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Abstract: To provide the extensive mathematical analysis, we have considered
the ideal Magnetohydrodynamics (MHD) equations, which represent the flow of
fluid in the atmosphere or ocean in the presence of a magnetic field. Alternatively,
we can say that it represents the flow of electromagnetic fluids. We followed the
procedure of Majda [4] that was implemented to find special solutions of the rotat-
ing stratified Boussinesq equations and found the exact solutions of an initial value
problem as well as we provided a local analysis of incompressible electromagnetic
fluids in the neighborhood of the origin. Further, we reduce these ideal MHD equa-
tions into a system of six-coupled ordinary differential equations, and we conclude
that it is a completely integrable system. Hence, through the quadrature, we find
its solutions. Thereby, we determine the critical point of a reduced system and
which is a degenerate critical point. Finally, we obtained special solutions to the
initial value problem. While providing examples of special solutions to ideal MHD
equations, we come across the fact that, Mathematically, it is possible to find a flow
of an ideal fluid in the presence of a magnetic field such that there is no pressure
at every point of the fluid. But practically it is impossible because of zero pressure
at a point, implying that there is no movement of fluid molecules. Whereas in the
second example the pressure varies with space variable x.

Keywords and Phrases: Ideal MHD equations, Special Solutions, Incompress-
ible inviscid fluids, Stratified Boussinesq equations, Completely Integrable Systems.
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1. Introduction

The flow of fluid in the atmosphere and ocean is generally governed by the
stratified Boussinesq equations. In his monograph, Andrew Majda [4] has pro-
vided the rigorous mathematical analysis of these stratified Boussinesq equations.
In the literature survey, we saw that the Boussinesq approximation is referred to
as the Oberbeck-Boussinesq approximation and for more details about these ap-
proximations, readers may see the article [5]. Furthermore, if we consider the flow
of fluid in the atmosphere and the ocean in the presence of the magnetic field, it
may be referred to as magnetohydrodynamics (MHD) equations. In concern with
the MHD equations, we came across the research article published by Jiahong Wu
[6]. In his paper, he has considered the following generalized MHD equations.

du+u-Vu = —VP+b-Vb—rv(—A)u, (1)
Ob+u-Vb = b-Vu—n(—A)°b,

where v > 0,7 >0, « > 0 and 8 > 0 are real numbers. In above equations (1), we

have

x = (11,22, space variable,

3)
w= (u',u? v?) : fluid velocity,
b= (b', 0% b%) magnetic field,
P = P(xy,2z9,23) : pressure.

In fact, Jiahong Wu [6] has provided the rigorous mathematical analysis and reg-
ularity of solutions of equations (1) by varying the parameters v, n, a, and 5. He
has used singular operator method with kernel K. The convolution of kernel K
with vorticity is the deformation tensor of the velocity vector and convolution of
K with current density is deformation tensor of the magnetic field. On the other
hand, we followed the procedure of Majda [4] to obtain the special solutions of the
ideal MHD equations. That is, we provide a local analysis of MHD flows of fluid
in the neighborhood of the origin. Furthermore, if we consider « = =1 then (1)
reduces to the usual MHD equations. In a literature survey, we found that there
have been extensive studies of equations (1). Also, we saw that Duvaut and Lions
[1] have obtained global weak solutions. Further, we observe that these global weak
solutions are similar to those were obtained by Leray-Hopf [2, 3] for the following
stratified Boussinesq equations.

ou+u-Vu = —VP, )
V-u = 0.
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For more details the readers are advised to refer the articles [2, 3]. In his paper
Zujin Zhang [7] has discussed the generalised MHD equations (1) for v = n = 1,
a = 3 =1, and has proved that if one of the directional derivative of fluid velocity

) 2 3
is exists in LP(0, T, LY(R?)), where — + — = 1, 3 < ¢ < oo, then the solution of
P q

MHD equations exists and is smooth.

In this paper, we have obtained the special solutions of (1) with particular
values v = 1 = 0. That is, for our investigation, we have considered the flow of
incompressible fluid coupled with a magnetic field. Now, we can mathematically
represent this flow of fluids by the following partial differential equations (PDEs):

u+u-Vu = —VP+b-Vb,

ob+u-Vb = b-Vu, (3)
Veu = 0,
Vb = 0,

with following initial conditions that are compatible with (3):
u(x,0) = uo(xz), b(x,0) = by(x). (4)

In fact, in the following section, we develop the solution to the initial value problem
(3) together with initial conditions (4) in the neighbourhood of origin.

