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1. Introduction, Notations and Definitions

Jacobi in 1829 defined following four functions which are called Jacobi’s theta
— functions;

(z,q) —22 ”+2 sin(2n+1)z, (1.1)

oo 1 2
0y (z,q) =2 Z q<”+5) cos (2n+1) z, (1.2)

n=0

O5(z,q) =1+2 Z ¢ cos2nz, (1.3)

n=1

and

0,(2,q) =1 +22(—)" ¢ cos2nz. (1.4)

For the absolute convergence of these functions we need |g| < 1. Sometimes we use
the additional notation ¢ = €™, where Im(7) > 0.
It is easy to see that

91(2+2,Q) 92(2’),

0> (z+2,q) = =01 (2),

93 (Z + bY) Q) = 94 (Z) (15)
and

0s (24 5.q) =05 (2)
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From (1.5) we have

01 (Z+7T7Q):_01 (2)762 (Z+7T,q) :_02 (Z) (1 6)
O3 (24 m,q) =05(2) and O4(z+ 7, q) =04(2). '
Also,
6)1 (Z+ %7q) = _Zq ie Zi84 (Z q)7
0> (2 + %, q) = q7€7“93 (2,9),
1.6(A
00 (2 4 5 0) = qhe 0 () o)
04 (2 + %, q) = —ig1e 701 (2, ).

From (1.6(A)) we have

gl EZ+7TT q; —q e 2;9( (z)q)
y (2 +77,q) = ¢ e %0y (2, q
05 (Z + 7T, Q) =q e 2z7,93 (Z q) (1.6(3))
04 (z + 77, q) = —q e 20, (2,q) .
Also,
Zl EZ -, Q% _Zl Eza q; )
2\ — T, q —ta(2,q
05 (2 —m,q) =05(z,q), : (1.6(C))
0y (z—m,q) =04(2,q)
and
zl Z— T, q; 12 2;’9<1 (z)q)
2 2 —1T,q) = q te*
) (1.6(D))

Z—T7T,q) = 2“9(,).

Now, it is clear that 6, (2, ¢) and 05 (z, q) have common period 27 and 03 (2, ¢),04 (2, q)
have common period .
As z — 0 we find

(
(
oz =)~ e ),
0
(

01 (q) = 0,65 (q _QZq"+

So,
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Putting n — 1 for n in the second summation we have,

QO=q7 |d Y gt
n=0 n=1

Again, putting —n for n in the second summation we obtain,

Similarly

Z ¢ and 04(q)= > (-)"¢".

n=—0oo n=—oo

The most important identity involving these theta functions is
03 (q) = 02 (q) + 01 (q) ,

which can also be written as,

q{ i q”Z”‘} +{ i (—)"Q"Q} :{ i g

2. Some more identities involving theta functions;
@ 4
05 (q) + 03 (—q) = 205 (¢*)

Proof; Since,
(e.)

= Z qn2
O (—)= > (9" = > ()" (@"

So,
05 (q) + 03 (— Z{1+

n=—0oo

Now, taking n = 2k (even) we find

o o

05 (q) + 05 (— —QZq —22(q4)k

n=—0oo n=—oo

}4.
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(1.7)

(1.8)

(1.9)

(1.10)

(2.1)



42 J. of Ramanujan Society of Math. and Math. Sc.

= 205 (q4) .

(ii)
05 (q) — 03 (—q) = 262 (¢*)
Proof;

03(q) —bs(—q) = Y {1—(=)"}q"

n=—oo

Taking n = 2k + 1 (odd) we get,

05 (Q) — 03 (—q) = 2q Z (q4)k2+k

-9 (q4)i Z (q4)k2+k
= 202 (q4) .
(iii)
03 (q) — 03 (—q) = 465 (¢") 65 (¢")
Proof;

Multiplying (2.1) and (2.2) we get (2.4).

