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1. Introduction

The notion of complex valued metric spaces was introduced by Azam [3]. Latter,
the generalization of complex valued metric spaces namely complex valued b-metric
spaces, complex valued rectangular metric spaces, extended complex valued metric
spaces considered by several authors, for example we refer [1, 2, 5, 8, 14, 16, 17,
19, 20]. Recently, the generalized version of complex valued metric spaces namely
bicomplex valued metric spaces were introduced by Cho et. al., [6].
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In the present paper, we denote R™, set of positive real numbers and C; set of
complex numbers.
The set of bicomplex numbers introduced in [15, 20] in the following way.

Bicomplex Numbers

The set of bicomplex numbers denoted by C, is the first setting in an infi-
nite sequence of multicomplex sets which are generalizations of the set of complex
numbers C;.

Co ={w=co+i1c1 +iaca +irisc3 1 ¢, € R, (p=0,1,2,3)}.
We can also express C, as
CQ = {21 + iQZQ L 21,79 c Cl},

where z1 = ¢g + i1¢1, 29 = co + 11¢3, 11 and iy are imaginary independent units
such that i? = —1 = 2. The product of ii5 = j such that j2 = 1. The product of
units is commutative and is defined as 115 = —is, 19j = —11, with the addition and
multiplication of two bicomplex numbers defined in the obvious way.

For a bicomplex number w = z; + i525, the norm is denoted by || w || and is

defined

lw =]l 21 + 2z [I= (21 + [22) 2

By choosing, w = ¢y + i1¢1 + iace + 1023, ¢, € R, (p =0, 1,2, 3) then

lwll=(E+c++ ).
A bicomplex number w = ¢y + 161 + i2cy + i1igcs is degenerated [20] if the
matrix( 0 ) is degenerated.
Ca C3

Further, for any two bicomplex numbers 9,6 € C,, we can show that

(i) 0 <4, 6 <4, 6@ implies || & ||<]| 0 ||

(i) [ 6+6f<[ o]+ 6]

(i) | a6 1< |l | & |

Also, for any two complex numbers 6,6 € C,, we have

(@) (o8 (<]l oIl &1

(22) || 00 ||=|| 9 |||| € || whenever at least one of 6 and 6 is degenerated [20].

(iii) The partial order relation on =;, defined in [6] as follows:

Let § = 0; + i20; € Cy and || 67 ||=]| § ||~ holds for any degenerated bicomplex
number.
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0 = 01 + i205 € Co, we define a partial order relation on C, as § <;, 6 if and
only if §; =X, 61 and 62 =;, 02, where =, is a partial order relation in C;. Then

(1) Re(61) = Re(6r) and Im(d;) = Sm(6,)
Re(d2) = Re(by) and Im(d2) = Im(6y)
(2) Re(61) < Re(br) and Im(d;) < Sm(6r)
Re(d2) = Re(b,) and Im(dz) = Im(6s)
(3) Re(d1) = Re(br) and Im(d1) = Im(6,)
Re(dy) < Re(O2) and Im(dy) < Im(fy)
(4) Re(d1) < Re(hy) and Im(dy) < ISm(6,)
Re(d2) < Re(h2) and Im(ds) < Im(6s)
We write 0 3, 0 if 6 =4, 6 and 6 # 6 if any one of (1), (2) and (3) is satisfied

and 6 <, 0 if condition (4) is satisfied.
The definition of the bicomplex valued metric space is introduced in [6] as follows.

Definition 1.1. Let X be a nonempty set. A function = : X x X — Cy s called
a bicomplex valued metric on X if for all x,y,z € X, the following conditions are
satisfied:

(1) 0 =4, E(z,y)

(2) E(z,y) =0 iff v = y;
(3) E(z,y) = E(y, x);

(4) 2, y) =i, 2, 2) +Z(y, 2)

The pair (X, u) 18 called a bicomplex valued metric space.
In this connection many researchers obtained fixed point results in bi complex
valued metric spaces, we refer [5, 6, 12, 15, 20].

The notion of bicomplex valued b-metric spaces defined by S. K. Datta et. al.,
[13, 9-11] as

Definition 1.2. Let X be a nonempty set and s > 1. A function =: X x X — Cy
is called a bicomplex valued b-metric on X if for all x,y,z € X, the following
conditions are satisfied:

(4) 0 =i, ZEpc(z,y)

(ii) E(z,y) = 0 iff v = y;

(14i) Z(z,y) = E(y, x);

(iv) E(z,y) =i, s[E(z, 2) +E(y, 2)]

The pair (X,Z) is called a bicomplex valued b- metric space.

