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1. Introduction

Let us consider that the readers are familiar with the fundamental results and
the standard notations of the theory of entire functions which are available in [27].
The concept of order p(f) of an entire function f is classical in complex analysis.
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It is well-known that the growth of entire function which has essential influence on
its properties can be studied in terms of order. Generalizing the notion of order,
Juneja et al. [8] introduced the definition of (p, q)-th order p®9(f) of an entire
function f where p and ¢ are any two positive integers such that p > ¢. For details
about (p, ¢)-th order and index-pair (p, ¢), one may see. [8].

On the other hand, Sheremeta [20] introduced the idea of generalized a-order
p(a, B, f) of an entire function f where a(z) is slowly growing function and f(x)
satisfy the condition B((1 + o(1)x) = (1 4+ o(1))5(x), * — +oo. The concept
of (p,q)-th order matches with the concept of generalized af-order when a(x) =
log? Yz = log(log? @ z) with p > 2 and B(x) = logl" 1z = log(logl"? ) with
q > 1, where log!(z) is the I-th iterated logarithm and log®(z) = z. But the
(1,1)-th order is not a particular case of generalized a/3-order since o(z) = x is not
a slowly increasing function which is the main disadvantage to say that generalized
af-order is more generalized concept of (p, ¢)-th order. Considering f(z) = z and
g(z) = 22, one can easily verify that p@®V (f) = p@(g) = 0, p@2(f) = p2?(g) =1
whereas pD(f) = 1 and p(tY(g) = 2.

However while most of the scales compare the growth of an entire function with
some positive unbounded function, Bernal [3, 4] proposed the notion of the relative
order between two entire functions which is a bit different approach to generalize
the order of entire function. In the case of relative order, it was then natural for
Lahiri et al. [12] to define the (p, ¢)-th relative order of entire functions where p
and ¢ are any two positive integers such that p > ¢. Sanchez Ruiz et al. [18] gave
a more natural definition of (p, ¢)-th relative order of an entire function in light of
index-pair ignoring the restriction p > ¢. Actually (p, ¢)-th relative order is more
generalized concept of relative order as well as (p, ¢)-th order [18].

Keeping this in mind, here in this paper we wish to introduce the idea of
(p, q)-th relative order, (p,q)-th relative type and (p,q)-th relative weak type of
analytic functions represented by Dirichlet series in the half plane with respect
to entire Dirichlet series where p and ¢ € N where N is the set of all positive
integers and then study some basic properties of analytic functions represented
by Dirichlet series in the half plane using the concepts of (p, ¢)-th relative order,
(p, q)-th relative type and (p, q)-th relative weak type. In fact, this class of function
was deeply investigated in [21].

2. Preliminaries

Let us define exp® z = exp(exp® 1 z) and log" z = log(log® Y z) for 2

[0,00) and k € N. Further we assume that throughout the present paper p and ¢
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always denote positive integers. Now we consider the Dirichlet series

o0

fs) = ane (2.1)

n=1

where A\, < A\pp1(n>1),0 < A\, Ay, > +oocasn — +oo, s =0 +it (0 and ¢ are
real variables) and
limsupﬁ =D < 4o0. (2.2)
n—+oo \n
If C and A denote respectively the abscissa of convergence and the abscissa of
absolute convergence of the series (2.1), then, as (2.2) is satisfied, we get ([13], p.
166) that
log |a,|™*
lim supM =A=C. (2.3)
n—-+o0o )\n
If the series represented by (2.1) converges absolutely in the half plane o < A
(—o0 < A < 400), then it is well known that (13, p. 166) that the series (2.1)
characterizes an analytic function in the half-plane 0 < A (—oo < A < 400). Also
the function My (o) [6] known as maximum modulus function corresponding to an
analytic function f(s) in the half- plane ¢ < A (—o0 < A < +00) defined by (2.1),
1s written as

My(o)= Lub_|f(o+i)].

Moreover it is well know [6] that logM¢(o) is an increasing convex function of o
for 0 < A (—o00 < A < o0). Moreover, if A = oo, then f(s), the sum function
of (2.1) represents an entire function and during the past decades, several authors
{see for example [9, 15, 16, 17, 19]} made closed investigations on the properties of
entire Dirichlet series in different directions using the different growth parameters
of M f(O' ) .

Further two entire functions f(s) and g¢(s) represented by Dirichlet series are
said to be asymptotically equivalent in the half plane 0 < A (—o0 < A < 400) if

5
(o (o 16 (et )) )
there exists [ (0 < [ < +00) such that — [ as

B
(o0 (o (b () ) ))

o — A where p > 0 and 8 > 0 are any numbers, p, ¢ € N. In this case we write
f(s) ~g(s) and if f(s) ~ g(s), then clearly g(s) ~ f(s).

If f(s) is not an entire function represented by Dirichlet series but represents
an analytic function represented by Dirichlet series in the half plane 0 < A (—o0 <
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A < 400), Nandan [14] introduced the notion of order p(f) and lower order A(f)
of f(s) as

p(f) = limsup = s(0) and A(f) = liminf o8 1) .
A 1 c—A 1
o— lOg <1—exp(J—A)> log <m>

Further, if f(s) is of order p(f) (0 < p(f) < +oc), Nandan [14] also introduced the
definitions of type A(f) and lower type A(f) of f(s) which are as follows:

s log M¢(o) o s log M¢(o)
A(f) = llzn_iklp 1 T and A(f) = llﬂlgf 1 T
< 1—exp(c—A) ) < 1—exp(c—A) )

The above definition of order (respectively lower order) as well as type and lower
type does not seem to be feasible if f(s) is of order zero. To over come this
situation and in order to study precisely the growth of f(s), Awasthi and Dixit [1, 2]
introduced the concepts of logarithmic order (respectively lower logarithmic order)
along with logarithmic type ( respectively logarithmic lower type) by increasing
log® once in the denominator and derived some of the growths of f(s). Therefore
the logarithmic order pig(f) (respectively logarithmic lower order Ajg(f)) and
logarithmic type Ajg(f) (respectively logarithmic lower type Ajg(f)) of f(s) are
define as

. log??! M, (o
poglf) = timsup—o8 ()
oA 10%”<1fexp1<afA))
L log? M, (o
(Alog(f) = hHLl}llfl [2]g fl() )
7 08 ( 1—exp(c—A) )
and
log M
Diog(f) = limsup T
o—A 1 o8
(log (1—exp(o‘—A)>>
log My (o)

(Zbg (f) = liminf

o—A 1 1 plog(f) ) ’
( 08 ( 1—exp(c—A) ) >

and following this, a number of papers on the above growth indicators of an analytic
function represented by Dirichlet series in the half plane 0 < A (—o0 < A < +00)
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have appeared in the literature where growing significance of workers on this topic
has been noticed (see for example [23, 24]).

Juneja et al. [9] first introduced the concept of (p, ¢)-th order and (p, ¢)-th lower
order of an entire Dirichlet series where p > ¢+ 1 > 1. In the line of Juneja et
al. [9], now we shall introduce the definitions of (p, q)-th order p®®(f) and (p, q)
-th lower order A9 (f) of an analytic function f(s) represented by Dirichlet series
in the half plane 0 < A (—o0 < A < 400) which is in fact extend the notion of
Nandan [14] and Awasthi et al. [1]. In order to keep accordance with the definition
of logarithmic order we will give a minor modification to the definition of (p, ¢)-th
order introduced by Juneja et. al. [9].

Definition 1. If f(s) be an analytic function represented by Dirichlet series in the
half plane 0 < A (—oo < A < +00), then the (p,q)-th order and (p,q)-th lower
order of f are respectively defined as:

log? M
pPI(f) = limsup og” M;(0) and
oc—A log[Q] <m>
log M;(0)

APD(f) = liminf .
o—A
7 log[q} <l—exp1(U—A)>

These definitions extended the generalized order and generalized lower order of
analytic functions represented by Dirichlet series in the half plane 0 < A (—o0 < A <
+00). Clearly p(f) = p(f) (respectively ACD(f) = A(f)) and pP2 () = prog(/)
(respectively A22(f) = Aog(f)). The above definition avoids the restriction p > ¢
and gives the idea of generalized logarithmic order.

However in this connection we just introduce the following definition:

Definition 2. An analytic function f(s) represented by Dirichlet series is said to
have index-pair (p,q) in the half plane 0 < A (—oo < A < +00) if b < pPD(f) <
Ho00 and pP~H=V(f) is not a nonzero finite number, where b = 1 if p = q and
b =0 otherwise.