2. Special Solutions of MHD Equations

In this section, we investigate special solutions to (3) in a large scale of motion.
We are looking for the local behaviour of an incompressible electromagnetic fluid.
Thus, we expand the smooth velocity and magnetic field in Taylor’s series about
some point xg:

u(e,t) = wu(wo,t) + V(g (@ — o) + O(|x — 20|?),

2 5
b(x,t) = b(xo,t) + Vb|(zn(x — o) + Ol — 20]?),

where Vu is a 3 x 3 matrix whose (i, )" entry is %, i=1,2,3,7=1,2,3. We
J
can have a unique decomposition of Vu and Vb as the sum of symmetric and
skew-symmetric matrices as follows:
Vu + (Vu) Vu — (Vu)
- ~ 7 _|._ - ~ 7
2 2

= D(.’.Uo,t) + Q(C(?(),t),

b — (Vb +2(Vb)t> . (Vb —2(Vb)t>

= K(xo,t) + L(xo, 1)

Vu =
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where D and K are the symmetric parts of Vu and Vb respectively, and we call
them as deformation matrices. The deformation matrix D has the property that
its trace is equal to the divergence of the vector field w. Similarly, the trace of
matrix K is equal to the divergence of the magnetic field b. On the other hand, €2
and L are the skew-symmetric parts of Vu and Vb, respectively. Further, these
matrices satisfy the following equation (7) for any arbitrary h = (hy, he, h3)' € R?

1 1
Qh:§w><h, Eh:§JXh, (7)

where the current density vector j = V X b = (j1, ja, j3)" and the vorticity vector
w=Vxu= (wl,wg,wg)t.
Now, we can use vorticity vector w and current density vector j in (5) we get
Vu|@ynh = D(zo,t)h+ jw(xo,t) X h, -
8
Vb‘(xo,t)h = ]C(wo,t)h -+ %j(.’l)‘o, t) X h.

We assume that u(xg,t) = 0 and b(zg,t) = 0. We take advantage of the local
representation to determine certain special solutions to the ideal magnetohydrody-
namics equations (3). Now taking the gradient of the equation of motion of fluid
and magnetic field, we get

auj ou’ ,
J
5o
- 8xk axj ’ (9)
. o ou? b’ b ou’
7 I (hH* R =
(b, )e + ;“ (b3, )e; + ;31’1@ ox; ij ) Z@xk Ox;

We introduce the notations U = (u, ), B = (b., ) and P = (py,)s, for the Hessian

matrix of the gradient pressure VP. With the introduction of these notations (9)
can be rewritten as follows:

ou ;
o (10)
o + (u-V)B+BU=(b-V)U +UB.

Here, we notice that:
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(a) The symmetric part of U? = (D + Q)? is D? 4+ Q? and skew-symmetric part is
DO+ QD.

(b) Similarly, the symmetric part of B* = (K + £)? is K?+ £? and skew symmetric
part is KL + LK.

(¢) As we have (u-V)U = (u-V)(D+), so that (w-V)D is a symmetric matrix
and (u - V) is skew symmetric.

(d) With similar calculations, we see that the symmetric and skew-symmetric parts
of (b-V)B are (b-V)K and (b-V)L respectively. Whereas, (b-V)D and (b-V)Q
are respectively the symmetric and skew symmetric parts of (b - V)U

(e) In a similar fashion, we notice that the symmetric and skew symmetric parts of
UB—BU are (DL— LD+ QK —KQ) and (DK — KD + QL — L) respectively.

Let us assume that the matrix

di diz dis ki k2 ks
D= |dia dy doz|, K= |kia koo kas|. (11)
diz doz ds3 ki kos  kss

Since V-u=0and V-b =0 so that
d11 + d22 + d33 =0= kll + ]i]22 + k‘33. (12)

The matrices €2 and £ can be expressed in terms of the components of w and 3 as
follows.

0 —ws w 0 —Js 72
1 1
Q= 5 W3 0 —wi| , L= 5 j3 0 —jl . (13)
—wy W 0 —J2 N 0

We proceed towards expressing the evolution of vorticity w and current density 7,
so we need to present the following lemmas.

Lemma 2.1. A vorticity vector w satisfy the relation.
w-Vu=w-(Vu) (14)

Proof. For any h € R?, we have an identification by (7) that

1 1 . 1 t
0:§w-(w><h)zéw-((Vu—(V'u,))h)ziw-(Vu—(Vu))h
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since h is arbitrary, the result follows.

Lemma 2.2. A current density vector satisfy
j-Vb=j-(Vb) (15)
The proof of this lemma is just follows by (7).