Here we give the examples of bicomplex valued b-metric spaces.

Example 1.3. Let X = [0,4+00). We define Z : X x X — Cy by E(z,y) =
(14 41)(1 + 49)|x — y|?, for all z,y € X. Then (X,Z) is a bi-complex valued b-
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metric space with s = 2, for x,y € X,
E(r,y) = (L+a)(1+iz)|z —yf°

(1+41)(1 +d9)|z — 2+ 2 — y|?
i (L+a)(L+d2)lr — 22 + |2 — y[> + 2z — 2||z — y]]
io (L)1 +1d2) 2w — 2> + 2|z — y’]
2 2[(1+ i) (1 +dz)|x — 2 + (1 +41) (1 + i) 2 — y|?]
2[2(x, 2) + Z(z,y)].

Example 1.4. Let X = [0,400). We define =: X x X — C, by
0 ifr=vy

12

7

I TA T TA

E(z,y) =
(1411 +io +i1i0)(x +y)* if x#y.
Then (X, =) is a bi-complex valued b-metric space with s = 2.

Definition 1.5. [11] Let (X, =) be a bicomplex valued b-metric space and {x,} be
a sequence in X. We say that:

(i) The sequence {x,} converges to x € X if for each ¢ € Cy with 0 <, ¢ there is a
no € N such that for alln > ng, Z(z,, ) <4, c. We denote this by lim,_, oo, = .
(17) The sequence {x,} is a Cauchy sequence if for each ¢ € Cy with 0 <;, ¢ there
is ng € N such that for all n > ng, Z(xpn, Tpim) <i, ¢, where m € N.

(1ii) (X, Z) is said to be complete bicomplex valued b-metric space if every Cauchy
sequence in X 1s convergent to a point in X.

Lemma 1.6. [11] Let (X,Z) be a bicomplex valued b-metric space and let {z,}
be a sequence in X. Then {x,} converges to x if and only if | Z(zn,z) ||[— 0 as
n — +00.

Lemma 1.7. [11] Let (X,E) be a generalized bicomplex valued b-metric space and
{zn} be a sequence in X. If lim, oo || E(n, Tnim) [|[— 0 then {z,} is a Cauchy
sequence.

Lemma 1.8. [11] Let (X,Z) be a generalized bicomplex valued b-metric space and
let {x,} be a sequence in X. If {x,} converges to x then for any a € X,
limy, o0 || 220, a) |= || Z(2,a) ||

Definition 1.9. [21] Let P be a self map on a nonempty space X and o : X x X —
[0,4+00). We say that P is o admissible if, for all x,y € X, we have

a(x,y) > 1 implies a(Px, Py) > 1.

Definition 1.10. [4] Let P, g be self maps on a nonempty space X and o : X x X —
[0,4+00). We say that P is g — o admissible if, for all x,y € X , we have

a(gzr, gy) > 1 implies a(Px, Py) > 1.
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If g =1, then P is called g — o admissible.
We denote C'(P, g), the set of fixed points of P and g i.e.,

C(P,g)={z€ X:Pz=gz=2z}.

We study common fixed point theorems of Suzuki type contractions employing al-
pha admissible function for two maps in bicomplex valued metric b-space rendered
by rational expressions. These results are enhanced through examples. As a con-
sequence, we obtain common fixed point theorems for bi complex valued b-metric
spaces endowed with a partial order.

2. Main Results
In this section, first we prove the existence common fixed points for almost
Suzuki type contractions in bi complex valued b-metric spaces.

Theorem 2.1. Let (X,Z) be a complete bicomplexr valued b-metric space with
s> 1 and 1 4+ =Z(z,y) + E(u,v) degenerated for all x,y,u,v € X. Assume that
a: X xX — Rt is a mapping and P and g are selfmaps on X satisfying the
following conditions:

(1) PX CgX.

(i)

r . — — - -
Smin{l| 5(Px,g2) || Z(Py, gy) I} < mas{ || Sloz, ) I, | (P, Py) [}
implies

E(gr, Py) + Z(gy, Px)
S

a(gx, gy)E(Px, Py) =4, aZ(gz, gy) + b=(gy, Py) +c

E(Pz, g7)E(gy, Py) E(gz, Py)=(gy, Px)

+d—— — e — —
1+ EZ(gz, gy) + E(Px, Py) 1+ EZ(gz, gy) + E(Px, Py)

(2.1.1)

for all x,y € X, where a,b,c,d,e >0 anda+sb+2c+d+e <1

(1ii) P is a- admissible with respect to g

(iv) there exists xo € X such that a(gzo, Pro) > 1

(v) if {gxn} is a sequence in X such that a(gzr,, gx,v1) > 1 for all n and gz, —
gz € gX as n — +oo then there exists a subsequence {gx,x)} of {gx,} such that
a(gTnm), 92) > 1 for all k

(vi) gX s closed.

