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1. Introduction

In 1995, Murali Krishna Rao [9, 14] introduced the notion of a I'— semiring as
a generalization of I'— ring, ternary semiring and semiring. The set of all negative
integers Z~ is not a semiring with respect to usual addition and multiplication
but Z~ forms a I'— semiring where [I' = Z. Historically semiring first appear im-
plicitly in Dedekind and later in Macaulay, Neither and Lorenzen in connection
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with the study of a ring. However, semirings first appear explicitly in Vandiver,
also in connection with the axiomatization of arithmetic of natural numbers. The
concept of semiring was first introduced by Vandiver [20] in 1934. Indeed the first
Mathematical structure we encounter the set of all non-negative integers is a semir-
ing. The theory of semirings and ordered semiring have wide applications in linear
and combinatorial optimization problems such as path problems, transformation
and assignment problems, matching problems and eigenvalue value problems. The
theory of ordered semiring is very popular since it has wide applications in the
theory of computer science, optimization theory and theoretical physics. Semirings
are useful in the areas of theoretical computer science as well as in the solutions
of graph theory in particular for studying automata, coding theory and formal
languages. Semiring theory has many applications in other branches. As a gener-
alization of ring, the notion of a I'— ring was introduced by Nobusawa [7] in 1964.
The important reason for the development of I'— semiring is a generalization of
results of the rings, I'— rings, semirings, semi groups and ternary semirings. M. M.
K Rao and Venkateswarlu [12] introduce the notion I'— incline, zero divisor free
I'— semiring and field I'— semiring and study properties of regular I'— incline and
field I'— semiring.

Since a semiring which is both centreless and entire is an information algebra.
Such semirings are very important applications in graph theory and the theory of
discrete event dynamical systems [2]. Also the family of all congruence relations
on a semiring R is a complete lattice with meets and joins defined as follows: (1)
If Y is a non empty family of congruence relations on R then AY is the congruence
relation on R defined by r(Ay)r’ if and only if rpr’ for all relation pin Y. (2) f Yisa
non empty family of congruence relations on R then VY is the congruence relation
on R defined by r(Vy)r’ if and only if there exist elements r = s, $1,....8, = 1’ of R
and elements pq, ....p, of Y such that s;_1p;s; for all 1 < i < n. Indeed, by an easy
modification of a result of Funayama and Nakayama, The set of all congruences is
in fact a frame [19], and hence a semiring [1]. Also a recent interesting applications
of idempotent analysis has been in the study of amoebas as part of an emerging
area known as ”tropical algebraic geometry”, which has important applications in
string theory and other applications in physics [6]. So, it is worth looking at this
idea in the more general context of I'— semiring.

As a continuation of previous papers ”Some conditions on I'— semirings” [15]
and ”Ideals of a Bourne factor I'— semirings” [17], here, we study the consequences
of imposing more condition like centreless, semi subtractive, zero divisor, division
I'— semiring, additively and multiplicatively cancellative I'— semiring. Further,
we study maximal and minimal ideals by imposing the cancellative of strongly
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multiplicative I'— idempotent and strong identity of I'— semiring. Finally, we
characterize some results regarding I'— field, I'— semi field, plain and division I'—
semiring of Izuka and Bourne factor I'— semiring.

2. Preliminaries
Here we give some basic definitions required for the development of this paper.
Throughout this paper, R represents a I'— semiring.

Definition 2.1. [7] Let R and T be two additive abelian groups. Then R is called
a I'— ring if there exists a mapping R x I' x R — R written as (zay) — xay for
all x,y,z € R and o, 8 € ' satisfying the following conditions:

(1) za(y + 2) = vay + raz
(i1) (z+y)az = raz + yaz
(111) z(a+ B)z = xaz + zfz
(iv) (vay)Bz = za(yBz).