(iv) 65 (q) 01 (q) = 03 (¢*)
Applying Jacobi’s triple product identity, viz.,

o

Z (_)n qlm2 (Zl)" _ (q%;q%)m (qkzl5q2k)oo (qk/zl;q%)oo’

where .
(), = [T (1 —ad").
r=0
we have .
Os(0) = > ¢ = (%) (~a:8)2
and
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Multiplying (2.5) and (2.6) we have
03 (@) 01 (q) = () {(~a:) _ (¢:d*) )
= (¢%¢*)2. (¢%d")
(2. ,4)2 4, 4\2 2. 4\2
= (¢%¢Y) (¢ d"), (¢ d")

= (54" (% 0"),

=01 () - (2.7)
™) 2 2 2 ( 2
0 (a) + 01 (0) = 05 (¢*) - (2.8)
G@)= > ¢ > ¢ = > ¢
So,
03(a) + 05 ()= Y {1+(=)"""}gm. (2.9)
Taking m + n = 2k (even),
we have m — n = 2j (even),
which give m =k + jand n =k —j.
Putting these values in (2.9) we get,
i k2442
B@+0i@=2 > ()"
k,j=—o0
=205 (¢°) - (2.10)

(vi) 65 (q) — 05 () = 862 (¢*) 05 (¢*) 03 (¢°) -
we know that
03 (—q) = 04 (q)
So, from (2.4) we find
03 (q) — 0% (q) = 462 (¢") 05 (¢*) - (2.11)
Multiplying (2.10) and (2.11) we get,

03 (q) — 01 (q) = 862 (¢*) 05 (¢*) 03 (¢°) - (2.12)
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3. Hypergeometric representation of theta function
Let us consider the following transformation;

11 1—z\? 11,
2F1 5,5,171—<1+x) —<1+I)2F1 |:§a§a1ax:| (31>
[Bruce ; (3.2) p. 98]
Taking
l—x _ 0i(q)
L+x  60%(q)
we get
A CORLAC)
03 (@) + 03 (q)
and 52 (o) 02
4
2:1_ . S(q) é(q . (32>
{03 (¢) + 0% (0)}
Putting these values in (3.1) we obtain
11 0 (CD} 203 (q)
Bz, o L1— = 3 X
. [2 2 o3 (0] {030+ 05 (0)}
11 403 (q) 62
X2F1 |:—,—;].;1— 2 3(q) Z;(CD 2:| . (33)
22 {03 (@) + 0% (0)}
Now using (2.7) and (2.8) we have,
11 0i (@] _ 03(a) 11 01 (4°)
J 2 P = 2R |2, 51— : 3.4
R[]~ g [p e ) 69
Iterating this process m times and writing n = 2™ we find,
11 0i (@] _ 63 (q) 11 01 (¢")
T P N R =R |5, o - : 3.5
A3 5 G|~ By [T ] @9

Since |¢q| < 1, so, as n — oo
we find
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Thus (3.5) yields,
11 01 (q)
05 (q) =oF1 | =, ;151 — -5 . :
3(Q) 2471 [2727 ) 0§(q>:| (36)
Applying the identity (1.9) we get,
11 65(q)
03 (q) = 2B |, =15 2 : :
3(Q) 2 1|:2727 aeg(q):| (37)
Again, consider another transformation,
11 (1—2\* 14z _[11
Fi =, =1 = Fi|=, =; .
2471 2727 ’<1+I') 9 2 1|:2727 (38)
1—x _ 0i(q)
Takin =~ in (3.8) we get,
®1 03 () (38) we g
11 0i(q) 03 (a) 11 0i(c%)
2 Fy [—,—;1; Al = ° 21| 5,551 (3.9)
2'2" 7 05(0)] {63 (@) +03 (@)} [2727 T 65(qP)
Applying (2.8), (3.9) yields;
11 0i(a] _ 0 11 60i(e%)
F|=, =1 =3 J A P P : 1
R[5 5150 | ~ e |2 A (310
[terating it m times and putting n = 2™ we get,
11 6i(q) 03 (q) 11
Bz =1 =3 —, =1 11
2 1|:2727 79§(q>:| neg(qn>2 1 2727 79§<qn) (3 )

Now dividing (3.5) by (3.11), multiplying both sides by —7 and then taking expo-

nential we obtain,

exp |—m

= exp |—7

We can write it as;

(3.12)

(3.13)
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