Then P and g have a unique coincidence point in X .

Proof. In view of condition (iv), let o € X be such that a(gzg, Pzo) > 1. Since
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PX C gX, we can choose a point z; € X such that Pxy = gz, on continuing this
process, we can choose sequence {x,} in X such that

Pz, = gxr,.1 for n=0,1,2,3, ... (2.1.2)

Further, P is a-admissible with respect to g, we have
a(gzg, Pro) = a(gzo, gx1) > 1 implies a( Pz, Pxq) = a(gzy, grg) > 1.
Using mathematical induction, we get

&(gxnagxn+1) 2 1 (213)

foralln=0,1,2,3,...

If gx,11 = gTpyo for some n € N, for some n, then by (2.1.2), we have gz, =
Pz, .1, so that x,. is a coincidence point of P and ¢ and the proof is completed.
Thus, with out loss of generality, suppose that =( Pz, Px,.1) > 0, for all n. Since,

1 . — —
Somin{| Sgzn, Pra) | | Z(Panss, gaia) |1}

< maz{|| 2(gxn, gtn1) ||, | E(Pon, Prnia) ||}

implies from (2.1.1), we have

E(Pxn, Prny1) Riy 092, 970 11) (P2, Prpg)
E(ana Pxn+1> + E(gxn+1> Pxn)
s
E(grn, Pry)=Z(92ns1, PTypy) L =(gxn, Prpy1)Z2(9Tn41, Py)
1+ E(gzn, gTnt1) + Z(Pxp, Proiq) 1+ Z(g9zn, gpi1) + Z(Pxp, Prpyq)
=i, a=(Pxy_1, Px,) + b=(Pxy, Pryiq) + c[Z2(Pxy_q, Pxy,) + Z(Pxp, Prpy)]
E(Pzy_1, Pr,)Z(Pxy, Pryyq)

+ Z(Pxy_1, Pxy) + E(Pxy, Prpy)

=iy AZ(gTn, 9Tny1) + bE(9Tny1, Prpgr) +¢

+d

—l—dl

Therefore,

| E(P2n, Prnia) |< a || E(Prn_y, Pa) || +b || Z(Prn, Prng) |

+el| E(Prp, Pry) || +¢ || E(Prpg, Pry) ||
| E(Pzni1, Pay) ||

| 14+ Z(Pxy, Pryiq) + Z2(Pxy_q, Pxy) ||

since || E(Pzpy1, Pxy) ||<|| 1+ Z(Pxn, Prypi1) + E(Pxy_1, Pxy) ||, from (2.1.4), we
have

+d | 2(Pan, Proy) |, (2.1.4)

(1= =) || E(P2osr, Pay) ||< (a+ ¢+ d) | E(Payer, Pay) ||,
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therefore Cead
_ a+c _
| E(Pzni1, Pxy) |[< p I — | E(Pzn, Pry1) || -
Similarly, we can show that
- a+b+c+d  _
I E(Pan, Pons) || —————— | E(Pzn-1, Prn-s) | -

o a+c+d a+b+cet+d
Let § = maz {3557, “570 )

Combining (2.1.5) and (2.1.6), we get
| E(P2n, Prnia) [|< B || 2(Pn, Prn) |

forallm=1,2,3,.....
Therefore, from (2.1.7), we have

| E(Pan, Prnia) |< 6 || E(Prn, Prpa) <. < B" [ E(Pay, Pxo) || -

We now show that { Pz, } = {gz,+1} is a Cauchy sequence in X.
In view of triangle inequality, we have

=(Pzy,, Pr,,) < s|Z2(Pxy, Pr,1) + Z(Prpyq, Py,

which implies

| E(Pn, Prw) < s || Z(Pan, Prpya) || +5 || E(Pong, Pr) |

< s || E(Pwy, Pryy) || +5° | E(Pxpy1, Prnsa) |

+ 83 || 2(P2pyo, Prpgs) ||+ + 8" | 2(P2myt, Prn) ||
< 5 | 2(Pin, Prnar) | +5° | E(Ptnss, Prnss) |

+ 8 | 2(Pxpyo; Prnys) ||+ + 8™ || 2(Pxpi, Pry,) ||
(since s > 1)

< 88" || E(Pxg, Pxy) || +5°8™ || 2(Pxo, Px1) || 4.

