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Abstract: In this paper, we apply an efficient computational technique based on
the coupling of the Sumudu transform method and the iterative method to solve
the generalized time-fractional biological population model within the Caputo frac-
tional derivative. This method is termed as Sumudu transform iterative method
(STIM). The series form approximate analytical solutions are obtained in a closed
form, having components of the converging behavior towards the exact solution.
Furthermore, the outcomes of this investigation are illustrated graphically using
the mathematical software Maple, and the solution graphs demonstrate that the
approximate solution is closely related to the exact solution.
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1. Introduction

Various physical phenomena can be explained effectively in the natural sciences
and engineering by designing models based on the principle of fractional calculus.
In last few years, the use of fractional differentiation for mathematical modeling of
real-world physical problems such as earthquake modeling, traffic flow models with
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fractional derivatives, measurement of viscoelasticity material properties and so
on has become widespread. Fractional partial differential equations have attained
a lot of popularity because the fractional order system eventually converges to
the equations of the integer order. The theory of fractional differential equations
contributes to a more accurate and systematic translation of nature’s reality.

In the last decade, many researchers have studied fractional partial differen-
tial equations (FPDEs) by different techniques such as the adomian decomposi-
tion method (ADM) [11], the homotopy perturbation method (HPM) [19, 24|, the
homotopy perturbation transform method (HPTM) [16], the homotopy analysis
method (HAM) [1, 18], the q-homotopy analysis transform method (q-HATM) [3],
the iterative Laplace transform method (ILTM) [4, 25], the Laplace decomposi-
tion method (LDM) [14], the modified generalized Taylor fractional series method
(MGTFSM) [15] etc. There are several integral transforms available for solving
PDEs, including Laplace, Sumudu, Fourier, Mellin, and Elzaki. The Laplace and
Sumudu transforms are the most widely accepted.

Watugala proposed the Sumudu transform method (STM) [27] to solve engi-
neering problems. Weerakoon [28] used this method to solve partial differential
equations. The inverse formula of this transform was later discovered by Weer-
akoon [29]. Demiray et al. [10] used the Sumudu transform method (STM) to
obtain exact solutions to fractional differential equations.

Recently, Wang and Liu developed the Sumudu transform iterative method
(STIM) [26] by combining the Sumudu transform with an iterative technique to
find approximate analytical solutions to time-fractional Cauchy reaction-diffusion
equations. The Sumudu transform iterative method was used to successfully solve
a variety of time and space fractional partial differential equations as well as their
systems [17] and fractional Fokker-Planck equations [2]. The proposed technique
is straightforward to implement and very efficient computationally.

2. Mathematical Formulation of the Problem

According to biological scientists the population of the species may be regulated
through dispersal or emigration. The diffusion of a biological species within a region
C is defined by three functions of position Z = (x,y) and time t [13] namely
population density u(?, t), diffusion velocity v(?, t), and the population supply,
g(?,t). The population density u(?, t) indicates the number of individuals per
unit volume, at a given position 7 and time t. At time t, its integral over any
sub region D of region C yield the total population of D in that sub region. The
entity g(?, t) represents the rate which individuals are added to the population at
position 7 per unit volume via births and deaths. The diffusion velocity v(?, t)
is the average velocity of all individuals who occupy position 7 at time t, and it
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depicts the population flow from point to point. For any regular sub region D of
C and for all time t, the entities u, v and g must be compatible with the following
population balance law

(&7

L v+ / uv . dA = / gdV, (1)
dt* Jp oD D

where 7 is the outward unit normal to the boundary 0D of D. In equation (1), the
derivative has been defined in the Caputo sense. It follows from equation (1), the
rate of population change in D plus the rate at which individuals depart D over its
boundary must equal the rate at which individuals are supplied directly to D. By
assuming the aforementioned assumptions [20], we can see that

g=g(), T =-r(u)Vy, (2)

where r(u) > 0 for u > 0, and V is the Laplace operator.
For population density u, the following two-dimensional nonlinear degenerate para-
bolic partial differential equation may be derived as
“u 20(u 2o(u
gta:a;;)—i—ag;g)—l—g(u), t>0,z,y € R. (3)
The model described above in equation (3) is referred to as the time fractional
biological population model. For modeling of the population of animal, Gurney
and Nisbet [12] employed ¢(u) as a special case.
This model leads to equation (3) with ¢(u) = u?, to the following equation
oy, 2,,2 2,2
gta = %xQ + %yﬂ +g(u), t>0,z,y€eR. (4)
with the given initial condition u(x,y,0). Various properties of equation (4) were
investigated in [20], including Holder estimates and its solutions.
The following are three examples of constitutive equations for g(u) that may
be expressed as
(a) ¢g(u) = cu, ¢ = constant, Malthusian Law [13].
(b)  g(u) = cyu — cau?, ¢y, = positive constants, Verhulst Law [20].
(¢) g(u)=cu?, (c>0,0<6<1), Porous media [5, 22].
Consider a more general expression for g(u) as g(u) = hu®(1 — ru®), which con-
verts equation (4) to the generalized time fractional biological population model
represented by

o%u 0*u?  0%u?

