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1. Introduction and Definitions
Let f and g be two transcendental entire functions in the open complex plane

C. In [6], Clunie showed that limr→∞
Tf◦g(r)

Tf (r)
= ∞ and limr→∞

Tf◦g(r)

Tg(r)
= ∞. In

1991, Singh and Baloria [12] investigated some comparative growth properties of
log Tf◦g(r) and Tf (r) and raised the question for comparative growth of log Tf◦g(r)
and Tg(r). After this, some results on comparative growth of log Tf◦g(r) and Tg(r)
are closely investigated in [9] and [5]. In 2018, Banerjee and Adhikary [1] studied
on comparative growth of composite function of the form ψ ◦ g, where ψ is defined
in [1] and g is an entire function. Very recently Banerjee and Adhikary [2] made
close investigation on comparative growth properties of the functions ψ ◦φ with g,
where ψ and φ formed by the functions f and g and their derivatives respectively.

In this paper, first we construct n functions ψ1, ψ2, · · · , ψn formed from the
functions f1, f2, · · · , fn and a1i, a2i, · · · , ani, where the later functions are small
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functions of f1, f2, · · · , fn respectively as follows.
Let

Ψ1(z) = Σl1
i=0a1i(z)f

(i)
1 (z)

Ψ2(z) = Σl2
i=0a2i(z)f

(i)
2 (z)

...

Ψn(z) = Σln
i=0ani(z)f (i)

n (z),

where f
(i)
k (z) is the i-th derivative of fk(z) and f

(0)
k (z) = fk(z) (k = 1, 2, · · · , n).

In [2], Banerjee and Adhikary proved some results on comparative growth proper-
ties of log Tψ◦φ(r) and Tg(r). In this paper it therefore seems reasonable to study
some comparative growth properties of log Tψ1◦ψ2◦···◦ψn(r) and Tfn(r) to generalise
the results of Banerjee and Adhikary [2].
Now we introduce the following definitions which we shall frequently use through-
out the paper.

Definition 1.1. The order ρf and lower order λf of a meromorphic function f
are defined as

ρf = lim sup
r→∞

log Tf (r)

log r

and

λf = lim inf
r→∞

log Tf (r)

log r
.

If f is entire then for all large values of r, since Tf (r) ≤ logMf (r) ≤ 3Tf (2r) [7] so
we can easily obtain

ρf = lim sup
r→∞

log[2]Mf (r)

log r

and

λf = lim inf
r→∞

log[2]Mf (r)

log r
.

In [11], Sato defined generalised order of f as

ρk = lim sup
r→∞

log[k−1] Tf (r)

log r
.

2. Lemmas
In this section we present some known results in the form of lemmas which will

be needed in the sequel.
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Lemma 2.1. [10] Let f(z) be an entire function of finite lower order. If there
exist entire functions bi(i = 1, 2, ..., n;n ≤ ∞) satisfying T (r, bi) = o {T (r, f)} and∑n

i=1 δ(bi, f) = 1, then

lim
r→∞

Tf (r)

logMf (r)
=

1

π
.

Lemma 2.2. [4] If f(z) is meromorphic and g(z) is entire, then for all large values
of r

Tf◦g(r) ≤ {(1 + o(1)} Tg(r)

logMg(r)
Tf (Mg(r)).

Lemma 2.3. [13] Let f and g be two entire functions. Then for all large values of
r

Tf◦g(r) ≥
1

3
logMf (

1

9
Mg(

r

4
)).

Lemma 2.4. [8] If f(z) be an entire function then for r > 0

Mf (r)

2r
≤Mf ′ (r) ≤

Mf (2r)

r
.

In particular for all large values of r

Tf ′ (r) ≤ logMf ′ (r) ≤ logMf (2r) ≤ 3Tf (4r).

Lemma 2.5. [3] Let f1, f2, · · · , fn be entire functions such that Mfi(r) >
2+ε
ε
|fi(0)|

for i = 2, 3, · · · , n and for any ε > 0. Then for all large values of r

Tf1◦f2◦···◦fn(r) ≤ (1 + ε)(n−1)Tf1(Mf2(· · ·Mfn(r))).

3. Main Results

In this section we present the main results of the paper.