+ 8™ B || Z(Pxo, Pay) ||

< BB E(Pao, Py ||

< SETEnS B | 2 (Pag, Py) |

| E(Pzn, Poy) ||< sp"S "0 || E(Pao, Pay) ||

< s EX s BT || E(Pao, Py |

s(B)"
1—sp

< || =(Pzo, Pz1) [|[— 0 as n — +00.

221

(2.1.5)

(2.1.6)

(2.1.7)

(2.1.8)
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Therefore { Pz, } = {gz,+1} is a Cauchy sequence in X.
Since ¢gX is closed there exists z € X such that

limpy— 009 Tn = UMy sy oo PTpi1 = g2 (2.1.9)

We now show that z is a coincidence point of P and g. If not there exists 0 <;,
8 € C, such that Z(Pz, gz) = 6.

Again by condition (v) of our assumptions, we have a(gx,m,92z) > 1 and a(gz
9Tn(r)) = 1.

Suppose that

1 . — -
2—Smm{|| E(Pxnky, 92nw) s | E(Pz, 92) [}

> maz || Z(g2nw), 92) [I; [| Z(Pzagry, P2) |}

Letting n — 400, using (2.1.9), we get 0 >|| Z(Pz, gz) ||, which is a contradiction
to our assumption. Therefore

1 — _
%mm{ﬂ E(Pzn), 92Zaw) |I. | E(Pz,92) |1}

< mazx{|| Z(gnw), 92) [I; | Z(Prny, P2) I}

which implies from (2.1.1), we have

0 = Z(Pz, 92) =i, s2(92, Prnw)) + SE(P2yu), Pz)
=iy 52(92, Ppmy) + sa(gnm), 92)2(PTnu, P2)
=i» S2(92, Ppmy) + asE(gTnw), 92) + bs=(gz, Pz)]
E(gn), P2) + E(92, Prnw) s E(g k), Prypr))E(Pz, g2)
s 14+ Z(9%ny, 92) + Z(PTyw), P2)
(9, P2)2(92, Pro)
1+ ZE(97nk), 92) + Z(92, Poyr

+ sc

+ se

which implies

16 [1< s || E(92, Prag)) | +as || 2(92nw), 92) || +sb || (g2, P2) ||

| E(g2ny), P2) || + || Z(92, Prag)) || 4 sd | Z(92nm)> Praw) Il =(Pz, g2) ||
s | 14+ Z(92n@), 92) + Z(PTpw), P2) ||

| E(92ny), P2) ||l E(g92, Praw)) ||

| 1+ Z(g92nw), 92) + Z(92, Pragy ||

+ sc

+ se
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On taking limits as k — +o00, using (2.1.9), we get
| 6[]< sbll E(gz, Pz) |

| (g2, Pz) [|< sb || E(gz, Pz) |
(1—sb) || E(Pz,g2) [|[<0

| 2(Pz,g2) [|=0.

Hence Pz = gz. Thus, P and g have a common fixed point in X.

Theorem 2.2. [n addition to the hypotheses of Theorem 2.1, suppose that for
u,v € C(P,g) if a(gu, gv) > 1 and the pair (P, g) is weakly compatible, then P and
g have a unique common fixed point in X.
Proof. From the proof of Theorem 2.1, we have {gz,} is a non decreasing sequence
and converges to gz and Pz = gz. Also, since P and g are weakly compatible, we
have

Pz = Pgz =gPz = gz.
Hence Px = gr = x so that P and g have a common fixed point. To prove
uniqueness, let x and =’ be two common fixed points of P and g i.e.,

Pz = gr =z and Pz’ = g2’ = 2. (2.2.1)

Since

1 -
ggmind || (P, gx) ||, | (P, g') [} = 0

< max{| E(gz, g2') |, | E(Pz, P') ||}
= from (2.1.1), we have
E(x,2') = E(Px, Px') =4, algz, g2')Z(Px, Px')
E(gz, Px') + =(g2', Px)

=i, aZ(gz, g2') + b=(g2’, P2') + ¢
s
=(Pr.gn)Eler, PY) | Elgr, Pr)S(gr’, Pa)
e
1+ Z(gz, g2') + Z(Px, Px') 1+ Z(gz, ga') + Z(Px, Px')
_ _ _ Z(gx, Px') || + || =(g92’, Px
I Ee.0") 1< a || Zlor.ga') | 4 | Zoe', Pa') | el 200 PO LIS PO |
I =Pz, g2) ([l Elgz', P2) || I =(gz, P2') |[[| (92", Pe) |
11+ =(g2, 92') + E(Pz, Po') || || 14 E(ga, g2’) + E(Pz, Pa') ||”

+d

+d
which implies
—_ c —_
I =(@,2) 1< (a+ ~ +e) || E(z,2) |

this implies || Z(x,2’) ||= 0. Therefore P and g have a unique common fixed point
in X.
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3. Examples and Corollaries
The following examples are in support of Theorem 2.2.