o0~ 02 T oy

+ hu*(1 —rub), t >0, z,y,h,a,r,bER, 0 <a <1, (5)
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with subject to the initial condition u(x,y,0) = fo(z,y), where u denotes the

u
population density and ET is the Caputo fractional derivative of order a. If

h=ca=1r=0and h =c¢,a =>b=1,r = cy/c; where ¢; > 0,c5 > 0, ¢ are
constants, then equation (5) leads to Malthusian law and Verhulst law, respectively.

The purpose of this study is to apply the Sumudu transform iterative method
to solve the generalized time-fractional biological population model because it is
more precise and computationally efficient than other existing methods.

3. Preliminaries and Basic Definitions

In this section, we provide some fundamental definitions, notations, and prop-
erties of fractional calculus using Sumudu transform theory, which will be used
later in this paper.

Definition 1. In Caputo’s sense, the fractional derivative of a function u(z,t) is
defined as (8]

0%u(x,t) 1 t o

) — t — m—o (m) d 1 < N

ot> F(m—a)/o( 5) u (ﬂf,f) €>m <a<m, mel,
= I""“D™u(x,t). (©)

Here D™ = — and I}* stands for the Riemann-Liouville fractional integral oper-

ator of order o > 0, defined as [21]

Fu(et) = s [ (= " (@, €)de, € > 0. )

Definition 2. The Sumudu transform over the set of functions {f(t)|3M, p; >
0, p2 > 0 such that | f(t)] < Me!ri ift € (=1)7 x [0,00)} by the following formula
6, 27]

S (1) = Flw) = / T fwt)dt | w e (—pr,pa). (8)

Definition 3. The Sumudu transform of Caputo fractional derivative is presented
in following manner [10, 26]

3

| = w e Slu(e, )] = Y [w )z, 0)],
0
m—1<a<m,meN, 9)

0%u(x,t)

51 ot

e
i

where u*) (x,0) is the k-order derivative of u(z,t) with respect to t at t = 0.
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Definition 4. The Mittag-Leffler function, which is a generalization of exponential
function is defined as [21, 23]

TL

Z Tla = 1) a € C, Re(a) > 0. (10)

n=0

4. Basic Concept of Sumudu Transform Iterative Method
In order to illustrate the basic idea of this method [26], we consider the general
fractional partial differential equation with the initial conditions of the form

o t
%%—Ru(m,t)jtj\fu(x,t):g(:v,t), m—1<a<m, meN, (11)
u®(2,0) = hp(z), k=0,1,2,...,m—1, (12)
0%u(x,t) . . L
where ————— is the Caputo fractional derivative of order o, m—1 < a < m, m €

N, defined by equation (6), R is a linear operator and may include other fractional
derivatives of order less than «, NNV is a non-linear operator which may include other
fractional derivatives of order less than o and g(x,t) is a known function.
Applying the Sumudu transform on both sides of equation (11), we have

s[%] + S[Ru(z, t) + Nu(x, t)] = S[g(z,t)]. (13)
By using the equation (9), we get

-1

Shu(z,t)] = w* Y w T u® (z,0) +w*S[g(z, )] — w*S[Ru(z, t) + Nu(z,t)]. (14)

3

B
Il
o

On taking inverse Sumudu transform on equation (14), we have

m—1

ulz, t) [ (Z —atky () (1 0) + S[g(x, )])} _ 5 [wsmu(x,t) +Nu(:c,t)]].
k=0
(15)

Further, we apply the iterative method introduced by Daftardar-Gejji and Jafari
[7], which represents a solution u(x,t) in infinite series of components

t) = Zui(x,t). (16)



134 South FEast Asian J. of Mathematics and Mathematical Sciences

As R is a linear operator, so we have

R(iui(m,t)) - iR[ui(x,t)], (17)

and the non-linear operator N is decomposed as follows

N< i_o: wil, t)) = Nluo(z, )] + i [N(Zi:uj(x, t)> - N< Xj uy(z, t))] . (18)

1=

Substituting the results given by equations from (16) to (18) in the equation (15),
we get

-1

> wlant) = 57 o (Y 0 u® 2,0 + Slg(a. )]
=0

0

-5t [ O‘S{ZRuzxt)]—l-Nuoxt —I—i[ (jzi%uj(a:,t))—N(guj(x,t))}”.

