South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 18, No. 1 (2022), pp. 97-112

ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

ON SOME REVERSES OF MINKOWSKI’S, HOLDER’S AND
HARDY’S TYPE INEQUALITIES USING ¢-FRACTIONAL
INTEGRAL OPERATORS

Bhagwat R. Yewale and Deepak B. Pachpatte

Department of Mathematics,
Dr. B. A. M. University, Jaisingpura,
Aurangabad - 431004, Maharashtra, INDIA

E-mail : yewale.bhagwat@gmail.com, pachpatte@gmail.com

(Received: Jul. 30, 2021 Accepted: Mar. 10, 2022 Published: Apr. 30, 2022)

Abstract: In present paper, we establish new reverses of Minkowski, Holder and
Hardy type inequalities by using 1-Riemann-Liouville fractional integral operator.

Keywords and Phrases: Minkowski inequality, Holder inequality, Hardy in-
equality, ¢-Riemann-Liouville fractional integral, fractional integral operator.

2020 Mathematics Subject Classification: 26A33, 26D10.

1. Introduction

In 2006, Bougoffa [6] introduced the following reverse Minkowski integral in-
equality:

Let ¢ and 7 be positive functions defined on [c, d|. Then

(/cdép(ﬂdt); + (/Cdnp(t)dt); < K(/Cd <C(t) +n(t))pdt>;, (1.1)
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Inequalities play an important role in mathematical analysis due to its wide
applications in various branches of Mathematics. In recent years, many researchers

have generalized and improved the above inequality (1.1) in a number of ways. For
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instance, in 2012, through his contribution to developing the theory of integral
inequality, Sulaiman in [35] obtained some reverses of Minkowski’s inequalities
which provides a new bound for inequality (1.1), while Sroysang [33] and Benaissa
[3] established some more generalized integral inequalities related to the reverse
Minkowski’s inequality. Similarly some researchers have generalized the Hardy
and Holder type inequalities. Pachpatte in [20] proved some variants of Hardy
type inequalities involving the function of two variables. In [32, 34], the authors
obtained some improvements in the Hardy-like inequalities. Pecarié¢ [21] established
an extension of Holder type inequalities by using log convexity. Benaissa and
Budak [4] obtained various results on integral inequalities of Holder’s type. Since
inequalities have a great impact on substantial fields of research, many authors

have paid a great deal of attention in obtaining various types of inequalities; for
more details see [1, 2, 5, 8,9, 15, 30, 37, 38].

Fractional calculus is important in mathematics due to its applications in di-
verse fields. It plays a very important role, especially in the study of various
fractional differential equations and inequalities. Recently, many researchers have
worked on the generalization of integral inequalities using different mathematical
approaches. The use of fractional integral operators is one of the most popular and
effective methods as it extends classical integral inequalities to fractional integral
inequalities. In 2010, Dahmani [11] presented the fractional version of inequality
(1.1) for Riemann-Liouville operator.

Sousa with Olivera [31] and Restrepo et al. [29] presented some reverse Minko-
wski’s type inequalities by employing generalized Katugampola and weighted frac-
tional operator respectively. Rahman et al. [22] established reverse Minkowski’s
type inequalities by considering generalized proportional fractional operator. In
2020, reverse Minkowski’s type inequalities were studied by Rashid et al. [23] via
generalized proportional fractional definition with respect to another function. In
[12], authors established some Hardy type inequalities using generalized fractional
integral operator while in [14], authors studied Hardy type inequalities for Hilfer
and generalized fractional operators. Using different fractional operators, a wide
range of inequalities have been obtained and analysed; see [7, 10, 13, 19, 24-28,
38] and the references therein. In [36], Wu et al. presented generalized Hardy-like
inequalities and a fractional version of it was obtained by Khameli et al. [16] using
Riemann-Liouville integral operators.

In 2020, Benaissa [3] established the following generalized Hardy type integral
inequality:
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(i) For p > 1, we have

TUZCOM)” e [T gy [ g
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(ii) For 0 < p < 1,

LU e o
p/c s> n(d>/c“)d n(d)/c< Yr(s)ds,  (1.3)

where (,n are positive functions defined on [c, d] and 7 is non decreasing,.

Motivated by the above literature, in this paper we established the reverses of
Minkowski’s, Holder’s and Hardy’s type integral inequalities proved in [3, 4] by
employing i-fractional integral operator. The paper is organized as follows: In the
next section 2, we will give some preliminaries, definitions and lemmas. In section
3, we established Hardy type integral inequalities by using i-fractional integral
operator. Reverses of Minkowski and Holder inequalities for iy-fractional integral
are given in section 4.

2. Preliminaries
In this section, we give some preliminaries, basic definitions of fractional inte-
gral operators and lemmas which are helpful in proving our main results.