Theorem 3.1. Let f1(z) be a non-constant meromorphic function and f2(z), f3(z),
· · · , fn(z) be entire functions. Then

lim inf
r→∞

log[n] Tψ1◦ψ2◦···◦ψn(r)

log Tfn(r)
≤ 3(ln + 1)

ρfn
λfn

.

Proof. If ρfn =∞ then the theorem is obvious. So we suppose that ρfn <∞.
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We have for all large values of r and arbitrary ε (> 0) from Lemma 2.2

Tψ1◦ψ2◦···◦ψn(r) ≤ {1 + o(1)}Tψ1(Mψ2◦ψ3◦···◦ψn(r))

≤ {1 + o(1)}Tψ1(R) where R = Mψ2◦···◦ψn(r)

≤ {1 + o(1)}T
a10f1+a11f

(1)
1 +a12f

(2)
1 +···+a1l1f

(l1)
1

(R)

≤ {1 + o(1)} [{Ta10(R) + Tf1(R)}+ {Ta11(R) + T
f
(1)
1

(R)}+ · · ·

+ {Ta1l1 (R) + T
f
(l1)
1

(R)}] +O(1)

≤ {1 + o(1)} [o{Tf1(R)}+ Tf1(R) + o{Tf1(R)}+ T
f
(1)
1

(R) + · · ·

+ o{Tf1(R)}+ T
f
(l1)
1

(R)] +O(1)

≤ {1 + o(1)} [Tf1(R) + T
f
(1)
1

(R) + · · ·+ T
f
(l1)
1

(R) + o{Tf1(R)}] +O(1)

≤ {1 + o(1)} [l1 + 1 + o(1)]Rρf1+ε +O(1). (3.1)

Now, R = Mψ2◦···◦ψn(r) ≤ Mψ2(Mψ3◦···◦ψn(r))

≤ Mψ2(R1) where R1 = Mψ3◦···◦ψn(r)

≤ Ma20(R1)Mf2(R1) +Ma21(R1)Mf
(1)
2

(R1)

+ · · ·+Ma2l2
(R1)Mf

(l2)
2

(R1).

Then for all large value of r, we get

logR ≤ logMa20(R1) + logMf2(R1) + logMa21(R1) + logM
f
(1)
2

(R1) + · · ·
+ logMa2l2

(R1) + logM
f
(l2)
2

(R1)

≤ 3Ta20(2R1) + 3Tf2(2R1) + 3Ta21(2R1) + 3T
f
(1)
2

(2R1)

+ · · ·+ 3Ta2l2 (2R1) + 3T
f
(l2)
2

(2R1)

≤ 3[Tf2(2R1) + T
f
(1)
2

(2R1) + · · ·+ T
f
(l2)
2

(2R1)] + o(1)Tf2(2R1)

≤ 3[l2 + 1 + o(1)](2R1)
ρf2+ε.

Taking logarithm on both sides we get

log[2]R ≤ (ρf2 + ε) logR1 +O(1). (3.2)

Again, R1 = Mψ3◦ψ4◦···◦ψn(r) ≤ Mψ3(Mψ4◦···◦ψn(r))

≤ Mψ3(R2) where R2 = Mψ4◦···◦ψn(r).
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Proceeding similarly as above we can easily obtain

logR1 ≤ 3[l3 + 1 + o(1)](2R2)
ρf3+ε

log[2]R1 ≤ (ρf3 + ε) logR2 +O(1). (3.3)

Now from (3.2) and (3.3) we get

log[3]R ≤ (ρf3 + ε) logR2 +O(1).

Taking (n-1) times logarithm in (3.1), we get

log[n−1] Tψ1◦ψ2◦···◦ψn(r) ≤ log[n−1]R +O(1)

≤ (ρfn−1 + ε) logMψn(r) +O(1). (3.4)

Now for all large values of r

logMψn(r) ≤ logMan0(r) + logMfn(r) + logMan1(r) + logM
f
(1)
n

(r) + · · ·
+ logManln

(r) + logM
f
(ln)
n

(r)

≤ 3Tan0(2r) + 3Tfn(2r) + 3Tan1(2r) + 3T
f
(1)
n

(2r)

+ · · ·+ 3Tanln (2r) + 3T
f
(ln)
n

(2r)