3

B
Il

h - (19
We have defined the recurrence formulae as
wo(a, 1) = 57 [w (Zw*‘”’“ (,0) + Slg(.1)]) .
w(at) = -5~ [waS[Rwo(x,t)) + N(uo(a, 1)]].
) = =575 Rl = [¥ (S to.0) - (’” wie0)] M m 1.
(20)

Therefore, the approximate analytical solution of equations (11) and (12) in trun-
cated series form is given by

= lim Zum z,t). (21)

N—)oo

In general, the solutions in the above series converge quickly. The classical approach
to convergence of this type of series has been presented by Bhalekar and Daftardar-
Gejji [7] and Daftardar-Gejji and Jafari [9].
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5. Solution of Generalized Time Fractional Biological Population Model
In this section, we employ the Sumudu transform iterative approach to solve
generalized time fractional biological population models.

Example 1. Consider the following generalized time-fractional biological popula-
tion model [11]
0°u  *u?  0*?

5 = Ba2 + o +u(l—ru), t>0,reR0<a<l, (22)

with the initial condition

u(z,y,0) = exp [% \/g(x + y)] . (23)

Taking the Sumudu transform on the both sides of equation (22), and making use
of the result given by equation (23), we have

Slu(z,y,t)] = exp [%\/g(x + y)] + wO‘S[a;xuj + %2;22 +u(l — ru)} (24)

Operating with the inverse Sumudu transform on both sides of equation (24) gives

u(z,y,t) = emp[%\/g(x + y)} + 67t [J”S[a;xu; + 8;;22 +u(l — TU)H (25)

Substituting the results from equations (16) to (18) in the equation (25) and ap-
plying the equation (20), we determine the components of the STIM solution as
follows

1 Jr
ol ,0) =l ,0) = eap[ 5. 50 4] 20
0*ud  0*ud

522 + e + up(1 — ruo)H

= —F(ij_ 1 exp [% \/g(x + y)} ; (27)

0?(ug +uy)?  0*(ug + uy)?
0x? 0y?

OPut 0%
W + o2 + UO(l — TUO)H

uy(z,y,t) =St [waS[

us(zy.t) = 5[5 + g ) (1= (g ) |

5]
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02 (ug + uy + usg)? n 9*(up + ug + us)?
0x? 0y?

+ (up + uy + u2)(1 — r(ug +uy + uQ))”

uz(z,y,t) = S! [waS[

_ g [was{a%ug;ul)? . 82<u(oay4;ul>2 o+ (g + ) (1 = 7(uo + )]
= %exp [% g(x + y)] ) (29)

and so on. The other components can be found accordingly.
Thus, the approximate analytical solution in the series form can be obtained as

N
U(ZE, y7t) = I\%grlolo Z um(xvyv t) = UO(ZL', y,t)+u1(x, y,t)—l—UQ(x,y,t)—l—ug(x,y,t)—l—, (RS
m=0

w(z,y,t) = exp [% g(x +y)| + F(at—j_l)exp [% \/g(x + y)]

—|—F<2ta—:1)exp[%\/g(x+y)] +F(3ta—11)€xp[% g(‘”-#y)}-l—,...,
el e ]S e
= cap g5+ )] ), (30

which is the same result was obtained by El-Sayed et al. [11] using ADM.

Remark 1. For o =1 the result in equation (30) reduces to the following form

u(x,y,t) = exp [%\/g(x +y) + t] . (31)

This exact solution for the standard form of the biological population model was
obtained earlier by Roul [24] using the HPM method.
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@ )

Figure 1. Solution graph for Example 1: (a) Exact Solution (b) approximate
solution at a =1, r =48, t =1

Example 2. Consider the following generalized time-fractional biological popula-
tion model [11]

8a 82 2 02 2
at::ajfra;? thu, t>0,heR0<a<], (32)

with the initial condition
u(z,y,0) = /zy. (33)

Taking the Sumudu transform on the both sides of equation (32), and making use
of the result given by equation (33), we have

*u?  0*u?
0x? + oy?