Definition 1. [17] The Riemann-Liouville fractional integral operator of the inte-
grable function ¢ on [c, d] of order B > 0 is defined as

1 t
3& (t) = m/c (t —s)°71(¢(s)ds, forallt > c,

where I' is the Gamma function.

Definition 2. [17] The Hadamard fractional integral of the integrable function ¢
on [c, d] of order > 0 is defined as

L[\ ((s)
H~ _ Z
JesC(t) = NG /c (logs) . ds, (c<t<d),
where I' is the Gamma function.

Definition 3. [17] Let ¢ be an integrable function defined on [c, d] and ¢ € C'[c, d]
an increasing function such that '(t) # 0, for all t € [c,d]. Then -Riemann-
Liouwille fractional integral of the function ¢ with respect to the function v of order

B >0 is defined by

@WFﬁ%/Wﬁwwwmﬁwm,mmwa

]
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where I' is the Gamma function.

Lemma 2.1. (Hélder inequality) [18, 36]. Let ( and n be non-negative integrable
functions defined on [c, d] and ]lg + % =1 with p > 1, then

/ ¢(s)n(s)ds < (/dgp(s)ds);(/cdn%s)ds)é. (2.1)

Lemma 2.2. (Reverse Holder 1nequahty) [36]. Let ¢ and n be positive integrable
functions deﬁned on [c, d] and * o+ 5 =1 with0 <p <1, then

[ ctomras = ([ o) ([ was)’ (22)

3. Hardy Type Inequalities Using i-fractional Integral
In this section, we prove Hardy type inequalities using i-fractional integral.
Our proofs based on the applications of the well known Fubini’s theorem.

Theorem 3.1. Let § > 0, p > 1 and (, n be two positive functions defined on
[e,d] C [0,00) such that n is non-decreasing and 1 is defined as in Definition 3,
then following inequalities hold:

Qe ¢ 1 _onao—priase ST (d)
/C OGER ey vt T AR L C S v
~B, Cp(d) p—0+1
=3 (5 g W) = ) (3.1)

Proof. For p > 1, we have

d ~B P d t p
[ R = [ (5 [ w0 - ooy i) @ 52

By using Holder inequality (2.1), we get

/cdw%(#d“ / d { / W) — () 5)is)
/ V(s ())ﬁ—lds) *’Tdt
—FB)FP 1(5) / /¢ — ()¢ (s)ds)

/ ¥/(s U(s)* s )" ldt
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1

- Wp%ﬁ+D/erxww—w@WW”

/ ¥/(s (5))°~'¢¥(s)ds ) .

Since 7 is non decreasing and by changing the order of integration, we obtain

d (~B -1\ Tp d
[ R < s [ e - v e

([ @~ vtenoraas

It follows that

“RECP d .
[0 = o [(3" () = v(s))’

((d) — ()P FHer(s) /n d) — (s))°?

(1[)(3) _ ¢(C))Bp—ﬂ+1cp(s) S}

From above we get the required inequality (3.1).

Remark 3.1. For(s) = s and B = 1, the inequality (3.1), reduces to the inequal-
ity (2.5) of Theorem(2.2) in [3].

Theorem 3.2. Let > 0,0 < p <1 and ¢, n be two positive functions defined
on [c,d] C [0,00) such that n is non-decreasing and ¢ is defined as in Definition 3,
then following inequalities hold:

TR nH(d) (=D PHTBp 4+ 1) spir
I R e Ty o i B v e G
—(W(d) = ¥(e) ). (3.3)

Proof. For 0 < p < 1, we have

d [~BY p d t
[ R = [ro(rg [ vown - ey eds) i 6
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By using reverse Holder inequality (2.2), we get
Z[wﬁy]t /1 0| (s /w B(s) e s)as)
/¢ )P~ 1ds>p 1rdt
_FB)FPI / /¢ 5100 (s)d )
/ vis ) ldS) dt
d
O 1(B+1)/ 7 () @) — ¢(e) Y

([ v 0w - v e 6s)

Since 7 is non decreasing and by changing the order of integration, we have

d ~B% p d
[ R e [ v e - ) e

([?ww—¢@ww*wow'

d (B p ¢
[ R > s [ 6 - e )

([ it~ wiepear)as.

From above we get

) B
[ Gmrroeeee T [Ln &)~ ¥(s))°
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It follows that

TREC@) n1(d) .
/c O R (P E et ) { /w ¥(s))

(¥(s) — ()PP (s)ds (¥(d) — ()PPt

- _ﬂ
| e
Therefore

[ Oy, . 1)

n(t) (Bp— B+ P13 +1)
Bp— 6+1
[< D / (s (s))PCP(s)ds
_L ﬁp B+1 B—1,p s)ds
VD) / V(s (w(0) = w(9) ()

From above we get the required inequality (3.3).