≤ 3{1 + o(1)}[Tfn(2r) + T
f
(1)
n

(2r) + · · ·+ T
f
(ln)
n

(2r)]. (3.5)

Hence from (3.4) and (3.5) we have

log[n−1] Tψ1◦ψ2◦···◦ψn(r) ≤ (ρfn−1 + ε) logMψn(r) +O(1)

≤ 3(ρfn−1 + ε){1 + o(1)}[Tfn(2r) + T
f
(1)
n

(2r)

+ · · ·+ T
f
(ln)
n

(2r)] +O(1) (3.6)

i.e,

log[n] Tψ1◦ψ2◦···◦ψn(r) ≤ [log Tfn(2r) + log T
f
(1)
n

(2r) + · · ·+ log T
f
(ln)
n

(2r)] +O(1).
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So for all large values of r, using Lemma 2.4

log[n] Tψ1◦ψ2◦···◦ψn(r)

log Tfn(r)
≤

[log Tfn(2r) + log T
f
(1)
n

(2r) + · · ·+ log T
f
(ln)
n

(2r)] +O(1)

log Tfn(r)

≤ { log Tfn(2r)

log Tfn(r)
+

log T
f
(1)
n

(2r)

log Tfn(r)
+ · · ·+

log T
f
(ln)
n

(2r)

log Tfn(r)
}+O(1)

≤ [
log Tfn(2r)

log Tfn(r)
+

3 log Tfn(8r)

log Tfn(r)
+ · · ·+ 3 log Tfn(2ln+2r)

log Tfn(r)
] +O(1),

≤ 3(ln + 1)
log Tfn(2ln+2r)

log Tfn(r)
+O(1)

≤ 3(ln + 1)
(ρfn + ε) log(2ln+2r)

(λfn − ε) log r
+O(1), using Definition 1.1.

Since ε > 0 is arbitrary, so

lim sup
r→∞

log[n] Tψ1◦ψ2◦···◦ψn(r)

log Tfn(r)
≤ 3(ln + 1)

ρfn
λfn

.

Corollary 3.1. In the above theorem if we take f1 as an entire function instead
of meromorphic function then we can also get same result.
Proof. As f1, f2, · · · , fn are entire functions we use Lemma 2.5 instead of Lemma
2.2, then for all large values of r we get

Tψ1◦ψ2◦···◦ψn(r) ≤ (1 + ε)(n−1)Tψ1(Mψ2(· · ·Mψn(r)))

≤ (1 + ε)(n−1)Tψ1(R) where R = Mψ2(· · ·Mψn(r))

≤ (1 + ε)(n−1)T
a10f1+a11f

(1)
1 +a12f

(2)
1 +···+a1l1f

(l1)
1

(R)

≤ (1 + ε)(n−1)[{Ta10(R) + Tf1(R)}+ {Ta11(R) + T
f
(1)
1

(R)}+ · · ·
+ {Ta1l1 (R) + T

f
(l1)
1

(R)}]

≤ (1 + ε)(n−1)[o{Tf1(R)}+ Tf1(R) + o{Tf1(R)}+ T
f
(1)
1

(R) + · · ·
+ o{Tf1(R)}+ T

f
(l1)
1

(R)]

≤ (1 + ε)(n−1)[Tf1(R) + T
f
(1)
1

(R) + · · ·+ T
f
(l1)
1

(R) + o{Tf1(R)}]

≤ (1 + ε)(n−1)[l1 + 1 + o(1)]Rρf1+ε +O(1).

Now we proceed as in Theorem 3.1 and come to the conclusion.
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Remark 3.1. If in Theorem 3.1, a1i, a2i, · · · , ani are meromorphic functions of
order zero instead of small functions then we have the same result.

Theorem 3.2. Let f1(z), f2(z), · · · , fn(z) be entire functions such that ψ1, ψ2, · · · ,
ψn are of finite non-zero lower order with ψn = fn, then for all large values of r

lim inf
r→∞

log[n] Tψ1◦ψ2◦···◦ψn(r)

log Tfn(r)
≥ ρfn
λfn

.