Proposition 2.1. The evolution of vorticity w and current density 3 are governed
by the following system of equations:

D
= W Vu=(b-V)j—j- Vb,
Dt
Dj 1 (16)
where the vector T = (Tys, Ti3, Th2)" has the property that; for any h € R3
T x h = (DK — KD)h. (17)
Proof. Let us proceed with equating the skew-symmetric parts of equations (10),
we get
DS}
Dr + DOQ+QD=(b-V)L+ KL+ LK,
be (18
D = (b-V)Q+ (DK — KD) + (QL — LO).
Hence the action of any h € R by post multiplication to (18), we have
1D 1
57"; xh + (DQ+QD)h= (b V)i x h+(KL+ LK,
. (19)
1D 1
Iy h = —(b-V)wx h+ (DK — KD)h + (QL — LQ)A.
2 Dt 2
We use (12) to compute the matrix D2 + QD as follows:
(DQY+ QD) =
1 0 dizwy + dagws + dzzws  —di2wi — daawz — dazws
— | —di3w1 — dazwz — d3zw3 0 di1wy + digwz + digws |
dipwy + dows + dogws  —dijwy — digwy — dizws 0
(20)
Let us define a vector ¢ as
Co3 —dpywy — dipwy — dizws
C= |Ci3| = —d12w1 — d22w2 — d23w3 . (21)

C12 —dizwy — dazwy — dszws
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With this definition of vector ¢, we can rewrite the matrix (D2 4 QD) as follows.

0 —C12 (13

1
(DQ + QD) = 5 C12 0 —C23| . (22)
—C13 €23 0
Hence for any h € R3, we have
1
(DQ + QD)h = §c X h. (23)
Further, we notice that
—djwy — dygwy — dizws dyy diz dig wq
c = —djow; — dygwy — dozws | = — |diz daa dos Wa 94
—dizwy — dazwy — dzzws diz daz  dss w3 ( )
Thus, we have
1
(DQY+ QD)h = —5 (w-Vu) x h. (25)

With the same line of above arguments, we can compute the matrices (KL + LK),
(L — LO) and action of any h € R? by post multiplication on these matrices are
as follows. )
(KL+LK)h = —=(j-Vb) xh
12 (26)
(QL - LOYh = Z(w X ) x h.

Furthermore, we compute that

0 =T T3
(DK—KD)= | Tu 0 —Tos| . (27)
—Ti3 o 0

Hence for h € R?, the matrix (DK — KD) satisfies the equation (17).

Now, we use (17), (25) and (26) to (19), we get
1D 1 | 1
Y% h - —(w-Vu)xh=-(b-V)jxh—=(j-Vb) xh,
1 Dj 1 1
5Fixh, = 5(b-V)wx h+ T x h+ 1(wx j) x h.
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Since h is arbitrary, we have the result that the evolution of vorticity w and current
density j are governed by the equations (16). Thus, we complete the proof.

Theorem 2.1. If the gradients of velocity and magnetic field are commutes, then
the ideal MHD equations (3) admits the special solution of the form

u(x,t) = D)z + sw(t) x x,

bx,t) = K(t)x+35(t) x z, (29)
P = %p(t)a: x,

where D(t) and KC(t) are symmetric matrices with zero trace and are defined by (6);
furthermore, the vorticity vector w(t) and the current density vector j(t) satisfies
the system of ODEs;

dw(t .
W0 Dyl - K0 0),
; (30)
djt) _
dt
and the matriz P(t) is given by
A D
—P(t) = Cii_t +D?+ Q- K* - L2, (31)

where the matrices Q0 and L are defined in (6) through the linear maps given by
(7).
Proof. We proceed to show that the velocity, magnetic field and pressure functions
defined by equations (29) satisfies the equations (3) provided that these functions
satisfies the equations (30). Indeed, (29) is the solution of (3) such that Vu and Vb
are commutes; provided that w, j satisfies (30) and scalar function P (t) determined
by the equation (31).

The conditions diva = 0 and divb = 0 follows from the fact that the matrices
D and K have zero trace. To verify the momentum equations of fluid velocity and
magnetic field, note that w and b are linear in  say u = Ux and b = Bx, where
U=Vu=D+Qand B = Vb= K + L are functions of time alone. Therefore,
the advection terms become

(u-Viu = Uz -V)Uzx = U,

(u-V)b = (Uz-V)Bx=UBuz. (32)
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Hence, we have the convective terms

Du ou dD s 5
E == a—i—(u-V)u—Ea:—l—Ew—i—Um, (33)
Db _ @-F( V)b—% +% +UB
Dt ot YT T gt
The symmetric parts of (10) can be recast as follows
DD .
o T D*+ Q= —-P+(b-V)K+K* + L,
DK (34
D = (b-V)D+ DL — LD+ QK — K.