Moreover, if 0 < p®9(f) < +o0, then

p(P_n7Q) (f) = 400 for n <Dp,
p(pvq_n) (f) = O fOI‘ n < q7
p(p+n,q+n)(f) =1 for n=1,2,---
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Similarly, for 0 < A9 (f) < 400, one can easily verify that

)\(p_nv‘I) (f) = 400 fOI‘ n < D,
)\(p,q—n)(f) =0 for n <gq,
APt (Fy =1 for n=1,2,---

An entire function f(s) represented by Dirichlet series in the half plane o < A
(—00 < A < +00) of index-pair ((p, q) is said to be of regular (p,q) growth if its
(p, q)-th order coincides with its (p, ¢)-th lower order, otherwise f(s) is said to be
of irregular (p, q) growth.

Now to compare the relative growth of two analytic function represented by
Dirichlet series having same non zero finite (p, ¢)-th order in the half plane o < A
(—00 < A < +00), one may introduce the definition of (p, ¢)-th type (respectively
(p, q)-th lower type) in the following manner:

Definition 3. The (p,q)-th type and (p,q)-th lower type respectively denoted by

APD () and Z(p’q)(f) of an analytic function f(s) represented by Dirichlet series
in the half plane 0 < A (—oo < A < +00) with 0 < pP9I(f) < +oo are defined as:

log"~!l M
APD(f) = limsup o8 1(0)

.9 (f)
c—A -1 1 P
( IOg[q } ( 1—exp(c—A) > )

- log?~1 M
A(p’q)(f) = liminf o8 1) I
oc—A 1 [q 1] pp,q (f)
( 0g (1 exp(a A)))

Analogously to determine the relative growth of two analytic functions repre-
sented by Dirichlet series having same non zero finite (p, ¢)-th lower order in the
half plane 0 < A (—0o < A < +00) , one may introduce the definition of (p, ¢)-th
weak type in the following way:

Definition 4. The (p, q)-th weak type 7P (f) and the growth indicator 7D (f)
of an analytic function f(s) represented by Dirichlet series in the half plane o < A
(—o0 < A < +00) such that 0 < \PD(f) < +o0 are defined as follows:

and

log?=1 Ar
7(p7q)(f) = limsup o8 ) AP (f and
oc—A < log[q 1] (1 exp(U ) ) >
T(}mq)(f) = liminf My(o)

o—A AP, q)(f)
(tog (1 )
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In this connection we state the following definition which will be needed in the
sequel:

Definition 5. A entire function f(s) represented by Dirichlet series is said to have
Property (H), if for any 6 > 1, v > 0 and for o > o1(¢) sufficiently close to A

(s (106 (=) )

<315 (s (106 (— =)

where My (o) denotes the mazimum modulus function.

The concept of relative order between two entire functions to avoid comparing
growth just with exp z was first initiated in [3, 4]. Considering this idea, now we
introduce the definition of relative order and relative lower order of an analytic
function represented by Dirichlet series in the half plane 0 < A (—c0 < A < +00)
with respect to an entire function represented by Dirichlet series in the following
way:

Definition 6. If f(s) be an analytic function represented by Dirichlet series in the
half plane 0 < A (—o0o < A < 4+00) and g(s) be an entire function represented by
Dirichlet series, then the relative order and relative lower order of f(s) with respect
to g(s), denoted by p,(f) and A\,(f) respectively are defined by

pe(f) = hmsuplogMQ_l(Mf((U)) and
o

o4 1—exp(c—A)
log M1 (M
A(f) = hm{?f o8 M, lf((U))'
o—
log (1—exp(U—A)>

In order to make some progress in the study of relative order, now we introduce
the concepts of (p, q)-th relative order p?(f) and (p, q)-th relative lower order
APD (£} of an analytic function f(s) represented by Dirichlet series in the half
plane 0 < A (—oo < A < +00) with respect to an entire function g(s) which is
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also represented by Dirichlet series in the following approach:

. log” M (M;((0))
APO(f) = limsup———t—
oA lOg <1—exp(0'—A)>
log" M (M
NPO(f) = liminf—2 (M (@)
oc—A 1Og[q] (;)
1—exp(c—A)

In this connection, we intend to give a definition of relative index-pair of an analytic
function represented by Dirichlet series in the half plane 0 < A (—o0 < A < +00)
with respect to an entire function g(s) represented by Dirichlet series which is
relevant in the sequel :

and

Definition 7. Let f(s) be an analytic function represented by Dirichlet series in
the half plane 0 < A (—oo < A < +00) and g(s) be an entire function represented
by Dirichlet series. Then the analytic function f(s) is said to have relative indez-
pair (p,q) with respect to g(s), if b < PP () < too and pgpfl’qfl)(f) is not a
nonzero finite number, where b =1 if p = q and b = 0 otherwise.

Moreover, if 0 < pP?(f) < 400, then

PP (f) = 400 for n<p,
g (f) =0 for n<yg,
pgp—i-n,q—‘rn)(f) =1 for n = 1, 2’ ..

Similarly, for 0 < AP?(f) < +o00, one can easily verify that

)\(gp—mq)(f) =400 for n<p,
)\gpvq—m(f) =0 for n <gq,
APFRAt (0 — 1 for n=1,2,--

Further an analytic function f(s) represented by Dirichlet series in the half plane
0 <A (-0 < A < +0o0) for which (p, q)-th relative order and (p, q)-th relative
lower order with respect to an entire function g(s) represented by Dirichlet series
are the same is called a function of regular relative (p,q) growth with respect to
g(s). Otherwise, f(s) is said to be irregular relative (p,q) growth.with respect to
g(s).

Now in order to compare the relative growth of two analytic function represented
by Dirichlet series having same non zero finite (p, ¢)-th relative order in the half
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plane 0 < A (—o0o < A < +00) with respect to an entire function represented
by Dirichlet series, one may introduce the concepts of (p, q)-th relative type and
(p, q)-th relative lower type which are as follows:

Definition 8. Let f(s) be an analytic function represented by Dirichlet series in
the half plane 0 < A (—o0 < A < 400) with 0 < pgp’q)(f) < 400 where ¢(s ) be an
entire function represented by Dirichlet series. Then (p, q)-th relative type Ag (p. Q)(f)
and (p, q)-th relative lower type A pq)(f) of f(s) with respect to g(s) are defined as

Ag’*’)(f) = limsup
oc—A
(10g[q ! (1 exp(a A ))
[p—1]
N o log y (My(0))
A;7(f) = liminf p;

o—A (p,q) (f)
[g—1] 1
<10g (17exp(crfA)>)

Analogously to determine the relative growth of two analytic function represented
by Dirichlet series having same non zero finite (p, ¢)-th relative lower order in the
half plane 0 < A (—oc0 < A < 4+00) with respect to an entire function represented

by Dirichlet series, one may introduce the definition of (p, ¢)-th relative weak type
in the following way:

and

log? ! M (M (0))

(p q)

Definition 9. Let f(s) be an analytic function represented by Dirichlet series in
the half plane 0 < A (—oo < A < 400) with 0 < /\ép’q)(f) < +oo where g(s) be
an entire function represented by Dirichlet series. Then (p, q)-th relative weak type

Tg(p’q)(f) and the growth indicator T (2 (£) of f(s) with respect to g(s) are defined
as follows:

log”™ M (M (0))

—(pvq)<f) = 1 and
T im sup (.9)
oA <log[q ”( >A 7
1—exp(o
10
TéP:Q)(f) = liminf ( <012p

oA D)
[4—1] 1 !
( IOg ( 1—exp(c—A) ) )

In this connection we state the following definition which will be needed in the
sequel:

Definition 10. A pair of analytic functions f(s) and g(s) represented by Dirichlet
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series in the half plane o0 < A (—o0 < A < +00) are mutually said to have Property
(X) if for all sufficiently large values of o, both

My.4(0) > Ms(0o) and My.4(0) > My(o)

hold simultaneously.

3. Results

In this section first we present the following lemmas which will be needed in
the sequel.

Lemma 1. [11, 25] Suppose that f(s) be an entire function represented by Dirichlet
series, « > 1 and 0 <y < . Then

M (ao) > €M (o) for all large o.

