r)
— lim 2P (r) 1 # o0
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Theorem 3.7. Let fi, fo, -+, fn be n entire functions of non-zero iterated lower
orders with i(fy) = pi, for k=1,2,--- n and p,, (f1) < pip, (fn) < 00. Then

logP Pt tPnl Ty oy, (1)

lim = 0
700 Tf1 (T>
and )
- loglP2Hpattpntll \p oo (1) .
r—o0 log My, (r)

Proof. By definition, for large r and for any given ¢(> 0)
Ty, (r) < expPr=1 {rppl(fl)“} : (3.19)
Also for all large values of r we get from (3.17)
Thyopomog, () > explPt P2t Pn =l fpttpn ()= (n=D)e (3.20)
Hence from (3.19) and (3.20) we have

log[p2+p3+~.-+pn] Tf10f20"'0fn (7’) > eXp[pl_l] {Tupn(fn)_(n—l)E}
Ty, (r) = expli 1 {pen ()

Since p,, (f1) < pp, (fn) and e(> 0) is arbitrary, so

log[P2+P3+"'+p"] Tf10f20"'0fn (7’)

lim = 00.
r—r00 Tfl (7’)
logP2tPattpatl] g r o
Similarly, we can prove that lim 8 frofaoof, () = 0.
rroo log My, (r)
Theorem 3.8. Let fi, fo, -+, fu be n entire functions of non-zero iterated lower

orders with i(fi) = pg, for k = 1,2,--- ,n; 0 < pp, (f1) < pp(fi) < 00 and

Bpn (fn) < Yion s loglP2 P8+ HPnI Ty o ponofy, (1)
0< MPn(f?%) < ppn(fn) < 0o. Then m < lim 1nfr—>oo log[pl]Tfll(r)Q

in 4 Lealin) Pon(fn) Epn(In) -~ Pon(fn)
< man { ipy (1) ppy (1) } < maz { oy (1) 7 Poy (F1) }
loglP2 P8t 4P T o yoopn () pon (£n)
loglP1] Ty, (1) = wpy (1)
Proof. We have for sufficiently large r and for any e(> 0)

< limsup,_,

(ki (f1) — €)logr < 1ogI Ty, () < (pp, (f1) + €) log 7. (3.21)
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Now from (3.4) we can easily say that

Throfsoof, (Tm) > explPrP2tFpn=l] {r;‘npn(f”)‘("“)f} .

So from above for all large r and any €(> 0) we have from (3.2)

{11p, () = (n = 1)} logr < logP P2t 2l Ty oo o5 (1) < (pp (fa) + €) logT.
(3.22)

From (3.21) and (3.22) we obtain for sufficiently large values of r

Poulfn) + € > log[P1+P2+~~~+pn] Thiofs0m08a (1) > fp, (fr) — (0 — 1)6'

pp (f1) —€ log?1 T, (r) Z )t e (3.23)

Since € > 0 is arbitrary, we get from (3.23)

lim inf log" P2 Pl T oo (1) > oo (fn)
T log™ Ty, (r) P (f1)

and [p1+p2++++pn]
1 p1+p2+-+Dpn T oo :
lim sup 08 — frofa0-0fn (T') < Ppa ()
e log?!! T, (r) fip, (f1)

Also by definition, there exist two sequences {r,,} and {R,,} tending to infinity
such that

108" T (1) 2 (s (£1) =€) 108 7 108 T3 (Ron) < (1t (1) +€) og R (3.24)

From (3.1) it can be easily seen that for a sequence of values tending to infinity

So from above and (3.4) there exists two sequences {r, } and {R, } tending to
infinity such that

Tf10f20--.ofn (T;n) S eXp[p1+p2+~--+pn—1] {T/ upn(fn)+(n71)e} .

m

and

TfIOfQO---Ofn(R;n) > exp[p1+p2+"'+p”71] {R/ ppn(fn)_(n_1)€}

So
logPttP2 4Pl Ty g (M) < {bp, (fa) + (0 — 1)e}logr, (3.25)
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and

loglPtpeteteal e o or (R > {pp. (fu) — (n— 1)etlog R, . (3.26)

From (3.22) and (3.24), we get

log[p1+p2+~..+pn} TflonO"‘Ofn (Tm) < (ppn(fn) + E) log T
log?” T, (1) = (o (f1) — ) log 7,
le.,
logP PP T "
lim inf 8 frof20--01 (1) < Pp. (S )

r—00 log™ T (r) = ()
From (3.21) and (3.25), we get

log ™ > P Ty o onog, (1) {ttp, (fu) + (n = D)e}logry,

log™ Ty, (r),,) = (pp(fr) —e)logr,
le.,
[p1+p2+-+pn]
lim inf log Tflof?o"'ofn(r> < :upn(fn)‘
el log?” T'(r, f) tpr (f1)
Hence
1 [P1+p2+...+pn] T o Faomo
lim inf — ek 21 < i {upn(fn)’ Pon (f2) }
rmreo log T(Ta f) Npl(fl) Pm(fl)

Again from (3.22) and (3.24), we get

lo g[p1+p2+ +Pn] Tflofgo ofn( ) {:upn (fn) (n B 1)6} log Rm
log™ T4, (R,,) (kpy (f1) + €) log Ry

ie.,

[p1+p2+-+pn]
lim sup log o Throfs0-r0f (T) > :upn(fn).
ree log Tfl (T) Hpy (fl)

Also from (3.21) and (3.26), we get

log” P2t P Ty oo, (R) o {po.(fa) = (n—1)e}log B,
log® Ty (R.,) — (en(fi) te)log R,
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ie.,
1 [p1+p2+-+pn] Tt ofoono
limsup 0g fiofa fn(/r) > ppn(fn)'
r—00 log[pﬂ Tf1 (7”) Pp1 (fl)

Hence

lim sup log[p1+p2+~~+pn] Tflof2o'”ofn (T) > max {:upn(fn> Ppn (fn) } .

r—+00 log”™ T, (r) - tpy (f1) " P (f1)
1% n(f’ﬂ) 3 3 10g[p2+p3+'“+pn] Tf o f 0"'0fn(7') . {:u' n(fn) P n(f”)}

Therefore —pz XA < liminf, T Tfll(T)Q < min —M’; DL —p’; e

B (fr)  Ppn(fn) : logP2 P3P0l Ty o poofn (1) ppy (fn)
< maz { s U1 pon (1) } < limsup,._,o P T,, (1) S ()

This completes the proof.