Remark 3.2. For(s) = s and B = 1, the inequality (3.3), reduces to the inequal-
ity (2.6) of Theorem(2.2) in [3].

4. Reverse Minkowski and Holder type Inequality using v-fractional
Integral

In this section, we obtain some reverse Minkowski type and Hélder type in-
equalities for ¥-Riemann-Liouville fractional integral.

Our next result deals with reverses of Minkowski type inequality by using -
fractional integral operator.

Theorem 4.1. Let >0, p > 1. Let ¢ and n be two positive functions defined on
[c,t], for all t > ¢ > 0 such that J°'CP(t) < oo, J0 nP(t) < oo and < is defined
as in Definition 3. If 0 < k <1 < 9;((:)) < L, for 0 >0, s € [c,t], then following
inequalities hold:

G(LL—J:% [322(0¢ — kny(8)]7 <[35C0)]7 + [3E ()]
<=yl @)

Proof. Since for 6 > 0,s € [c, t],t > 0, we have

0<k<lI< e,f((j)) <L, (4.2)
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then .
oo 1
[ = 0((s) - L
which implies
11 L. ms) 1.1
k1~ k 6s)  k L
Therefore
l—Fk _60C(s)—kn(s) L—k
kl — kO (s) kL
From above we get
L 0¢(s) !

It follows that

(,(L—_Lk)(ﬁc () = kn(s)) < ((s) < i Z_ 5 (6¢(s) — kn(s)). (4.3)

Taking p'* power of (4.3), we get

L

[m]p(eg(s) —kn(s))" < ¢"(s) < [

l
0 — k)

[0y = km(s))”. (49)

Multiplying (4.4) by %ﬁ)w’(s)(?ﬁ(t) — 9(s))?71, s € (c,t) and integrating with
respect to s from c¢ to t, we get

hSA

[G(L——Lk)] Q2 0c — k(1)) <[ Cr(0)]

Now from the condition (4.2), we have

0¢(s) — kn(s)

T I

Therefore

1 n(s) 1
< < .
L—Fk = 0((s)—kn(s) — l—k
It follows that
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Multiplying by ﬁ@/}’(s)(@b(t) —(s))P71 s € (c,t) to (4.6) and integrating with
respect to s from ¢ to t, we get

IA
[
nq
3z
—
>
~
|
o~
=
S—
bl
—~
~
~—
Q=

. (4.7)

Adding inequalities (4.5) and (4.7), we get required inequality (4.1).
Remark 4.1. For(s) = s and B = 1, the inequality (4.1), reduces to the inequal-
ity (2.2) of Theorem(2.1) in [3].

In next theorem we prove reverse Holder type inequalities in the sense of -
fractional integral operator.

Theorem 4.2. Let 5 >0,p>1 with%%—%:l andm>0,n>0,t>c>0. Let
¢ and n be two positive integrable functions defined on [c, t] and v is defined as in

Definition 3. Let w be a weight function defined on [c, t] . If0 <1 < f;;((s)) < £,

for s € [c, t], then following inequalities hold:

1

)”<3Efg’?<t>n3<t>w<t>). (48)

—~
3
ta
A,
3
—~
~
N~—r
g
—~
~
SN—
~—
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2
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/
~
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S
—~
~
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Q |~
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/I\\

0<l< f;(f)) <1L. (4.9)
Then . . )
1 q 775(5) l q
(l) Stk (L) ' (410
Multiplying (4.10) by ¢™(s), we get
DN 2 1) (LY
(7) ¢ = HEED S () ¢ (411

From (4.11), we have

(%)égw > i ()¢ () 2 (g)w.
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Which gives
La¢v (s)ne(s) < ¢™(s) < Lagr (s)na(s). (4.12)
Multiplying right hand side of (4.12) by w(s), we obtain
¢ (s)w(s) < La¢v (s)ne (s)w(s). (4.13)

Multiplying (4.13) by ﬁz//(s)(z/z(t) —9(s))?71, s € (c,t) and integrating with
respect to s from ¢ to t, we get

B2 Cm ()] < L [352C3 (' (Du(t)] 7. (4.14)
Now from (4.9), we have N
v < Ci(s) <Lv. (4.15)
nr(s)

[pn™ <
= ne(s)
Which gives ) )
o < Cv (s)n(s) < Lon(s). (4.16)
It follows that
(1) Femie o= (7) Gonteo, (4.17)

Multiplying right hand side inequality of (4.17) by w(s), we obtain

' (s)w(s) < G)%?(s)n’é(s)w(s). (4.15)