As the gradient of velocity and magnetic field commutes, so that UB — BU = 0
and hence we get DL — LD + QK — KQ = 0. Because of this, we can rewrite (34)
as follows:

% + D24+ Q=P+ (b-V)K+ K2+ L2,
DK (35)

1
Also, we conclude that the term 27+ FWX J in the second equation of (16) vanishes.

Therefore (16) can be written as

D
T; — w-Vu=(b-V)j—j- Vb,

t (36)
DI h. Ve

Dt

Since D, Q, K and L are functions of time alone, so that all the terms (u - V)<,
(u-V)D, (u-V)K, (u-V)L, (b-V)Q, (b-V)D, (b-V)K, and (b- V)L vanishes.
Thus we have

d

éﬁ = w-Vu—j- Vb,

t (37)
g _

dt '

Using simple calculations, we see that w-Vu = D(t)w and j-Vb = K(t)j. Hence,
the vectors w and j satisfies the equations (30). Also, if we look at the skew-
symmetric part of (18), then we see that it is equivalent to the following equations.
dQ
dt
ac
dt

+ DL+ QD =KL+ LK,
(38)
= 0.
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Furthermore, we see that (35) are results into the following.

dD .

— 4+ D+ P =—-P+K2+ L2

dK (
= = 0.

dt

Using (38) and (39) to (33), we get

Du ~
— = -Dx—-QPx-P K L?
Dr T T T+ Kx+ L% (40)

— DQx — ODx + KLx + LKx + Ux.

By simple calculations, we have Uz = (D? + Q? + DQ + QD)x and B?z =
(K? + L? + KL+ LK)z and substituting these terms in (40), it will get result into

following equation.
Du

Dt
Now, we calculate the terms (b-V)b and gradient of pressure function P. By simple

1 - ~
calculations, we see that (b- V)b = B?x and VP = V (§P(t)ar; : m) = P(t)x.

= —Px + B%x. (41)

Thus, by substituting the B2z and P(t)x into (41) that gives us the momentum
equation of fluid velocity in (3). To verify the momentum equation of magnetic
field, we substitute (38) and (39) into the second equation of (33), we get

Db dK L
T = dtm+dtm+UB:B—UB:c—BU:c—(b-V)u. (42)
Thus, we see that fluid velocity, magnetic field, and pressure are given by (29)
satisfy the equations (3). Therefore u, b and P given by (29) is the special solution
of (3). Hence, it completes the proof.
In the following section 3, we focus on the qualitative nature of system (3)
through the ODE reductions (30) come across in Theorem 2.1.

3. Qualitative Analysis

We established in Section 2 that if we look at the solutions of (3) in the form of
(29) and the gradient of fluid velocity commutes with the gradient of the magnetic
field, then the vorticity w and current density j must satisfy (30). So in this view,

we present here the qualitative nature of the solutions of (3) which are in the form
of (29).
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Now we suppose that the gradients of velocity and magnetic field commutes
and solutions of (3) exists in the form of (29). In fact, if the deformation matrices
D and K are continuous functions of time ¢ then the existence of such solutions are
guaranteed.

3.1. Integrability of an Ideal MHD Equations

Let us consider ideal MHD equations (3) in which the gradients of fluid velocity
and magnetic field are commutes. Furthermore, the deformation matrices D and
IC are continuous functions of time-variable ¢ € R. Now we are looking at the
following initial value problem.

dw(t) _ D(t)w(t) — K(t)j(t), w(0)=wy,
2 *
Jd—t = 0, j(o) = Jo-

It is very clear from the second equation of (43) that j(¢) = jo is a constant vector.
Thereby substituting in the first equation of (43) it results in the non homogeneous
linear equation. Furthermore, D(t), KC(¢) are matrices with all entries are real
valued continuous functions. So that there exists a unique solution to the system
(43) and through the quadrature, we can solve the system proving the complete
integrability of the system (43).