Corollary 3.1. Let f1, fo, -+, fn satisfy the hypotheses of Theorem 3.8, then

ppn (fn) logl2tPa TP Ty opyonofn (1) {—“an) ppn(fn—)}
ppy (f1) log!P1] Tf{’“) (r) s min

< im 1nfr_>oo bpy (f1) 7 ppy (F1)

Bon (fr)  ppn (frn) ; IOg[p2+p3+m+pn]Tf1°f2°"‘0fn(T) Pon (fn)
< maz { ppy (f1) 7 ppy (f1) } < lim SUPr—c0 loglP1] Tf(k) (r) = upy (1)
1
for k=1,2,..

Corollary 3.2. We can obtain the similar result if we replace Tt ofy0.0f, (1) and
Ty, (r) with log My, ofy0.0f, () and log My, (r) respectively in Theorem 3.8.

Theorem 3.9. Let fi, fo, -+, fn be n entire functions of non-zero iterated lower
orders with i(fi) = pi, for k = 1,2,--- ,n; 0 < pp, (f1) < pp(f1) < oo and
0 < pip, (fn) < pp,(fn) < 00. Then

tipn () loglP2+P3++pn]

Opn (fn) S 11m 1nf,,1*>00 log[pn] z?f‘il(c;,j;zo--.ofn (T) S 1
[po+p3+-+pn]
S hm Supr_)oo = 10g[Pn] ;in(iJ;QOWOfn = S ZZZ E.J;:))
% < liminf 1og[p2+p3+<.4+pn+1] log My 0f90--0fp, (r) <1
ppn (fn) — r—00 ]Og[Pn+1] log My, (r) >~
S hm SupT_)OO log[p2+P3ﬂlL'”;Pn++l]l] log Mfl°f20~~0fn (T) < Ppn (fn) .
0g " lOg an (T) Hpn (f’ﬂ)

Proof. For sufficiently large r and for any ¢ > 0, we have

log?"! Ty, (r) < (pp, (fa) + €) log . (3.27)

Again for sufficiently large r we have from (3.4)

Thiofsorof (Tm) = explPt P2t tpa=t] fphpn (Fn) (=D (3.28)
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So from (3.27) and (3.28) we get

o P Ty g () () = (n = e log Ty
log?"1 T (7, B (Pp. (fn) + €)log T,

As e > 0 is any arbitrary, so

lim inf logh" P2 Pl T oo (1) > Hp (fn)
T log” T, (r) Pon(fn)

Again by definition, there exists a sequence {r,,} tending to infinity such that
log" Ty, () > (pp, (f) — €) og . (3.29)
From (3.2) for any given € > 0 and sufficiently large r, we get
log? P2+ Pl Ty oo (1) < (pp(fa) + €) log 7. (3.30)
Also
log” Ty, (r) < (pp, (fu) + €) logr,10g" Ty, (r) = (1, (fu) — €)logr.  (3.31)
From (3.29) and (3.30), we get

log[p1+p2+"~+pn] Tf10f20“'0fn (TM) (ppn<fn> + E) log Tm

<
log™" T, (r,y) = (pp(fn) — €) logry,
ie.,
1 [p1+P2+'"+pn]T oo
lim inf ~2 frofao-oin(T) .
r—00 1Og[Pn] Tfn (7«)

Again from (3.31) we get

logP P2 P T o, (7)

log? Ty (r)

(ppn(fn> +¢€)logr

= (i () — ) log 7

ie.,
logPrp2t-+pa] P oo -
lim sup 28 —Lher 1 (1) o Poulfn)
00 log#™ Ty, () fip, (fn)
Also for a sequence {R,,} tending to infinity, we have from (3.4)

Thiofaoofu(Rm) = eaplP 1Pt ton =il { fonn () =D} (3.32)
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From (3.31) and (3.32), we obtain

log[p1+p2+'"+p"} TflonO...ofn(Rm) > {Mm(fn) - (n - 1)6} log Rm'

log" T, (Ry) = () T ) log Ry,
ie.,
1 [p1+p2+--+pn] Th otoono
hm Sup Og fl f2 fn (7") Z 1
r—00 10g[p"] Tfn (T‘)

]Og[P1+P2+~-+Pn]

Hpn (fn)

Tpyof90-0f7 (1)
oo () <1

loglPnl Ty, () —

Combining all we have < liminf,_

] 10g[p1+172+.~+pn] Tf ofgo---0f, (7") P, (f)
< 1202 n < fPnosnl
< limsup,_, ., log?™ T}, (r) = tpn (fn)
[p1+po+-+pn+1]
. ton (n) < Tim i log Mpyofyoofa(r)
Similarly we can show that oy < lim inf, log?n P AL, (r) =1

log[P1+p2+-..+pn+l] Mflofzo-'-ofn(r) < Ppn(fn)

1Og[pn+1] M, (r) = ppn(fn)”

< limsup,_,
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