Multiplying (4.18) by ﬁzﬁ’(s)(zﬁ(t) —(s))P71, s € (¢, t) and integrating with
respect to s from ¢ to t, we get

i wu)t < (1) BEC Ont u] . (1.19)

Multiplying (4.14) and (4.19), we get required inequality (4.8).
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Remark 4.2. For(s) = s and B = 1, the inequality (4.8), reduces to the inequal-
ity (6) of Theorem(2.1) in [4].
Corollary 4.1. Let >0, p > 1 with }—17 +% = 1. Let ¢ and n be two positive inte-

grable functions on [c,t] and v is defined as in Definition 3. If 0 <1 < Cp;(lsgs) < £,

for s € [c,t], where t > ¢ > 0,then following inequalities hold:

Corollary 4.2. Let g > 0, p > 1 with i —i—% = 1. Let { and n be two positive
integrable functions on [c, t], for allt > ¢ > 0, and 1) is defined as in Definition 3.

Ifo<i < n‘f‘(fzs) < L, for s € [, ], then following inequalities hold:

1

e ) < (7)o

Remark 4.3. For(s) = s and = 1, the inequalities in corollary (4.1) and (4.2)
reduces to the inequalities in corollary (2.4) and (2.5) in [4] respectively.

Theorem 4.3. Let § > 0,0 > 0,k > 0,p > 0,q > 0,u > 0,v > 0. Let (, n be
non-negative integrable functions defined on [c, t], for allt > ¢ > 0 and 1) is defined

as in Definition 8. If0 < k < < 9774((3 < L, for all s € [c,t], where t > ¢ > 0, then
following inequalities hold:

Q=

1 1 0 % p—v v—p
prewl el < (5)(7)" eroEE o

Proof. Since for § > 0, s € [¢,t], t > ¢ > 0 we have

0C(s)
n(s)

0¢(s) + kn(s)
s)

O<k<l<

<L, (4.21)

then

I+ k< <L+k (4.22)

From above we have

(L + k)T < (9 )q < (L+k)". (4.23)
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Multiplying left hand side inequality of (4.23) by ﬁ@b’(s)(@b(t)—@/)(s))ﬁ_l, s € (c,t)
and integrating with respect to s from ¢ to ¢, we get
1 1
(4R [3 0 (0] < [320(0C + kn)(8)] * (4.24)
Also, from (4.21) we have

L+k < 0C(s) + kn(s) < I+ k
L~ 0¢(s) -

Multiplying the left hand side inequality of (4.25) by ﬁ@//(s)(@b(t) —(s))1,
s € (¢, t) and integrating with respect to s from c to ¢, we get

(4.25)

o(*5 ) o] < [tec s mprn)] (4.20
Multiplying inequalities (4.24) and (4.26), we obtain
6 1 1
(£ )@+ we+ Do) pEo)?
< REOCH knp )] [3220C + k) (0) (4.27)
From the right hand side inequalities of (4.22) and (4.25), we get
(0C(s) + kn(s))” < (L + k)" (s) (4.28)
and 0 }
(06(s) + k()" < (FU+K)) ¢*(s) (4:29)

Adding inequalities (4.28) and (4.29), we obtain

1

() + kn(s) < (T4 ME (LR (e ()™ (430

Multiplying (4.30) by ﬁw’(s)(w(t) —(s))’7L, s € (c,t) and integrating with
respect to s from c to t, we get

[

[BEXOC+ kP ()] < (1) (14 R (L 4+ kst [350cHn (0)7%9] 7. (43)

Similarly, from (4.30), we have

1

[BEXOC+ k()] < ()7 (4 R (L 4+ ks [320 ()72 . (432
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Multiplying inequalities (4.31) and (4.32), we get

[QE6C + P ()] (3250 + hon) (1))

2v

< OV R (L4 ) 320 o ()7
P

3=

OO (4.33)

From the inequalities (4.27) and (4.33), we obtain

L+ R+ W] 3]

S

0. 2u 2u 2 p
< ()P R (L R (320 (1 (1) 75

EGOROE (4:34)

From inequality (4.34), we get required inequality (4.20).

Remark 4.4. For ¢)(s) = s and f = 1, the inequality (4.20), reduces to the
inequality (13) of Theorem(2.6) in [4].

5. Conclusion

In this paper we obtained reverses of Hardy’s, Minkowski’s and Holder’s type
inequalities using the ¢)-Riemann-Liouville fractional integral. The obtained results
are more generalized in nature. If we put different values of ¢, the 1-Riemann-
Liouville fractional integral operator are reduced to the many classical results as
Riemann-Liouville, Hadamard and Erdélyi-Kober fractional integral operator for
W(s) =s, ¥(s) =In s and ¥ (s) = s7, respectively.
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