Lemma 2. Let f(s) be an entire function represented by Dirichlet series, o > 1
and > 0. Then for o > o1(¢) sufficiently close to A

Myt (1w (= =) )

> 5Mf<exp[p] u(log[q] (1 - expl(a - A))>6)7

where 0 > 0 and p > 0.
Proof. From Lemma 1, we get for « > 1, 0 < v < « and for all large o that

Myleo) _ 4 oo which implies that M¢(ao) > fM¢(o) where > 0. Therefore

lim My (o)

o——+00

0
Lemma 2 follows by putting o = expl?! u(log[q] (#@;-A))) .

Lemma 3. [25] Let f(s) be an entire function represented by vector valued Dirichlet
series, P be a vector valued Dirichlet polynomial, o € (0,1), 8 > 1 then for all
large o

Mf(OéO’) < Mh(d) < Mf(ﬁ()’),

where h(s) = Pf(s).

Lemma 4. Let f(s) be an entire function represented by Dirichlet series, P be a
Dirichlet polynomial, o € (0,1), 5 > 1 then for v > 0, u > 0 and for o > o1(¢)
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sufficiently close to A

e (106 (i —5))’)
<ty (102" (= r=7)) )

<y (e (1 (106 (= =55)) )
where h(s) = Pf(s).

Lemma 4 follows from Lemma 3 simply replacing o by

exp?! (p(log(—clo=p))")-
Now we present the main results of the paper.

Theorem 1. Let f(s) be any analytic function represented by Dirichlet series

in the half plane 0 < A (—o0 < A < +00) and g(s), h(s) be any two entire

functions represented by Dirichlet series. If g(s) ~ h(s) then pP?(f) = pPV(f)

and N () = MO (f).
Proof. Since g(s) ~ h(s), for any [ (0 <[ < +00), there exist an arbitrary ¢ > 0,
B >0 and o > oy(¢) sufficiently close to A for which get that

M, ( exp® <u<log[q] <1 - expl(a — A)>>5>>

<+ (u(os” (= =57)) ),

Now for @ > max{1,(l + ¢)}, we get by Lemma 2 for any arbitrary ¢ > 0 and
o > o01(e) sufficiently close to A that

Mg<exp[p] <u<log[‘ﬂ (1 - expl(a - A)>>B>>

<M <a exp!” (u(log[‘ﬂ (1 — eXpl(a — A))>5>> (3.1)

Therefore in view of above we get for any arbitrary ¢ > 0 and o > o1(¢) sufficiently
close to A that

My(o) < My (e () + 9o (—— )

i.e., Me(o) < M, <CY exp!” ((Pép’q)(f) + ) log!® <1 — expl(a _ A)>))
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ie IOg[P] Mh—l(]\/[f(0>) +O(1) < (p(p’q)(f) +6).
T logld ( L ) -

1—exp(c—A)

Hence we get from above that pgp ’q)( f) < pgp 2 (f). The reverse inequality is clear
because h(s) ~ g(s) and so pP?(f) = pP(f). In a similar manner, AP?(f) =

APD( £y This proves the theorem.
Theorem 2. Let f(s) be any analytic function represented by Dirichlet series

in the half plane 0 < A (—oo < A < +400) and ¢(s), h(s) be any two entire
functions represented by Dirichlet series. If g(s) ~ h(s) then Agpm(f) = Aép’q)(f)

and K" (1) = B (f).

g
Proof. In view of Theorem 1 and (3.1), we get for a > max{1,(l + ¢)}, any

arbitrary € > 0 and o > oy (¢) sufficiently close to A that
My (o)
1 PP (f)
M < [p—1] ( A@9) <1 [g—1] < >) ))
g exp ( g (f) + 8) 0og 1— eXp(O' - A)
i.e., Mf(O’)

M (expb = (a(AP(f) + ) (togle Y (= eX;(J _ A)>>pi”"’)<”>>

IA

IN

log” ™! M, ' (M (0))

(P,q)
1 1 e ()
(10g[q } <1—exp(o‘—A)))

Now letting a — 1%, we get from above that AP?(f) < AP?(f). The reverse
inequality is clear because h(s) ~ ¢(s) and so Aép”)(f) = A;Lp’q)(f). In a similar

manner, Z,(lp’q)( )= Z;p’q)( f). Hence the theorem follows.

In the line of Theorem 2 and in view of Theorem 1, one may prove the following
theorem:

< a(API() +e).

i.e., < p

Theorem 3. Let f(s) be any analytic function represented by Dirichlet series
in the half plane 0 < A (—o0 < A < 400) and g(s), h(s) be any two entire
functions represented by Dirichlet series. If g(s) ~ h(s) then T,(Lp’Q)(f) = Tg(p’q)(f)
and 7PV (f) = 7P (f).

Now we state the following three theorems which can easily be carried out from
the definitions of (p, ¢)-th relative growth indicators of analytic function represented
by Dirichlet series in the half plane 0 < A (—oo0 < A < +00) with respect to an
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entire function represented by Dirichlet series and with the help of Theorem 1,
Theorem 2 and Theorem 3 and therefore their proofs are omitted.

Theorem 4. Let f(s) be any analytic function represented by Dirichlet series in
the half plane 0 < A (—o0o < A < 4+00) and g(s), h(s) be any two entire functions
represented by Dirichlet series such that g(s) ~ h(s). Also let 0 < Agpvq)(f) <
pgp”)(f) < oo and 0 < /\,(lp’Q)(f) < ,Ol(lp’Q)(f) < 00. Then

log”! MY (M log” MY (M
lim inf o8 g (M (0)) <1 <limsup o8 g ( f(a)).
o—A log® MY (M;(0)) o—a logl?! MY (M (o))

Theorem 5. Let f(s) be any analytic function represented by Dirichlet series
in the half plane 0 < A (—o00 < A < 400) and g(s), h(s) be any two entire
functions represented by Dirichlet series such that g(s) ~ h(s). Also let either
0<APP(f) < oo (0< APV (f) < 00) or 0 < TPD(f) < 00 (0 < TPV (f) < ).
Then

log” ! My (M;(v)) log?~ ! M (My(0))

lim inf - - <1 < limsup T - )
oA logl? ™! M, (M (o)) o—a” log? ™ My (M (o))

Theorem 6. Let us consider fi(s), fa(s) be any two analytic functions represented
by Dirichlet series in the half plane 0 < A (—oo < A < +00) and g1(s) be any
entire function represented by Dirichlet series. Also let at least fi(s) or fos) is of
reqular relative (p,q) growth with respect to g1(s). Then

)\g,q)(fl + fp) < max{)\gf’q)(ﬁ), )\gf’q)(ﬁ)}'

The equality holds when APV (f;) > )\(ng’q)(fj) with at least f;(s) is of reqular relative
(p,q) growth with respect to g1(s) where i,j =1,2 and i # j.

Proof. If )\Efi’q)(ﬁ + f5) = 0 then the result is obvious. So we suppose that
APD (g 4 f2) > 0. We can clearly assume that )\g(ﬁ’q)(fk) is finite for k = 1, 2.

Further let max{\"?(f1), A\P?(f2)} = A and fo(s) is of regular relative (p,q)
growth with respect to ¢1(s). Now there exists a sequence {0, } of values of o tending

to A, for which we have from the definition of A»?(f;) and for any arbitrary £ > 0
that

My (o) < My, <exp[p} <(A§€,q)(f1> +)log" <1 — expl(a - A))))
i.e., My (o) < M, (exp[p] <(A + ¢) log!? (1 — expl(a — A)))) (3.2)
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Also for any arbitrary € > 0 and o > o1(¢) sufficiently close to A, we obtain from
the definition of p>'?(fo)(= AP?(f,)) that

My(0) < My, ((exp? (AL (f2) + <) log?! (-— expl(a - A)))) (3.3)
i.e., Mg, (o) < M, <exp[p] ((A +¢) logl? (1 — expl(a — A)))) (3.4)

Again there exists a sequence {0, } of values of o tending to A for which we obtain
from (3.2) and (3.4) that

b, Mo () < 20, (expl? (84 ¢)logh (= expl(a - A)))). (3.5)

Therefore there exists a sequence {o,} of values of o tending to A, for which we
obtain from (3.5) with the help of Lemma 2 , and for any § > 1 that

M ap,(0) < M, (5 expl? ((A +e)logl? (1 — eXpl(a — A)>>>
ie., %Mg_ll(Mflifz(a)) < expl (A + ) log (-— expl(g - A)))

log?”! M7 (My, 14, (o)) + O(1)

1
log[q} ( 1—exp(c—A) )

Since € > 0 is arbitrary, we get from above that

)\ézi,q)gl + fo) <A = max{)\gl”q)(fﬂ, )\gf’q)(fz)}-

< (A+e).