Slu(z,y,t)] = Vay + wO‘S[ + hu} : (34)

Operating with the inverse Sumudu transform on both sides of equation (34) gives

*u?  0*u?
ox? * Oy?

u(z,y,t) = Ty + S [ws[ + huH . (35)

Substituting the results from equations (16) to (18) in the equation (35) and ap-
plying the equation (20), we determine the components of the STIM solution as
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follows

u0($,y,t) :U(Zl?,y,O) = V ) (36>
0?ud 82u0

e nt) = 57 [urS[2 4 2 +
hte

= VA (37)
B 82 + 2 82 + 2
ug(z,y,t) = S! [waS[ <ug$2 ) (anyQ ) + h(uo + ul)H
T aa[0%ud 82u0
- 57 s+ Gyp
h2t2a
= \/l’_ym, (38)
_ o 82('&0 +U1 —|-U2)2 82(U0 +U1 +U2)2
us(z,y,t) = S! [w S[ o2 + e + h(ug +uy + UQ)H
B 0?(ug +uy)?  0%(up + uyp)?
_ 1|, a
S [w S[ 902 + a9 + h(ug + ul)H
h3t3oz
= \/@m7 (39)

and so on. The other components can be found accordingly.
Thus, the approximate analytical solution in the series form can be obtained as

U([L’,y, = lim Zum l’ ya 0(:1:,y,t)—{—ul(x,y,t)—i—uQ(:L’,y,t)—i—u;:,(x,y,t)—i—,...,

N%oo

h2t2a h3t3a

u(z,y,t) = \/_—l— ( )\/_—l— I'2a +1)\/_y+r(3a+1)\/@+,...,
< e

\/_Z (na+1)
= /zy Ea(hta). (40)

which is the same result was obtained by Sharma and Bairwa [25] using ILTM.
Remark 2. For a =1 the result in equation (40) reduces to the following form

u(w,y,t) = /zy . (41)
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uryh 4 uxyt
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Figure 2. Solution graph for Example 2: (a) Exact Solution (b) approximate
solution at « =1, h=0.01, t =1

This exact solution for the standard form of the biological population model was
obtained earlier by Roul [24] using the HPM method.
Example 3. Consider the following generalized time-fractional biological popula-
tion model [11]

0°u  *u? 0%

= t>0,0<a<l1 42
o o o W tEhUsasd (42)

with the initial condition

u(z,y,0) = y/sinzsinhy. (43)

Taking the Sumudu transform on the both sides of equation (42), and making use
of the result given by equation (43), we have

Pu? 0%u?
ox? * 0y?

Slu(x,y,t)] = v/sinzsinhy + w"S[ + u} : (44)

Operating with the inverse Sumudu transform on both sides of equation (44) gives
32u2 32u2
u(z,y,t) = y/sinzsinhy + S~* [wO‘S[ 92 + 52 + u” (45)
T )

Substituting the results from equations (16) to (18) in the equation (45) and ap-
plying the equation (20), we determine the components of the STIM solution as
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follows

up(z,y,t) = u(z,y,0) = y/sinzsinhy (46)

ui(z,y,t) = S! [ a5[82u0 + gl + UOH

0x? 0y?
— 28
= y/sinzsinhy Tlat1)’ (47)
9( 292 2
ug(x,y,t):S’l[waS[ u0+u1 + (an;;m) —i—(uo—l—ul)H
2 aQu
Q1] 0 0
5[ S{axz el
. . t2a
= y/sinzsinhy T2a 1) (48)
0 (ug +uy +ug)® 0 (ug + uy + ug)?
_ 1|, « 0 1 2 0 1 2
(z,y,t) =S~ [w 5[ 8952 + o +(uO+U1+uz)H
wal0?(u —|—u 82 g + u1)?
-5~ l[w S[ 01 ( anQ ) —|—(uo+u1)”
3a
= y/sinzsinhy m, (49)

and so on. The other components can be found accordingly.
Thus, the approximate analytical solution in the series form can be obtained as

U(ZE,y, = lim Zum I ?J; O(x,y,t)—i—ul(x,y,t)+u2(x,y,t)—l—ug(x,y,t)—l—,...,

N—oo

ta
u(z,y,t) = y/sinxsinhy + m\/sinxsmhy
a

t20¢ t3a
+m\/sinxsinhy+m sinxsinhy—{—
=/ h
sin z sin Z na n 1
sin z sinh y Ea( “). (50)

which is the same result was obtained by Sharma and Bairwa [25] using ILTM.
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Remark 3. For a =1 the result in equation (50) reduces to the following form

u(r,y,t) = y/sinzsinhy €. (51)

This exact solution for the standard form of the biological population model was
obtained earlier by Roul [24] using the method of HPM.