Example 3.1. Let X = [0, 5], we define Z: X x X — C, by

0 ifx=y
E(z,y) =

Then (X, =) is complete bi complex valued b-metric space with s = 2 and 1 +
=(z,y) + Z(u, v) degenerated for all z,y,u,v € X.
We define P,g: X — X by
3 fxel0,1] 3z if x€10,1]
Pz = and gr =
Tif xe(1,5] zif xe (1,5

Clearly, PX C gX and gX is closed set.
Define the function a: X x X — [0, 4+00) by

2 if z€(0,3

ar,y) =
3 otherwise.

We now verify inequality (2.1.1) with a =

16,b— c:é,aé:():e.

Case (i): Let z,y € [0,1] with « # y. Then a(g:c 9y) 3x,3y) = 2.
If z > y, then

1 V6225

ool 2Pz, g2) 1| 2(Py, gy) I} = = =5v" < 9V6(z +p)°

= mazx{|| =(gz, gy) ||, | =(Pz, Py) ||}.
Then from (2.1.1), we have

| ©

_ . . . 2
a(gx, gy)Z(Pxz, Py) = 2(i1 + t9 + 2i1is) 16 (x+y)= 16(Z1 + g + 2i149) (3 + 3y)?
3 . . 3
—6(11 + iy + 2i149) (3 + 3y)? = 1 =(gz, gy)
3_ 1_ 1 =(gz, Py) + Z(gy, Px)
iy TS ) T JP )
Za 1g (97, gy) + 1 (9y, Py) + 3 .
40 E(Px, gr)Z(gy, Py) 0o E(gz, Py)=(gy, Px)
1+ Z(gz, gy) + Z(Pz, Py) + Z(gz, 9y) + E(Px, Py)
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Similarly, when z < y, condition (2.1.1) follows.
Case (ii): Let 2,y € (1,5] with x # y. Then «a(gzx, gy) = 3. Also,

\/_5

1
gomindl (Pran) LI 2P 1) = P50 < VBl
= from (2.1.1), we have
_ . . oo 1
a(gx, gy)=(Pz, Py) = 3(i1 + ia + 2@122)E(x + )2
3 . . 3 _
= _6(“ + iy + 2ivis) (z +y)? = E:(Q% 9y)
3 - 1 1 =(gz, Py) + E(gy, Px)
—<i —= —= 7.P —
Za 1g (gﬂcgy)+4 (9y, Py) + 3 .
40 E(Pr, gz)=(gy, Py) 40 =(gz, Py)=(gy, Px)

1+ Z(gz,9y) + 2(Px, Py) 1+ Z(gz,gy) +Z(Px, Py)

Case (iii): Let x € [0,1] and y € (1,5]. Then a(gz,gy) = 3 and

1 _ \/'225
Somind| 2(Pe, gr) |, Z(Py, g9) [} = Y 5 a? < V(3r + )
= max{|| Z(gz, gy) ||, | =(Px, Py) ||}.
This implies from (2.1.1), we have
- . . |
a(gz, gy)E(Px, Py) = 3(11 + 12 + 21122)@(390 +y)?
3 ) .
= —6(21 + iy + 2i149) (3 + y)* = T E(gx, gy)
3 - 1_ 1=(gz, Py) + E(gy, Px)
=i, —==(97, —-=(gy, P -
2 1g (gargy)+4 (gy y)+8 .
40 E(Px, gr)=(gy, Py) N =(gz, Py)=(gy, Px)
1+ Z(gz, gy) + E(Pz, Py) + Z(gz, 9y) + E(Px, Py)

Case (iv): Let z € (1,5] and y € [0,1]. Then a(gz, gy) = 3. Also,

Linfll Z(Pa,g2) 111 2P 1} = L2242 < Vo + 3

2s
= max{|| Z(gz, gy) ||, | (P, Py) ||}.
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Then from (2.1.1), we have

_ . . oo 1
a(gz, gy)=(Px, Py) = 3(i1 + iz + 221@2)@@ + 3y)°

3 .. . o 3

= 1—6(21 + iy + 2i1da) (z + 3y)* = 6 =(gz, gy)
3 _ 1_ 1Z(gz, Py) + Z(gy, Px)