1.€.,

Similarly, if we consider that f;(s) is of regular relative (p,q) growth with respect
to g1(s) or both fi(s) and fo(s) are of regular relative (p,q) growth with respect
to ¢1(s), then one can easily verify that

MDD (fy & f2) < A = max{AZD (), X2 (£2)} (36)

Further without loss of any generality, let )\(g]f’Q) (f1) < )\(glj’Q)( f2), fi(s) is of regular
relative (p, q) growth with respect to g1(s) and f(s) = fi(s) £ fa(s). Then in view
of (3.6) we get that AZ?(f) < APV (f,). As, fo(s) = £(f(s) — fi(s)) and in this
case we obtain that /\Efi’q)(fg) < max {)\gf’q)(f), Aé’j’q)(fl)}. As we assume that
)\gf’q)(fl) < /\gf’q)(fg), therefore we have Aé’j’q)(fg) < A§,’j’q)(f) and hence )\éﬁ)’Q)(f)
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Now we state the following theorem without its proof as it can easily be carried
out in the line of Theorem 6.

Theorem 7. Let us consider fi(s), fa(s) be any two analytic functions represented
by Dirichlet series in the half plane 0 < A (—oo < A < 400) and g1(s) be any
entire function represented by Dirichlet series. Also let fi(s) and fa(s) be analytic
functions represented by Dirichlet series with relative index-pair (p,q) with respect
to g1(s). Then

pEO(fi % fo) < max{pP(f1), p 0 (f2)}-

The equality holds when p (fl) =+, p (fg).
Theorem 8. Let us consider fi(s) be any analytic function represented by Dirichlet
series in the half plane 0 < A (—oo < A < +00) and g1($), g2(s) be any two entire

functions represented by Dirichlet series. Also let )\gf’q)(fl) and Aﬁg’q’(fl) exists.
Then

APD (f1) > min{APD(f1), \PD(f)}.

The equality holds when Agﬁ”q)(fl) £ A2 (f1)-

Proof. If Aglig2(fl) = 400, then the result is obVious. So we suppose that
1jm(fl) < 400. We can clearly assume that )\ (fl) is finite for £ = 1, 2.

Further let U = min{ A\ (f,), A% (f1)}. Now for any arbitrary ¢ > 0 and ¢ >

o1(e) sufficiently close to A, we have from the definition of A pQ)(fl) where k = 1,
2 that

My, (e (O2() = los® (;—omp))) <Ma (3)
i.e, M, (exp[p} ((\I/ — £)logl® (1 — expl(a — A)>>> < My, (0).

Therefore for any arbitrary ¢ > 0 and o > 01(¢) sufficiently close to A, we obtain
from above and first part of Lemma 2 and 5 > 1 that

My 1q, (exp[p] <(\I/ — ¢)logl® (1 — expl(a — A)>>>

< M,, (exp[P] <(\If —¢) logl® ( — expl(a A)))>
1

n Mgg(exp[p] ((\p —¢)logl? ( ~exp(o — A))))
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i.e., My g (exp[p} ((\IJ — ¢)logl? (1 — expl(a — A)))) < 2My (o)

i.e., My tq, (% expl?! <(\If — ¢)logl? (1 — expl(a — A)))) < My, (o)
ie.. exp[p](<(‘1’ —¢) log[q](<1 — expl(g — A))) < BM 1ﬂEgg(Mfl(a))

log!” Mg:igfol () +O(1)

1.€., a > U —e.
q
lOg (1 eXp(U A))
Since € > 0 are arbitrary, we get from above that
ML (f1) 2 0 = min{AZO (1), AL ()} (38)

Now without loss of any generality, we may consider that Ag’qu)( fl) <Ay ( )( 1)
and g(s) = g1(s) & ga(s). Then in view of (3.8) we get that AP?(f;) > AZ9(f).
Further, g1(s) = (g(s) £ g2(s)) and in this case we obtain that A pq)(f ) > min
(P9 (1, )\ég’q)(fl)}. As we assume that AL? (1) < A2?(f,), therefore we have
AR (f1) 2 AP0(f1) and hence AP (f1) = AR (f1) = min (G0 (£), AL (1)}

Therefore, )\glﬂ:92<f1> = APD(f) | i =1, 2 provided AZ? () # AZP(f,). Thus
the theorem follows.

Theorem 9. Let us consider fi (s) be any analytic function represented by Dirich-
let series in the half plane 0 < A (—o0 < A < +00) and g1 (), g2 (s) be any two
entire functions represented by Dirichlet series. Also let the relative index-pair of
f1(s) with respect to gy (s) and g2 (s) is (p,q). Also let fi(s) is of regular relative
(p,q) growth with respect to at least any one of g1 (s) or ga (s). Then

pg1:|:g2 (fl) > min {p ) ng (fl)}

The equality holds when ,OM) (f1) < pgj ) (f1) with at least fi(s) is of regular
relative (p, q) growth with respect to g; (s) where i, j =1, 2 and i # j.

We omit the proof of Theorem 9 as it can easily be carried out in the line of
Theorem 8.

Remark 1. Using the results of Theorem 6 to Theorem 9 and in view of the proofs
of Theorem 13 and Theorem 14 of [5], one can easily deduce the similar conclusion
of Theorem 13 and Theorem 1/ of [5] under somewhat different conditions for any
two analytic functions fi(s) and fs(s) represented by Dirichlet series in the half
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plane 0 < A (=00 < A < +00) and any two entire functions g, (s) and ga (s)
represented by Dirichlet series.

Theorem 10. Let us consider fi(s), fo(s) be any two analytic functions repre-
sented by Dirichlet series in the half plane 0 < A (—o0 < A < +00) and g1(s) be
any entire function represented by Dirichlet series. Also let at least fi(s) or fa(s)
is of reqular relative (p,q) growth with respect to gi(s). Then

APD(fr - fo) < max{ALD (1), APV (f2)}

when g1(s) satisfy the Property (H). The equality holds when fi(s) and f5(s) satisfy
Property (X).

Proof. Suppose that AZ?(f, - f,) > 0. Otherwise if )\gf’q)(fl - fo) = 0 then the
result is obvious. Let us consider that f5(s) is of regular relative (p, ¢) growth with
respect to gi(s). Also suppose that max{)\gf’q)(fl), )\gf’q)(fQ)} = A. We can clearly
assume that A9 (f,) is finite for k& = 1,2. Now there exists a sequence {o,,} of
values of o tending to A, for which it follows from the definition of p&?(f;) and
for any arbitrary § > 0 that

My () < My, (s (02 () + ) 108 (+—oom—7) )
i.e., Mg (o) <M, (exp[p] (A + g) log!! (1 — expl(a — A)>>> (3.9)

Also for any arbitrary § > 0 and ¢ > 01(¢) sufficiently close to A, we obtain from
the definition of pX?(f,) (= AL?(f,)) that

st .0, (o (09000 s (1)
i.e., My, (o) < M, <exp[p] ((A + g) logl? (1 — expl(a — A)>)> (3.10)
Observe that
A+e o1
A+5

expl?] <(A+6) logld] (m))

expl?] | (A+5)logld <m>

sufficiently close to A. Thus for any ¢ > 1, it follows from the above expression for

Therefore we consider the expression for o > o4(e)



46 J. of Ramanujan Society of Mathematics and Mathematical Sciences

o > o1(¢) sufficiently close to A, say o > 01 > 0 that

expl?! ((A +¢) logl <m)) _
expll (A +5) 108" (=) ) o

Now there exists a sequence {o,} of values of o tending to A, for which we have
from (3.9), (3.10) that

1100 (3t (e (34 5) 06 (1))

Now we obtain from above for a sequence values of o tending to infinity that

Mfl'f2(0)<Mgl(5<eXp <<A+ >logM<1—eXp1(0—A)>>>>’

since ¢i(s) has the Property (H) and § > 1. Therefore in view of (3.11), it follows
for a sequence {0, } of values of o tending to A that

(3.11)

My 1,(0) < My, (exp? (8 42)logh (—— expl(a _ A)))). (3.12)

Since ¢ > 0 is arbitrary, we obtain from above that

)\;(ﬁ’q)(fl ) A= max{x\éf’q)(ﬁ), Aéﬁ””(fz)}

Similarly, if we consider that fi(s) is of regular relative (p, q) growth with respect
to g1(s) or both fi(s) and fo(s) are of regular relative (p,q) growth with respect
to g1(s), then also one can easily verify that

)\(gzl),q)(fl ) < A= max{/\é’j”)( ), A PQ)<f2)} (3.13)

7791

Now let fi(s) and fo(s) are satisfy Property (X), then of course we have My, .r, (o) >
My, (o) and My,.4,(0) > My, (o) for all sufficiently large values of 0. Therefore from
the definition of relative (p, q)-th lower order, we get that AP?(f; - fo) > AP ()
and AP (f, - f,) > AP9(£,). Hence the theorem follows.