1. 1
kvt ] Wy

A

-1 g = 02
8 0.4
06 04 55 b -0g0E

0

% y

® ®)

Figure 3. Solution graph for Example 3: (a) Exact Solution (b) approximate
solutionat a =1, t=1

Example 4. Consider the following generalized time-fractional biological popula-
tion model [11]
o%u  0*u® 0%’
ot Qx? oy?

with the initial condition

+hu (1 —ru), t>0,hreRO<a<l, (52)

hr hr 1/2
u(z,y,0) = <Ix2 + Zyz +y+ 5) )

Taking the Sumudu transform on the both sides of equation (52), and making use

of the result given by equation (53), we have

hr hr 1/2
Slu(z,y,t)] = <Z$2—I—Zy2+y+5> +waS[ 57 + e

Operating with the inverse Sumudu transform on both sides of equation (54) gives

(53)

*u?  0*u?

+hu—1(1—m)] (54)

2,2

hr o hr V2 T L a0 0P
u(@,y,t) = (Zm2+zy2+y+5) +S 1[w S[agﬁ R 1(1—ru)”. (55)
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Substituting the results from equations (16) to (18) in the equation (55) and ap-
plying the equation (20), we determine the components of the STIM solution as

follows

hr hr 1/2
uo(x, y,t) = u(z,y,0) = (zx + Y +y+5) : (56)
Put 0%l
_ -1 o 0 -1 o
uy(z,y,t) =S [w S[@xQ + 8y 0 4 hug*(1 ruo)”
0 (hry 12
(a+1)< —y +y+5> , (57)
~ 0?( uo—l—u1 32(uo+ul)2 -
us(x,y,t [ [ 0y + h(ug + up) 1(1—r(u0+u1))H
[ [ +hu (1—ruo)H
2 hr hr —3/2
__op2 U ghr o AT,
— 2 F<2a+1)<4x+4y ty+5) (58)

1T aal0uo+ur +ug)*  0*(ug + ug + uz)?
uz(z,y,t) =9 1[w S[ (1o ax; 2) + (1o 8y; 2)

+ h(ug + uy + ug) (1 — 7(ug + ug + 1@))“

- 0% (up +u1)?  9*(up 4+ u1)? _
— 57t wes| (5’%2 )Ty (anz U 4 huo + ur) Y1 = r(u +w)] |
3 hr hr —5/2
= T D (T + 3 +u+s) (59)

and so on. The other components can be found accordingly.
Thus, the approximate analytical solution in the series form can be obtained as

N
u(x,y,t) = I\%glolo Zum(a;?yvt) = uo(x,y,t)—{—ul(x,y,t)—f—uQ(x,y,t)—i—Ug,(x,y,t)—i—, (RS
hr hr 1/2 te hr hr 1/2
= (e ) ()
u(zx,y,t) 4x+4y+y+ +F(a—|—1) 4x+4y+y+

{2 hr hr ~3/2
— Wi (v )
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3 hr hr —5/2
i (e M)
T T Barp\a " Ty YT oo
ht® & (n+1)

(60)

—ht%*n
st ]
o 720 F((n + 1o+ 1) Uy
which is the same result was obtained by El-Sayed et al. [11] using ADM.
Remark 4. For a =1 the result in equation (60) reduces to the following form
ht —ht
yt) =g+ 2 (—) 61
e ) = o+ oean( 2 (61)

This exact solution for the standard form of the biological population model was
obtained earlier by Liu et al. [19] using the HPM method.

Figure 4. Solution graph for Example 4: (a) Exact Solution (b) approximate
solution at « =1, r =48, h=0.01, t =1

6. Conclusion

The Sumudu transform iterative method (STIM) is successfully used in this
paper to solve generalized time-fractional biological population models. The frac-
tional derivative is described in the Caputo sense and the solutions are obtained in
closed form, in terms of Mittag-Leffler functions. The STIM solutions are highly
compatible with the ADM, ILTM, and HPM solutions. The graphical representa-
tion of the obtained solutions was completed successfully by the Maple software.
Furthermore, when compared to existing methods, the proposed approach is much
easier to implement and requires fewer calculations. It can also be used to solve a
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variety of problems involving fractional-order derivatives.
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