Siy TR ) o= 7P Q
Si 16 (9z,9y) + 1 (9y, Py) + 3 .
40 E(Pz, gr)=(gy, Py) 0 E(gz, Py)=(gy, Px)

1+ EZ(gz, gy) + Z(Pz, Py) 1+ Z(9x,9y) + E(Pz, Py)

Thus inequality (2.1.1) is satisfied with a = %,b = %,c = é,d =0 = e. Also, we
have a(Pxg, grog) > 1 for any zg € [0,2]. Clearly, P is a- admissible with respect
to g. Now, all the hypotheses of Theorem 2.1 are satisfied. Consequently, P and g
have a coincidence point. Here, 0 is a coincidence point of P and g. Also, clearly
all the hypotheses of Theorem 2.2 are satisfied. In this example, 0 is the unique

common fixed point of P and g.

Example 3.2. Let X = [0,2], we define =: X x X — C, by

0 ifx=y
E(z,y) =
(3iy + iy + 18iyis)max{z,y}* if v#vy

Clearly, (X,Z) is complete bi complex valued b-metric space with s =
1+ Z(z,y) + Z(u,v) degenerated for all z,y,u,v € X.
We define P,g: X — X by

0 if x=0 0 if x=0
Pr = 1_96 if € (0,1 and gz = 1 —a? if ©€(0,1]
i if xe(1,2] if ve (12

Clearly, PX C ¢gX and ¢gX is closed set.
Define the function a : X x X — [0, +00) by

2 if xe0,1]

a(r,y) =
1 otherwise.

We now verify inequality (2.1.1).

Case (i): Let z,y € [0,1] with z # y , then a(gz,gy) = (1 — 22,1 — y?)

2 and

= 2.
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First we suppose that z > y, then we have

1 1
2—Smm{H E(Px, gz) || 2(Py, gy) |} = v342(1 2?)? < 2v/342(1 — y?)?
= maﬂ?{H E(gx, 9y) |, || Z(Px, Py) ||},
which implies from (2.1.1), we have
_ 1-— x2 1-— y
algz, gy)=(Px, Py) = 2pmaz{ 1 ¥
where p = (3iy + 3ig + 18iy72) then
_ 1—¢2)? 1 1 1_
algz, gy)=(Pr, Py) = QP% = pg(l —y*)? =, p;l(l —y?)? = Z:(gsv,gy)
1_ 1_ 1 =(gz, Py) + =(gy, Px)
—<i -= ) -= 7P s
S (gwgy)+4 (gy y)+16 .
E(Pz, gx)=(gy, Py) Z(gx, Py)=(gy, Px)

+0

1+ Z(gz,9y) + Z(Px, Py) 1+ Z(gz,gy) +=(Px, Py)

Next, we suppose that = < y, then we have

1
oymind|| (P, g2) |, || =(Py, gy) |1} = v342(1 y*)? < V342(1 — 2?)?

which implies from (2.1.1), we have

1—1’2 1—y?

a(gz, gy)=(Px, Py) = 2pmaz{ )
where p = (3iy + 3iy + 18i172) then
_ 1—22)? 1 1 1_
(g n)2(Pr, Py) = 290 = o (1 -0 <, pr (1) = (=g )
1_ 1_ 1 (g, Py) + =E(gy, Px)
=i, == -=(gy, P —
. =92, 9y) + 1=y, Py) + 1 .
+ o =Pz, g7)=(gy, Py) E(gz, Py)=(gy, Pr)
1+ Z(gz, gy) + E(Pz, Py) 1+ E(g, gy) + E(Px, Py)
Case (ii): Let 2,y € (1,2] with z # y. Then a(gz, gy) = o132, H) = 1.

First we suppose that = > y, then we have

1 . — — 1 . 14+ 14y
Somin{|| 2(P, g2) ||, 2(Py, gy) |} = qmin{ V3R(~—" )2, V3I(— L)%}
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1

14y 1+x - _
= JV3A2(—2)? < VBR(—)? = maa{| Egz. gy) |, | E(Pa, Py) |}.

Thus from (2.1.1), we have

= 1_ 1_ 1 Z(gz, Py) + Z(gy, Px

16 S
+0 E(Pz, gx)=(gy, Py) 0 E(gx, Py)=(gy, Px)
1 +Z(gr, gy) + E(Px, Py) 1+ E(gx, gy) + =(Px, Py)
Similarly, when z < y, we have
1 _ 1 1+z 1+y.,
%mm{ll E(Pz,gz) ||, | E(Py, gy) I} = me{v342( 5 )%, V342(——= 5 )’}
1+y - -
< 342(7)2 = maz{|| Z(g9z, g9y) ||, || E(Pxz, Py) ||}.