Now we state the following theorem without its proof as it can easily be carried
out in the line of Theorem 10.

Theorem 11. Let us consider fi(s), fo(s) be any two analytic functions repre-
sented by Dirichlet series in the half plane 0 < A (—oo0 < A < +00) and ¢1(s)
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be any entire function represented by Dirichlet series. Also let f1(s) and fa(s) be
analytic functions represented by Dirichlet series with relative index-pair (p, q) with
respect to entire g(s). Then

P (f1 - f2) < max{p? (1), PV (f2)},

when g,(s) satisfy the Property (H). The equality holds when fi(s) and fo(s) satisfy
Property (X).

Theorem 12. Let us consider fi(s) be any analytic function represented by Dirich-
let series in the half plane 0 < A (—o0 < A < 400) and ¢1(s), g2(s) be any two

entire functions represented by Dirichlet series. Also let APV (1) and A2 (f)
exists. Then

A () 2 min{ARD (£), AR ()},
when g1 - go(s) satisfies the Property (H). The equality holds when g,(s) and ga(s)
satisfy Property (X).
Proof. Suppose that /\gf’.gl(fl) < Ho00. Otherw1se 1f )\gl gQ(fl) = +00, then the
result is obvious. Also suppose that mln{)\g1 ( fl), b ( f1)} = . We can clearly

assume that /\pq>(f1) is finite for £ = 1,2. Now for any arbitrary ¢ > 0, with
e < W, we obtain for o > oy (¢) sufficiently close to A that

Mo (exp[p] <(/\t‘(727q>(f1) B g) log!” (1 — expl(a — A)))) < My(0)

i.e., My, (exp[”} <<\I/ — g) log!? (1 — eXpl(U — A)>>> < My, (o). (3.14)
Observe that
it SN
U —¢

expl?! ((q/—é) logl! (ﬁ)))
( 2 trewlo ) for o > o1(e)

Now we consider the expression
explPl | (T—¢)log E— A)))>

sufficiently close to A. Thus for any 6 > 1, it follows from the above expression for
o > o1(¢) sufficiently close to A, say o0 > o1 > 0 that

(exp“”] ((‘If )bg[q] (m))) _5 (3.15)

(exp[p] ((‘1’ — £) log? (W))) :
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Therefore we get from (3.14) for o > o4(¢e) sufficiently close to A that

M,, ., (exp[p] ((qf - %) log! (1 - expl(g — A))>) < (M () (3.16)

Also we obtain from above for ¢ > o4(¢) sufficiently close to A that

e (o (859 (=)' <300

e M (e (1 5) 06 () <)

since ¢; - g2(s) has the Property (H) and § > 1. Therefore in view of (3.15), it
follows from above for o > o1(¢) sufficiently close to A that

1
[p] _ [q]
Mgl.92<exp <(\Ij £)log (1 —exp(o — A)))) < My (o)
MY (M el (@ logl4 1
s Moyl (M, (0)) > exp (0 = £)log (3 — =)
ie, log[ps ]]wgl 92(Mf1 (U)) > (\If . 8).
1Og ! (1 exp(o A))
Since € > 0 is arbitrary, we get from above that
AP (1) > W = min{A\PD(f1), \BD(f1)}. (3.17)

Now let ¢1(s) and go(s) are satisfy Property (X), then of course we have My, .4, () >
M, (o) and M,,.4,(0) > My, (o) for all sufficiently large values of o. Therefore

for all sufficiently large values of o , we obtain that Mg1 .(0) < M, (0) and

M, (0) < My (o). So A (f1) < AR (f1) and ARE,(f1) < ALY (). Hence
the theorem follows.

Theorem 13. Let us consider fi(s) be any analytic function represented by Dirich-
let series in the half plane 0 < A (—o0 < A < +00) and ¢1(s), ga2(s) be any two
entire functions represented by Dirichlet series. Also let the relative index-pair of
fi(s) with respect to g1(s) and g2(s) is (p,q). Also let fi(s) is of regular relative
(p,q) growth with respect to at least any one of g1(s) or ga(s). Then

P9 (f1) > mindpP (1), 2 (1)},
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when gy - go(s) satisfy the Property (H). The equality holds when g,(s) and ga(s)
satisfy Property (X).

We omit the proof of Theorem 13 as it can easily be carried out in the line of
Theorem 12.

Remark 2. Using the results of Theorem 10 to Theorem 13 and in view of the
proofs of Theorem 19 and Theorem 20 of [5], one can easily deduce the similar con-
clusion of Theorem 19 and Theorem 20 of [5] under somewhat different conditions
for any two analytic functions f1(s) and fy(s) represented by Dirichlet series in the
half plane 0 < A (—oo < A < +00) and any two entire functions g1(s) and g»(s)
represented by Dirichlet series.

Theorem 14. Let us consider fi(s), fo(s) be any two analytic functions repre-
sented by Dirichlet series in the half plane 0 < A (—oo < A < +00) and g1(s),

g2(s) be any entire functions represented by Dirichlet series. Also let pgf’q)(fl),
PPV (1), pV(f1) and pE?(f) are all non zero and finite.
(A) ]fp(pQ)( fi) > ngfQ)(fj) fori,j=1,2and i+ j, then

Aé’f")(fl + fo) = A

(B) If pPV(f)) < pg]; V(f1) with at least fi(s) is of reqular relative (p,q) growth
with respect to g;(s) for i, j = 1,2 and i # j, then
AL, () = APD(f) and B (F) = A0V (F) i =1,2.

g1tg2 91192

(C) Assume the functions fi(s), fa(s), g1(s) and go(s) satisfy the following condi-
tions:

(7) pgj V(f) < pgjq (f1) with at least fi(s) is of regular relative (p,q) growth with
respect to g;(s )forz'—l 2,7 =1,2andi#j;

(i1) P q)(f ) < pg] (f2) with at least fa(s) is of reqular relative (p,q) growth with
respect to g;(s) fori=1,2, j = 12andz7éj,

(iii) p2V (1)) > pPV(f;) and p2V () > p2D(f;) holds simultaneously fori = 1,2;
j=12and i # j;

(10)p? (o) = maaslmin{pf (), 92 (£}, min{ o2 (), o7 ()] | 1 = m =
1,2;

then we have

1i92(f1 + fa) = Af]ﬁlq (f)ll=m=1,2

and

AP (it ) =R (f) [1=m =12,

g1tg2
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Proof. From the definition of relative (p,q)-th type and relative (p,q)-th lower
type of analytic function represented by Dirichlet series in the half plane 0 < A
(—oo0 < A < 400) with respect to an entire function represented by Dirichlet series,
we have for any arbitrary € > 0 and o > o4(¢) sufficiently close to A that

(psq)

My, (o) < M, (exp[pfl] ((Aéi’m(fk) + 8)<log[q71] (1 . eXp1<U - A)))pgl (fk))>’
(3.18)

(p,q)

My, (o) > M, <€Xp[p*1] ((Z;?’Q)(fk) —¢€) (10g[q—1] (1 _ eXpl(U - A)))ﬂgl (fk)))
(3.19)

ire. My (o) < My, (log (1 ! —)+4), (320)

[p—1] (p,a)
expls—1] << _log?7 o )pgl (fk)>
P AP (f1)—e)

where k =1,2and [ =1, 2.
Also there exists a sequence {o,} of values of ¢ tending to A, for which we
obtain that