Suppose that the pressure P is given by P = %If’(t)w . @, where P(t) is
determined by the equation (31). Let us consider R = {(z,t) € R3> x R :
Vu(x,t)Vb(x,t) = Vb(x,t)Vu(x,t)} be the domain in (x,t)-space of the sys-
tem (43). Whereas, D and K are matrices and all elements of these matrices are
real valued continuous functions of variable ¢ € R. Now we are looking at the exis-
tence of solution of initial value problem (43) in the domain R. The system (43) is
a linear system and all elements of coefficient matrices are continuous real valued
functions. Hence, the initial value problem (43) determine the curl of fluid velocity
and magnetic field uniquely. Consequently, we determine velocity and magnetic
field uniquely. Furthermore, pressure function is determined through (31). From
second equation of (43), we determine that j(¢) = jo. Consequently, we can solve
the linear system (43) and following is the solution:

t
w(t) = _efo D(s)ds |:/ {6_ Io D(a)dalC(S>j0} d8:| + €f0 D(s)dsu)o7
0

j(t> = Jo

(44)

This implying that the system (43) is completely integrable.
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3.2. Critical point Analysis

In this section, first we find the critical points of the system (30) and we will
investigate their nature. It is clear that (w,j) = (0, 0) is the critical point.

Now at the critical point (w,j) = (0,0) the system (30) can be written in
matrix form as follows:

dw
g__; _ [Dg) —/g(t)} [c;] AW [w} (say). )
dt

where O’s are 3 x 3 null matrices. In the above equation, we have a matrix A = A(t)
is an upper triangular block matrix and its diagonal blocks are D, a deformation
matrix and O, a null matrix. Since the eigenvalues of matrix A are the sum of
eigenvalues of matrices D and O. Furthermore, D is a real symmetric matrix and
its entries are continuous real valued functions so that all the eigenvalues of matrix
A are real numbers for every ¢. Since the matrix A has a diagonal block matrix O
of order three, therefore we have A = 0 is at least threefold eigenvalue of a matrix
A. This shows that the critical point (0,0) is degenerate. Thus, it is non-trivial
to determine the nature of critical point (0,0). Before concluding the nature of
critical point we need to investigate some important concept of linear algebra of
the matrix system in which entries of matrices are continuous functions of time
variable . But we intuitively come to know that the solutions provided by (44)
are asymptotically unstable and it will be proved in our next article.

In the following section, we describe the examples of two and three dimensional
flow of fluid in the presence of a magnetic field for which we can determine the
solutions of (3) in the form (29).

4. Examples
First, we consider the two dimensional flow of a fluid in the presence of a
magnetic field, then after that we provide example of three dimensional flow.

Example 4.1. Consider a two dimensional time independent flow for which the
constant vorticity and current density vectors are unit vectors in vertical direction.
That is, w = €3 = (0,0,1) and j = €3 = (0,0, 1) respectively. Let us assume that
the deformation matrices D and K be given by;

A0 0 A
D=10 —x 0|, K=[0 =) 0
0 0 0 0
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Hence, we obtained the special solutions of two dimensional ideal MHD fluid as
follows:

1 1
u(x,t) = Dt)r+ iw(t) xz= ()\xl — 502, ATy + —xy, 0) )

2
1 1
b(x,t) = K(t)x+35(t) x @ = <)\:c1 — 5% —Axg + 51 0) : (46)
1.~
P(x,t) = EP(t)a: - =0.

Mathematically, it is possible to find a flow of an ideal fluid in the presence of
magnetic field such that there is no pressure at every point of the fluid. But
practically, it is impossible, because zero pressure at a point, implying that the
temperature of molecule at that point is zero. Consequently, there is no molecular
movement possible.

The following example is an example of three dimensional flow with realistic
deformation of fluid particles.

Example 4.2. Consider a three dimensional flow of fluid in the presence of a
magnetic field in which deformation matrices of fluid velocity and magnetic field
are respectively as follows:

A0 0 (=3 —5X) 0 0
D=0 -1 0 , K= 0 1(5+3X) 0
0 0 —A+1 0 0 (=14 X

The vorticity and current density vectors are respectively w = (0,0, —2) and j =
(0,0,4). Now by using Theorem-2.1 we obtained a special solution of an ideal MHD
equations (3) as follows.

u(x,t) = (Ary + 22, —x1 — X2, —(—1+ N)z3),
b(w,t) = (—3(3+5N)z1 — 229, 221 + 1(5+ 3\)x2, 5(—1 + N)a3),
P(x,t) = £(=14+X)[(13+3X)z? + (134 3\)a3 — 4(—1 + A)z3] .

5. Conclusion

We have considered an ideal MHD equations (3) for which we obtained its
special solutions in the form of (5). Through the Proposition 2.1 we have shown
that the vorticity w and current density j satisfies the PDEs (16). Furthermore,
if gradients of fluid velocity and magnetic field commutes then the system (30)
is the ODE reduction. Further, we proved that the system (30) is completely
integrable. Also, we conclude that the system (30) has a degenerate critical point
(w,7) = (0,0). Finally, we have provided the examples of special solutions in the
section of the examples.
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