Thus from (2.1.1), we have

= 1o 1 1 =(gz, Py) + =(gy, Px
a(ge, gy)=(Px, Py) = 0 =i, 2E(gz, 9y) + 75(9y, Py) + 15 (g, Py) ; (99, P)

L o—_=Pw, g2)=(gy, Py) E(gx, Py)=(gy, Pr)
1+ Z(gx, 9y) + Z(Px, Py) 14 E(gz, gy) + (P, Py)
Case (iii): Let z € [0,1] and y € (1,2]. Then a(gz,gy) = 1. Also,

Smin{|| 2Pz, g2) I I 2Py, gy) |} = pmin{VEE(LL), VBB ~ 27)7)

1 14+wy.o - —
= $V312(1 —2%)? < VBI(—2)? = max{|| Z(gz, gy) |l I| E(Pz, Py) ||}

= from (2.1.1), we have

_ 1 p
a(gz, gy)E(Px, Py) = 0(1)2 = — =

[1]
o
=

s
s
+

|

1_ 1
i Z:(gx,gy) Ty

E(Pz, gx)=(gy, Py) E(gz, Py)=(gy, Px)
+0 L +0—— =
1+=(gz, gy) + E(Pz, Py) 14 E(gz,9y) + =
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Case (iv): Let z € (1,2] and y € [0, 1]. Then a(gz, gy) = 1. Also,

min{ || 2(Pz,g2) | Z(Py.gy) [} = pmin{vBI(T 17 V10 )?)

2s

1+z
2

= [VBRR(1 - )P < VBB(— 1) = max{| Z(gx.gv) ||| 2P, Py) |}

= from (2.1.1), we have

1 1_ 1 Z(gx, Py) + Z(gy, Px)
=iy — —= P —
=i E(gz, gy)+4 (9y, y)+16 .
40 =(Pzx, gx)=(gy, Py) Lo E(gx, Py)=(gy, Px)

1+ Z(gx, gy) + Z(Pz, Py) 1+:(9x gy) + E(Pz, Py)

Thus condition (2.1.1) is satisfied with a = 1,0 = 1,¢ = 1=, d = 0 = e. Also, we
have a(Pxg, grg) > 1 for any zq € [0, 2]. Clearly, P is a- admissible with respect
to g.

Now, all the hypotheses of Theorem 2.1 are satisfied. Consequently, P and g have
a coincidence point. Here, 0 is a coincidence point of P and g. Also, clearly all the
hypotheses of Theorem 2.2 are satisfied. In this example, 0 is the unique common
fixed point of P and g.

By choosing s = 1, we have the following corollary.

Corollary 3.3. Let (X,Z) be a complete bicomplex valued metric space and 1 +
E(z,y) + Z(u,v) degenerated for all x,y,u,v € X. Assume that o : X x X — R*
be a mapping and P and g are selfmaps on X satisfying the following conditions:

(i) PX C gX.
(i)

Lo - - -
ol 2(Pz, g2) |, | 2(Py, gy) I} < maz{[| =gz, gy) |l, || =(Pw, Py) |1}

E(gz, Py) + E(gy, Px)
s
E(Pz, gr)E(gy, Py) E(gz, Py)=(gy, Pr)
1+ Z(gz, gy) + Z(Px, Py) 1+ Z(gz, gy) + Z(Px, Py)
for all x,y € X , where a,b,c,d,e >0 and a+sb+2c+d+e <1
(131) P is a- admissible with respect to g

= a(gr, gy)=(Pz, Py) =i, aZ(g7, gy) + b=(gy, Py) + ¢

—_
—
—
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(iv) there exists xog € X such that a(gzo, Pro) > 1

(v) If {gxn} is a sequence in X such that a(gx,, grn,y1) > 1 for all n and gz, —
gz € gX as n — +oo then there exists a subsequence {grnry} of {gxn} such that
a(gTnmy, 92) > 1 for all k

(vi) gX s closed.

Then P and g have a unique coincidence point in X.

By choosing g = I, the identity map, we have the following corollary.

Corollary 3.4. Let (X, =) be a complete bicomplex valued metric space with s > 1
and 1+Z(z, y)+=(u, v) degenerated for all z,y,u,v € X. Assume that v : X x X —
R* be a mapping and P is selfmap on X satisfying the following conditions:

(7)
Q—me{ll E(Pz, ) ||, | E(Py,y) I} < maz{]| E(z,y) |, | E(Pz, Py) |I}

E(z, Py) + E(y, Px)

= a(z,y)E(Pr, Py) =i, aZ(x,y) + bE(y, Py) + ¢ .