1 DAE)
-1 ) 1 l
a0 0 o (1359000 e ()
(3.21)
. 1
ie., My (o) < My, (log (1 - ; + A), (3.22)
[q—l] << log[P—l]o- >ng’q)(fk)>
=P @ -a)

and
Mg, (o) <

(p;2)

M,, (eXp[pfl] <(Z$7q)(fk) + 8)(103;[‘1_1] (1 — eXpl(a — A))>pgl (fk)>>7 (3.23)

where € > 0 is any arbitrary positive number, k =1, 2 and [ = 1, 2.
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Case I. Suppose that ,0 ( fi) > ,091 ( f2) hold. Hence for any arbitrary ¢ > 0,
we get in view of (3.18) and o > oy(¢) sufficiently close to A, that

MflifQ (J) <

1 (p,a)

AZD(f1) +e) <1Og[4*1} (1 — exp(o — A)>)pg1 (fl)))(l +4)

(3.24)
b (f2)
Mg, (eXP[P 1 ( A q>(f2)+8)<10gq R (ﬁwm)) ))

o2 (1)
Mgl explp—1] ( Al q>(f1)+6)<logq 1 (#«:—m)) ))
(»,9)

pa(f1) > pg1 ( f2), and o > o1(e) sufficiently close to A, we can make the term
w; sufficiently small. Hence for any « > 1, it follows for o > o4 (¢) sufficiently close
to A, Lemma 2 and (3.24) that

M (e

where w; = and in view of

MflifQ (J) <

o (0 o (o)) 0

e Mpsp(0) < My, (exp? Y (a(AZD(f) +2

Therefore in view of Theorem 7 and p?(f1) > p@9(f,), we get from above for
o > o4(¢) sufficiently close to A that

log~ " Mgﬁlelifg( o)

)
1 1 pgl (flifQ)
( log[q ! < 1—exp(c—A) > )

Hence making o — 1+, we obtain from above for o > 01 (¢) sufficiently close to A
that

<a(A (pq (f1) +e).

log" ! M 1M
i sup——— L ) < AR
o—00 <l lg—1] < ))Pgl (fi£f2)
08 1— exp(a

€., Ag’“’ (it fo) <A pQ)(fl) (3.25)
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Now we may consider that f(s) = fi(s) £ fa(s). Since P (fl) > i (f2) hold.
Then AP?(f) = APD(f; + f) < ALY (f). Further let f1(s) = (f(5) £ fals)).
Therefore in view of Theorem 7 and p{**%) (f1) > pg1 9( f2), we obtain that pgf’q)( f)>
PP (f,) holds. Hence in view of ( 3.25) AL (f) < ALY (f)y = AP (1, + 1),
Therefore Af(f) = A (f1) = ALY (fi £ f2) = AR ().

Similarly, if we consider péf’Q)( fi) < pgf’q)( f2, then one can easily verify that
ARV £ f2) = ALV (o).

Case II. Let us consider that pZ?(f;) > p®?(f,) hold. Now there exists a
sequence {0, } of values of ¢ tending to A, for which we get from (3.18) and (3.23)
and for any arbitrary € > 0 that

My +p,(0,) <

1 (p,q)

o S8+ ()
' (3.26)

(p,a)

pgy " (f2)
My, (exp“"” <(A§ﬁ’q)(f2)+€)<log[q_” <m>> >>

N o oD (1)
Mg, (exp“"” <(A£’q (f1)+s)<log[q‘” (W)) ))

of p(p & (f1) > pgfq (f2), we can make the term wy sufficiently small by taking
n sufficiently large and therefore using the similar technique for as executed in

the proof of Case I we get from (3.26) that Zg’q)(]ﬁ + f) = Z;?q)(fl) when

P (f1) > i (f2) hold.
L1kew1se if we con81der p ( fi) < pg1 ( f2), then one can easily verify that

(f1if2)— gl (fz)-

Thus combining Case I and Case II, we obtain the first part of the theorem.

and in view

where w,

Case IIL Let us consider that pi¥? (f1) < p29 () with at least f1(s) is of regular
relative (p, q) growth with respect to go(s). Therefore there exists a sequence {0, }
of values of ¢ tending to A, for which we obtain from (3.20) and (3.22) and for any
arbitrary € > 0 that

Myza(0,) < My, (1og (1- L ) +A)a+0), (3.27)

[p—1] (p,q9)
expla—1] <<10g—0n> peh (m)
P A2D (1) o)
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Mf1 <log (1— 1 I >+A>
cXp[q_l] (( log[p_l] on ) ng’q)<f1)>

@PD (11)-¢)

where ws = )
My, (log (17 1 >+A>
exp[qfl] <<710g[p71] In ) pf(lli q) (f1) )
@29 (5)-e)

Since pZ?(f1) < p29(f,), we can make the term s sufficiently small by taking
n sufficiently large. Hence in view of Lemma 2 and Theorem 9, we get from (3.27)
for a sequence {o,} of values of ¢ tending to A that

1
My, 1q,(00) < My, (log (1 — — — ) + A>
lg—1] (( _log"~ o )N”q T >>
exp q9 ( ( (Aé“;“” o) 91 1

e e (85909 - (kY)Y
< Mf1 (Un)(l +51)

o My (Lo (8900 - ) (1og Y () YTY)
< My, (on),

where o > 1. Hence, making o« — 1+, we obtain from above for a sequence {o,}
of values of ¢ tending to A that

- 1 P(pi) (f1)
(APD(f,) _5)<log[q 1 (1 - _A))> ottt g AL My (0,)).

Since € > 0 is arbitrary, we get that

APD (1) = APD(fy). (3.28)

g1%g2

Now we may consider that g(s) = ¢1(s) &+ ga(s). Also P (fl) < p®D(f) and at
least fl( ) is of regular relative (p, ¢) growth with respect to ga(s). Then AP (f1)
= Agligz(f) > qu (f1). Further let g1(s) = (g(s) £ gg( )) Therefore in view

of Theorem 9 and ppq)(fl) < ng (fl) we obtain that p ( 1) < ng (fl) as at
least fi(s) is of regular relative (p, q) growth with respect to 2( ). Hence in view

of (3.28), ARV (1) > APV(f1) = APD (f1). Therefore AP (f) = ALY (f) =
g1:|:92(f1) = Aél;#l)(fl)
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Similarly if we consider ,0 ( fi) > p92 ( f1) with at least fl( ) is of regular
relative (p, q) growth with respect to ¢1(s), then Agligg(fl) AP (fl).

Case IV. In this case suppose that pM)(fl) < pggq (f1) with at least fi(s) is of
regular relative (p,q) growth with respect to go(s). Therefore for any arbitrary
e >0 and o > o0y(e) sufficiently close to A, we get from (3.20) that

My, 0, (0) < My, (log (1- ! ——)+4)(1+D), (3.29)

(p—1] (p,9)
expla—1] (<J6>g—a> P (m)
P @57 ()=o)

L <1og (1 L —— >+A)
exp[qfl] < ( log[pil] o > ng’q) (f1) >
@&2D (£1)-¢)

1

1
expla—1l <<w> P(gzi’Q)(fl) )
(Zs(q%@(fl)—s)

,og2 ( f1), and o > o4 (¢) sufficiently close to A, we can make the term wy sufficiently
small and therefore using the similar techmque for as executed in the proof of Case

III we get from (3.29) that Agng(ﬁ) (f1) where P(p q)(f ) < ng Q)<f1) and

at least fi(s) is of regular relatlve (p,q) growth with respect to go(s). Likewise
if we consider p ( fi) > ,og2 ( f1) with at least fl( ) is of regular relative (p,q)

growth with respect to g;(s), then Ag]iigz( fi) = 92 ( f1). Thus combining Case
IIT and Case IV, we obtain the second part of the theorem.
The third part of the theorem is a natural consequence of Remark 2 and the

first part and second part of the theorem. Hence its proof is omitted.

where wy =

My, | log | 1—

1

) ) and in view of pF?(f;) <

Theorem 15. Let us consider fi(s), fa(s) be any two analytic functions repre-
sented by Dirichlet series in the half plane 0 < A (—oo < A < +00) and g1(s),

g2(s) be any entire functions represented by Dirichlet series. Also let Ag’;’q)(fl),
)\gf’q)(fg), )\g’q)(fl) and )\gg’q)(fg) are all non zero and finite.