Proof. For all large values of r using Lemma 2.3, we have

Tψ1◦ψ2◦···◦ψn(r) ≥ 1

3
logMψ1(

1

9
Mψ2◦···◦ψn(

r

4
))

≥ 1

3
[
1

9
Mψ2◦ψ3◦···◦ψn(

r

4
)]λψ1−ε.

Then

log Tψ1◦ψ2◦···◦ψn(r) ≥ (λψ1 − ε) logMψ2◦···◦ψn(
r

4
) +O(1)

≥ (λψ1 − ε)(Tψ2◦ψ3◦···◦ψn(
r

4
) +O(1).

Again applying Lemma 2.3, we get

log Tψ1◦ψ2◦···◦ψn(r) ≥ (λψ1 − ε)
1

3
logMψ2(

1

9
logMψ3◦···◦ψn(

r

42
)) +O(1)

≥ 1

3
(λψ1 − ε)[

1

9
logMψ3◦···◦ψn(

r

42
)](λψ2−ε) +O(1).

Therefore

log[2] Tψ1◦ψ2◦···◦ψn(r) ≥ (λψ2 − ε) logMψ3◦···◦ψn(
r

42
) +O(1).

Proceeding as before, we get

log[n−1] Tψ1◦ψ2◦···◦ψn(r) ≥ (λψn−1 − ε) logMψn(
r

4n−1
)) +O(1)

≥ (λψn−1 − ε)Tψn(
r

4n−1
)) +O(1).

Therefore

log[n] Tψ1◦ψ2◦···◦ψn(r) ≥ log Tfn(
r

4n−1
) +O(1)

≥ (λfn − ε) log r +O(1).
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So for all large values of r

log[n] Tψ1◦ψ2◦···◦ψn(r)

log Tfn(r)
≥ (λfn − ε)

log r

log Tfn(r)
+O(1)

≥ λfn − ε
ρfn + ε

+O(1).

Since ε > 0 is arbitrary, we get

lim sup
r→∞

log[n] Tψ1◦ψ2◦···◦ψn(r)

log Tfn(r)
≥ λfn
ρfn

.

Theorem 3.3. Let f1(z) be a non-constant meromorphic function and f2(z),
f3(z), · · · , fn(z) be entire functions. Also let there exist entire functions bi(i =
1, 2 . . . , k; k ≤ ∞) such that Tbi(r) = o {Tfn(r)} with Σk

i=1δ(bi, fn) = 1. Then

lim sup
r→∞

log[n−1] Tψ1◦ψ2◦···◦ψn(r)

Tfn(2ln+1r)
≤ 3(ln + 1)πρfn−1 .

Proof. For large values of r and arbitrary ε (> 0) we get from (3.5), using Lemma
2.4

logMψn(r) ≤ 3{1 + o(1)}[Tfn(2r) + T
f
(1)
n

(2r) + · · ·+ T
f
(ln)
n

(2r)]

≤ 3{1 + o(1)}[logMfn(2r) + logM
f
(1)
n

(2r) + · · ·+ logM
f
(ln)
n

(2r)]

≤ 3{1 + o(1)}[logMfn(2r) + logMfn(4r) + · · ·+ logMfn(2ln+1r)],

≤ 3{1 + o(1)}(ln + 1)[logMfn(2ln+1r)].

So from (3.4)

log[n−1] Tψ1◦ψ2◦···◦ψn(r) ≤ (ρfn−1 + ε) logMψn(r) +O(1)

≤ 3(ρfn−1 + ε)(ln + 1){1 + o(1)}[logMfn(2ln+1r)] +O(1)

i.e.,

log[n−1] Tψ1◦ψ2◦···◦ψn(r)

Tfn(2ln+1r)
≤

3(ρfn−1 + ε)(ln + 1){1 + o(1)}[logMfn(2ln+1r)] +O(1)

Tfn(2ln+1r)
.

Since ε (> 0) is arbitrary, so we have by using Lemma 2.1.

lim sup
r→∞

log[n−1] Tψ1◦ψ2◦···◦ψn(r)

Tfn(2ln+1r)
≤ 3(ln + 1)πρfn−1 .
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Corollary 3.2. In the above theorem if we take f1 as an entire function instead
of meromorphic function then we also get the same result.

Remark 3.2. If in Theorem 3.3, a1i, a2i, · · · , ani are meromorphic functions of
order zero instead of small functions then also we have the same result.