= E(Pz,2)E(y, Py) . =, Py)=(y, Pr)
1+ Z(x,y) + E(Px, Py) 1+ Z(z,y) + Z(Px, Py)
for all z,y € X, where a,b,c,d,e >0 and a+sb+2c+d+e <1
(17) P is a- admissible

(i) there exists xg € X such that a(xg, Pxg) > 1

() If {x,} is a sequence in X such that a(xy, xn1) > 1 foralln and x,, — z € X
asn — 400 then there exists a subsequence {xnry} of {x,} such that a(xywy, z) > 1
for all k.

Then P has a fized point in X.

(3.4.1)

4. Fixed point theorems on bicomplex valued metric space endowed
with a partial order

Definition 4.1. [7] Let (X, Z) be a partially ordered set and P : X — X be a given
mapping. We say that P is nondecreasing with respect to = if for all x,y € X,
x =y implies Pr < Py.

Definition 4.2. [7] Let (X, <) be a partially ordered set. A sequence {x,} C X is
said to be nondecreasing with respect to =< if x, =2 x,41 for all n.

Definition 4.3. [12] Let (X, <) be a partially ordered set and = be a metric on
X. We say that (X, =, E) is reqular if for every nondecreasing sequence {x,} € X
such that x,, € X such that x, — x € X as n — 400, there exists a subsequence

{nmy} of {xn} of {xn} such that xpuwy = x for all k.
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Definition 4.4. [19] Let (X, <) be a partially ordered set and P,g : X — X be a
giwen mappings. We say that P is g—nondecreasing if for all x,y € X, gx =< gy
implies Px < Py.

Definition 4.5. Let (X, =X) be a partially ordered set and d be a metric on X.
We say that is g—regular if for every nondecreasing sequence {gx,} € X such that
gr, — gz € X asn — +00, there exists a subsequence {gx, )} of {gx,} such that
9Ty = gz for all k.

Corollary 4.6. Let (X, =) be a poset and = is a complete bicomplex valued metric
space with s > 1 and 1+ Z(x,y)+=(u, v) degenerated for all x,y,u,v € X. Assume
that P and g are selfmaps on X satisfying the following conditions:
(1) PX CgX.
(i)

1

oy mand|| (P, gz) |, || E(Py, gy) |} < maz{|| =gz, gy) ||, [| =(Pz, Py) ||}

=(gr, Py) + Z(gy, Px)
S

= a(gr, gy)=(Pz, Py) =i, aZ(g7, gy) + b=(gy, Py) + ¢

E(Pz, gv)=(gy, Py) . =lgz, Py)E(gy, Pr)
1+ Z(gzx, gy) + Z(Pz, Py) 1+ EZ(gz, gy) + E(Px, Py)
forall x,y € X , with gr < gy and a,b,c,d,e >0 and a+ sb+2c+d+e <1
(131) P is g-nondecreasing with respect to <
() (X, =, E) is g-reqular.

(v) gX is closed.

Then P and g have a unique coincidence point in X . Moreover, for u,v € C(P, g)
such that uw < v and if P and g commute at their coincidence points then P and g
have a unique common fixed point.

Proof. Define the mapping a: X x X — [0, +00) by

+d

(4.6.1)

1 ifr=yory==x

afr,y) =
0 otherwise.

For any x,y € X, we have a(z,y) = 1 if and only if z < y or = > y, so condition
(4.6.1) follows. In view of condition (iii), i.e., P is g-nondecreasing with respect
to <, then we have a(gz,gy) > 1 = gz <X gy or gr = gy = Pz < Py or
Pz = Py = «a(Pzx, Py) > 1, which implies P is a-admissible with respect to g. Let
{gz,} be a sequence in X such that a(gx,, gr,y1) > 1 for all n and gz, — gz € X
as n — +00.
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From condition (iv) of our hypotheses there exists a subsequence {gx,u} of
{gx,} such that gx,u = gz for all k which amounts a(gz,m,g9z) > 1. Also,
by condition (iii), we have a(gzg, Pxo) > 1. Thus all the conditions of Theorem
2.1 are satisfied. Hence f and g have a coincidence point. Moreover, by the
hypotheses if for all u,v € C(P,g) with u < v then by definition of o we have
a(gz, gy) > 1. Hence we infer that the existence and uniqueness of common fixed
point by Theorem 2.2.
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