(A) If )\gf’q)(fi) > )\fff’q)(fj) with at least f;(s) is of regular relative (p,q) growth
with respect to g1(s) fori , 7 = 1,2 and i # j, then

TD(fo % fo) = PO(f) and TR (fi+ fo) = TEO(f;) i =
(B) If \PP(fi) < Aéf-"”(fl) fori,j=1,2andi# j, then

Tovtos (1) = 73 (f1) and T2, (F1) = 700 (f) i = 1,2
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(C) Assume the functions fi(s), fa(s), g1(s) and g2(s) satisfy the following condi-
tions:
(1) pgl’q (fi) > pg1 (fj) with at least f;(s) is of regular relative (p,q) growth with
respect to g1(s )forz j=1,2andi# j;
(17) p92 (fz) > pg2 (fj) with at least f;(s) is of reqular relative (p,q) growth with
respect to ga(s )forz j = 1,2 and i # j;
(iid) pPV(fy) < pg] V(f) and p@V(f2) < p_ff; V(f) holds simultaneously for i,
j=1,2andi# j;
(iv) AP () = minfmax{ AL (£,), ALV (fo) h, max{ AL (), AZD(F2)}] | 1 = m =
1,2;
then we have

glﬂ:gg(flj:f2> TPO(f) [l=m=1,2

and
D (it B) =TEI(f) [ L= m=1,2.

Tg1+g2

Proof. For any arbitrary positive number (> 0), we have for o > o4(¢) sufficiently
close to A that

Mfk<0) <

M (e (i) 2 (o () )) a0

M, (eXp[p (( PO(f) — 5)(10g[q_1] (1 — expl(a — A>>>A§?q)(fk)>> (3.31)

1

1
o logP—11 & (p,q)
o () 5 )

and for a sequence {0, } of values of o tending to A we obtain that

Mfk (U) >

ie., M, (0) < My, (log (1 - + A), (3.32)



56 J. of Ramanujan Society of Mathematics and Mathematical Sciences

V(e (i) ) (o (k) )) e

1 —exp(o
) 1
i.e., My (o) < My, (log <1 — ; ) + A), (3.34)
[g—1] (( loglP—Y & ) A(zmz)(fk>>
P 0 G—=)
and
Mfk (U) <

My, (exp[p—n (( D (fr) + 6)(10g[Q—1] (1 - eXpl(U - A))Y-E”?’Q)(fk)))’ (3.35)

where £k = 1,2 and [ =1, 2.

Case L Let AP?(f) > A29(f,) with at least fo(s) is of regular relative (p,q)
growth with respect to ¢;(s). Now there exists a sequence {o,} of values of o
tending to A, for which we get from (3.30) and (3.35) and for any arbitrary € > 0
that

My +5,(0n) <

( exp

() +e) <10g[q_1] (1 - exp(lo - A)))Ag’w(h))) 1+ E),
! (3.36)

ALD (£9)
<epr 1 < (p 9 f2)+€)<log[q_1] <l—cxp(lon7A)>) ))

AED (1)
(expp 1 ( (p,q) f1)+s)<log[qfl] (7175@(10”7@)) ))

APD (1) > APD(£), we can make the term ws sufficiently small by taking n
sufficiently large. Therefore with the help of Lemma 2, Theorem 6 and using the
similar technique of Case I of Theorem 14, we get from (3.36) that

TPO(fi £ fo) < TPO(f1) (3.37)

and in view of

where wy =
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Further, we may consider that f(s) = fi(s) & fa(s). Also suppose that )\gf’q)(fl) >
)\(f;’q)( f2) and at least fa(s) is of regular relative (p, q) growth with respect to g (s).
Then 777 (f) = 7PV (fi f2) < 787 (f1). Now let fi(s) = (f(s)% fa(s)). Therefore
in view of Theorem 6, A\ q)( fi) > )\gf’q)( f2) and at least fo(s) is of regular relative
(p,q) growth with respect to g1(8), we obtain that AP (f) > /\(gf’q)(fg) holds.
Hence in view of (3 37), PV (f1) < TPV(f) = 1PD(fy £ fo). Therefore 727 (f)
= 1 (f1) = Tl (fu £ f2) = 750 ().

Similarly, if we consider AP?(f;) < AZ9(£,) with at least fi(s) is of regular
relative (p, ¢) growth with respect to g;(s) then one can easily verify that Tg ( it

f2) = T;%W)(ﬁ)-

Case II. Let us consider that )\(ng’q)(fl) > Aéﬁ”q)(fg) with at least fy(s) is of regular
relative (p, q) growth with respect to g;(s). Also let £(> 0) be arbitrary. Hence for
any arbitrary € > 0, we get in view of (3.30) and o > oy(¢) sufficiently close to A,
that

Mflif2 (0) <

[p—1]

w0+ (o (o)) )+
(3.38)

AP (1)
(explp 1 ( T q>(f2)+€)<10g["’” (WM)) ))

D (1)
<exp[P 1 ( ”q)(fl)+€)<10g[q7” (TM)) ))

POFY) > APD (), and ¢ > o4(¢) sufficiently close to A, we can make the term

we sufﬁciently small and therefore for similar reasoning of Case I we get from (3.38)

that 7#9(fy & fo) = 79 (f;) when APD (1) > APD(£,) and at least fo(s) is of
regular relative (p, q) growth with respect to g1 (s).

Likewise, if we consider AL?(f1) < AP (f,) with at least fi(s) is of regular

relative (p, ¢) growth with respect to g;(s) then one can easily verify that ?(gf’q) (fi+

f2) =70 (fa).

Thus combining Case I and Case 11, we obtain the first part of the theorem.

Case IIL. Let us consider that A% (f1) < AZ9(f,). Now for any arbitrary & > 0,
we get in view of (3.32) and ¢ > oy (¢) sufficiently close to A, that

M (e

and in view of

where wg =

M91i92 (U) <
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1
M, (1og (1 - : + A) (1+Q), (3.39)
oglP—1 & +(p9)
expltt ((W) w)

My, <10g (1— 1 B )+A>
expla—1] ((M) Tég’q)(h))
5D (f1) =€)

where w; = , and as )\(ng’q)(fl) <
s (e ! )+4)

1- 1
exp[qfl] ((4 éc’g[l);il] g > T.‘gzl)’q)(f1> )
(rghV (F1)—e)

APD (1), and o > o1(¢) sufficiently close to A, we can make the term wy suf-
ficiently small. Now with the help of Lemma 2 and Theorem 8 and using the
similar technique of Case III of Theorem 14, we get from (3.39) that

70 (f1) > TPV (f) . (3.40)

g1tg2

Further, we may consider that g(s) = g1(s) + ga(s). As APP(f) < A2Y(f), so
() =180 (f) = 7V (f1). Alsolet gi(s) = (g(s)j: gQ(s)). Therefore in view

of Theorem 8 and AX?(f;) < AZ9(f,) we obtain that AL (1) < AL (f,) holds.
Hence in view of (3.40) 7'5;1 )(f) > rPD(f) = glng(ﬁ) Therefore 779 (f,) =

T (f) = TP (F) = 18P (f).

Likew1se, if we consider that )\gl’q)( fi) > Ag’;’q)( f1), then one can easily verify
that 7' P) (fr) = Tg(fq)(fl.

g1 igz

Case IV. In this case further we consider AZ?(f;) < A%? (). Hence there exists
a sequence {0, } of values of ¢ tending to A, for which we obtain from (3.32) and
(3.34) and for any arbitrary € > 0 that

Mgligz (Un> <

My, <log (1 - ! : ) + A) (1+ H), (3.41)

[p—1] (p.q)
expla—1] ((—log In )Agl <f1))
P T ()

My, <log (17 1 I >+A>
expli—1 (( > Aé’;"”m))
(

loglP—1 5,
559 (11)-e)

1

1
expld—1] << log[p)*l] on )A(gfi’q)(h))
FPD(11)-e)

where wg =
<1og 1—

,and in view of ALY (f1) <
)+1)
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AL ( f1), we can make the term g sufficiently small by taking n sufficiently large
and therefore using the similar technique as executed in the proof of Case IV of The-

orem 14, we get from (3.41) that 700 (f,) = 72D (f,) when AP (1) < AL (fr).

Similarly, if we consider that )\gf’Q)( fi) > Aé’;’”( f1), then one can easily verify
that 700 (f1) = T®D(fy).

Thus combining Case IIT and Case IV, we obtain the second part of the theorem.