Theorem 3.4. Let f1(z) be a non-constant meromorphic function of finite order
in finite complex plane and f2(z), f3(z), · · · , fn(z) be entire functions such that
0 < λfn ≤ ρfn <∞. Then

lim sup
r→∞

log[n−1] Tψ1◦ψ2◦···◦ψn(r)

Tfkn(exp r)
= 0,

for k = 0, 1, 2, . . . .
Proof. For all large values of r and arbitrary ε (> 0) we have from (3.6)

log[n−1] Tψ1◦ψ2◦···◦ψn(r) ≤ 3(ρfn−1 + ε){1 + o(1)}[Tfn(2r) + T
f
(1)
n

(2r)

+ · · ·+ T
f
(ln)
n

(2r)] +O(1)

≤ 3(ρfn−1 + ε){1 + o(1)}(ln + 1)(2r)ρfn+ε +O(1). (3.7)

Also for all large values of r

T
f
(k)
n

(exp r) > (exp r)λfn−ε. (3.8)

Therefore from (3.7) and (3.8) we have

log[n−1] Tψ1◦ψ2◦···◦ψn(r)

T
f
(k)
n

(exp r)
<

3(ρfn−1 + ε){1 + o(1)}(ln + 1)(2r)ρfn+ε +O(1)

(exp r)λfn−ε
.

Hence

lim
r→∞

log[n−1] Tψ1◦ψ2◦···◦ψn(r)

T
f
(k)
n

(exp r)
= 0

for k = 0, 1, 2, . . . .
Note. The condition ρf1 < ∞ is necessary in Theorem 3.4. Which follows from
the following example.

Example 3.1. Let f1(z) = exp[3](z) and f2(z) = f3(z) = f4(z) = exp(z) and also
let a1(z) = a2(z) = a3(z) = a4(z) = z. Then clearly ρf1 =∞.
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We construct the functions ψ1, ψ2, ψ3 and ψ4 as follows:

ψ1(z) = a1(z)f1(z) = z exp[3](z);

ψ2(z) = a2(z)f
(1)
2 (z) = z exp(z);

ψ3(z) = a3(z)f
(2)
3 (z) = z exp(z);

ψ4(z) = a4(z)f (3)
n (z) = z exp(z).

So

ψ(z) = ψ1 ◦ ψ2 ◦ ψ3 ◦ ψ4(z) = ψ1 ◦ ψ2 ◦ ψ3(z exp z)

= ψ1 ◦ ψ2(ze
zeze

z

)

= ψ1 ◦ ψ2(ze
z(1+ez))

= ψ1(ze
z(1+ez).eze

z(1+ez)

)

= ψ1(ze
z(1+ez)+zez(1+e

z))

= ψ1(ze
z[(1+ez)+ez(1+e

z)]

= zez[(1+e
z)+ez(1+e

z)].ee
eze

z[(1+ez)+ez(1+e
z)]

= zez[(1+e
z)+ez(1+e

z)]+ee
zez[(1+e

z)+ez(1+e
z)]

.

Then clearly

Mψ(r) = rer[(1+e
r)+er(1+e

r)]+ee
rer[(1+e

r)+er(1+e
r)]

.

Again we know that

3Tψ(2r) ≥ logMψ(r)

≥ log r + r[(1 + er) + er(1+e
r)] + ee

rer[(1+e
r)+er(1+e

r)]

≥ ee
rer[(1+e

r)+er(1+e
r)]

+O(1).

So,

log Tψ(2r) ≥ ere
r[(1+er)+er(1+e

r)]

+O(1).

Therefore,

log[2] Tψ(2r) ≥ rer[(1+e
r)+er(1+e

r)]

+O(1)

i.e,
log[3] Tψ(2r) ≥ log r + r[(1 + er) + er(1+e

r)] +O(1)

≥ er(1+e
r) +O(1).
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Since Tf4(r) = r
π
, so Tf4(exp r) = exp r

π
.

Therefore
T
f
(k)
4

(exp r) =
exp r

π
,

for k = 0, 1, 2 . . . .
Hence

lim
r→∞

log[3] Tψ1◦ψ2◦ψ3◦ψ4(r)

T
f
(k)
4

(exp r)
=∞.
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