The proof of the third part of the Theorem is omitted as it can be carried out
in view of Remark 2 and the above cases.

In the next four theorems we reconsider the equalities in Theorem 7 to Theorem
9 under somewhat different conditions.

Theorem 16. Let us consider fi(s), fo(s) be any two analytic functions repre-
sented by Dirichlet series in the half plane 0 < A (—oo < A < +00) and ¢1(s),
g2(8) be any entire functions represented by Dirichlet series.

(A) The following condition is assumed to be satisfied:

(i) Bither ALV (f1) # ALV (f5) or APV (f1) £ BV (f) holds, then

P (i f2) = o8 (F1) = p7 (f2)-

(B) The following conditions are assumed to be satisfied:
(i) Bither ARV (1) # ARV (f1) or e (f1) # ALV (f1) holds;
(17) f1(s) is of reqular relative (p,q) growth with respect to at least any one of g1(s)
or ga(s), then

pfﬁ’i)gz(fl) = ngf’q)(fl) = ng’q)(fl)-
Theorem 17. Let us consider fi(s), fo(s) be any two analytic functions repre-
sented by Dirichlet series in the half plane 0 < A (—oo < A < +00) and g1(s),
g2(s) be any entire functions represented by Dirichlet series. Also let p and q € N.
(A) The following conditions are assumed to be satisfied:
(2) (f1(s) £ f2(s)) is of reqular relative (p,q) growth with respect to at least any one
of g1(s) or ga(s);
(i) Bither AR (% fr) # AZDfr £ o) or AE,’Z’”((fl) + 1) # 8,0 (hi £ f);
(idi) Bither AZ(F1) # ARY (f2) or By " (1) # By, (f2);
(iv) Bither ALP(f1) # ARD(f2) or B (1) # B (f2); then

Partan (1 12) = P20 (1) = p 0 (f2) = o2 (f2) = o2V (1),

(B) The following conditions are assumed to be satisfied:
(1) fi(s) and fs(s) are of reqular relative (p,q) growth with respect to at least any
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one of gi(s) or ga(s);
(i) Either Aé’fng(fl) glm(fz) Agfi@(fl) # Agligz(fz)

(1ii) Either Ag’fq (f1) # ( f1) or Agpq (f1) # AM)( f1);
(iv) Either ARD(f2) # ABD(f) or APV (f) # ALV (), then

£QMim=£WM:@Wm=%WM=@WM.

Theorem 18. Let us consider fi(s), fo(s) be any two analytic functions repre-
sented by Dirichlet series in the half plane 0 < A (—oo < A < +00) and g1(s),
g2(s) be any entire functions represented by Dirichlet series.

(A) The following conditions are assumed to be satisfied:

(1) At least any one of f1(s) or fo(s) is of reqular relative (p, q) growth with respect
to g1(s) where p and q € N;

(ii) Either 7"V (f) # 7P q>( fa) or TRO(f1) £ T®O(fy) holds, then

NP f2) = 2 (f1) = AED (fo).

(B) The following conditions are assumed to be satisfied:

(1) fi1(s), gi1(s) and ga2(s) be any three entire functions such that /\Eff’q)(fl) and
)\ff;’q)(fl) exists where p and q € N;

(13) Either Téf’Q)(fl) # ngf Q)(fl) or T Pa)(fy) # T(p 9 (f1) holds, then

AED,, (1) = ABD (1) = ABO(£).

Theorem 19. Let us consider fi(s), fo(s) be any two analytic functions repre-
sented by Dirichlet series in the half plane 0 < A (—oo0 < A < +00) and g1(s),
92(8) be any entire functions represented by Dirichlet series.

(A) The following conditions are assumed to be satisfied:

(1) At least any one of fi(s) or fa(s) is of regular relative (p,q) growth with respect
to g1(s) and gg( ) wherep and ¢ € N

(idi) Bither 7P (f1) # 10V (f2) or TRO(f1) #T2D(fy);
(w) Bither 7yt (f1) # 150 (f2) or TRO(f1) #T2O(f); then

Ml (1 £2) = AZD(F) = RO (o) = 2D (1) = M2 (o).

(B) The following conditions are assumed to be satisfied:
(1) At least any one of f1(s) or fa(s) are of reqular relative (p, q) growth with respect
to g1(s) £ g2(s) where p and q € N;



On Some Results on (p, q)-th Relative Order ... 61

(i) Either r, m(fl) # <fﬁg2<f2> or rglim(fl) # Tglim(fz) holds;
(iid) Either iV (f1) # 70 (f1) or T (f1) £ FLD(f,) holds;
() Bither ty"?(f2) # 150 (f2) or T2O(fo) #F2D(f,) holds, then

ANPD(fr £ fo) = APD(f1) = AP (f) = ANPD(f1) = \BD( 1),

Theorem 16, Theorem 17, Theorem 18 and Theorem 19 one can be prove using
the similar arguments adopted in the proofs of Theorem 23, Theorem 24, Theorem
25 and Theorem 26 of [5] respectively. We omit the details.

Remark 3. Using the results of Theorem 10 to Theorem 13 and in view of the
proofs of Theorem 27 and Theorem 28 of [5], one can easily deduce the similar con-
clusion of Theorem 27 and Theorem 28 of [5] under somewhat different conditions
for any two analytic functions f1(s) and fy(s) represented by Dirichlet series in the
half plane 0 < A (—o0 < A < +00) and any two entire functions gi(s) and ga(s)
represented by Dirichlet series.

Theorem 20. Let f(s) be any analytic function represented by Dirichlet series in
the half plane 0 < A (—oo < A < +00), g(s) be an entire function represented
by Dirichlet series and P be a Dirichlet polynomial. Then p(p Q)(f) = pgféq)(f) and
PV (f) = A5,

Proof. In view of the first part of Lemma 4, it follows for any arbitrary € > 0 and
o > o1(¢) sufficiently close to A that

My (o) < My ((exp? (o 9(f) + ) log" (1 - expl(g yry )

e., My(o) < Mpy, (é expl?! ((Pép’q)(f) +¢) 10g[q} (1 — expl(a — A))))

log My (Mj(0)) + O(1)
IOgM ( lfexpl(UfA) )

Hence we get from above that p(p ’q)( f) < p(p ’q)( f). The reverse inequality can also

< (pPO(f) +e).

1.€.,

be carried out using the second part of Lemma 4 and therefore pi¥* q)( f) = pgféq)( 1)

In a similar manner, )\g ( fl=AX Ifgq (f). Hence the theorem follows.

Theorem 21. Let f(s) be any analytic function represented by Dirichlet series in
the half plane 0 < A (—oo < A < +00), g(s) be an entire function represented
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by Dirichlet series and P be a Dirichlet polynomial. Then Aép’q)(f) = Agféq)(f),

_( ) A 7) s s — —\P,

AU = B (), 7 (F) = 7 (f) and 7P () = 7D (f).

Proof. In view of Theorem 20 and the first part of Lemma 4, we get for any
arbitrary € > 0 and o > o(¢) sufficiently close to A that

My(o) < Mg(exp[pil] ((Aénq)(f) +¢€) (IOg[q—ﬂ (1 - expl(a - A)))ﬂé“‘”(f)))

ie., M¢(o) < Mpg(é explP~1! ((Agp”)(f)—i-&)(log[q_” (1 = eXpl(J - A)))ﬂ%’”(f)))‘

Now letting o — 17, we get from above that Aﬁi’;q)( £) < APP(f). The reverse
inequality can also be carried out using the second part of Lemma 4 and therefore
Agp’q)(f) = Agg’{q)(f). In a similar manner, Z{(me(f) = Zg&q)(f).

Since in view of Theorem 20 /\ép ’q)( f) = /\gf)( f), therefore using the same

technique of above one can easily verify that 7.” ’q)( f) = TI(JIZq)( f) and TP (f) =

ﬂfj)( f). Hence the theorem follows.

4. Conclusion

The main aim of the paper is to extend and modify the notion of order and
type (respectively weak type) to relative order and relative type (respectively rel-
ative weak type) of higher dimensions in case of analytic functions represented by
Dirichlet series in the half plane and in this connection we have established some
theorems. Moreover the notion of relative order, relative type and relative weak
type of higher dimensions may also be developed using the concepts [7, 22, 26] of
analytic functions represented by vector valued Dirichlet series of in the half plane.
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