Definition 2.2. [9] Let R and I' be two additive commutative semi group. Then R
is called a T'— semiring if there exists a mapping R X I' X R — R denoted by xay
for all x,y € R and o € T" satisfying the following conditions:

(i) (z +y)az = vaz + yaz
(i) z(a+ B)z = zaz + xfz
(111) za(y + 2) = vay + raz
(v) (zay)Bz = xa(ypBz) for all x,y,z € R and a, f € T.

Definition 2.3. [15] A I'— semiring R is said to have a zero element if Oyx = 0 =
xy0 and x +0=2x=04x forallz € R and v € I

Definition 2.4. [15] A T'— semiring R is said to have an identity element if for
all v € R there exists a € I' such that lax = v = zal.

Definition 2.5. A I'— semiring R is said to have a strong identity element if for
allx € R, lax = x = xal, for alla € T.

Definition 2.6. [9] A T'— semiring R is said to be commutative if xyy = yyx for
all v,y € R and for all v € T'.

Definition 2.7. [17] A T'— semiring R is centreless if and only if x+y = 0 implies
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that v =y = 0.

Definition 2.8. [17] Let R be a I'— semiring. Then R is said to be right additively
cancellable if and only if for each x € R, x + z = y + 2z implies that x = y. Left
additively cancellable elements are similarly defined. An element of R is additively
cancellable if and only if it is both left and right additively cancellable. We will
denote the set of all additively cancellable elements by AC(I'R).

Definition 2.9. [12] A I'— semiring R with zero element is said to satisfy can-
cellation law if for all a,b,c € R and a € I we have that a # 0, aab = aac and
baa = caa implies b = c.

We will denote the set of all '— multiplicatively cancellable elements by
MC(TR).

Definition 2.10. If R is both additive and multiplicatively cancellative then R is
cancellative. We denote the set of all cancellative elements by C(I'R).

Definition 2.11. [17] A non empty subset I of R is said to be left (right) ideal of
R if I is sub semi group of (R,+) and xay € I(yax € I) for ally € I,z € R and
acl.

If R is a I'— semiring with zero element then it is easy to verify that every ideal
of R has zero element.

Definition 2.12. [17] If I is both left and right ideal of R, then I is known to be
an ideal of R.

Definition 2.13. [8] Let R be a I'— ring with unity. An element x € R is called
unity of R if it has a multiplicative inverse in R. If every non zero element of R is
a unity then we say R is division I'— ring.

Remark 2.14. All through here, R will signify with 707 and 17 as zero and
identity element except if in any case expressed.

3. More Conditions on a I'— Semiring

"Let x be an element of a I'— semiring R. An element y of R is an additive
inverse of x if and only if x+y = 0 = y+=z. If x has an additive inverse, then such an
inverse is unique. Forif x+y=0=xz+¢' theny =y+0=y+ax+y =0+¢y =/ .
We will denote the additive inverse of an element z, if it exists, by —z. Let us
denote the set of all elements of R having additive inverse by A(I'R). This set is
non empty since 0 € A(I'R), with —0 = 0. Moreover, if x +y € A(I'R) then both
x and y belong to A(I'R). Clearly R is a I'— ring if and only if R = A(I'R) and R
is centreless if and only if A(I'R) = 0.

We now turn from additive inverse to multiplicative inverse.
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An element x of a '— semiring R is unit if and only if there exists an element
y of R satisfying zay = 1 = yax for all @« € I'. The element y of R is called the
inverse of x in R. We will denote the inverse of an element z, if it exist by 7. It
is straightforward to see that if x and y are units of R then (zay)™! =y ta"tz™1
Thus in particular (z7!)~! = z. Let us denote the set of all elements of R having

units by U(I'R). This set is non empty since 1 € U(I'R) and is not all of R” [17].

Definition 3.1. [10] A I'— semiring R is called a division I'— semiring if each
non zero element of R has a multiplicative inverse.

Example 3.2. Let N be the set of positive integers and R = (N, +) be the semi-
group of positive integers and let I' = (2N, +) be the semigroup of even positive

integers. Then R is a multiplicatively cancellative I'— semiring, but is not division
I'— semiring. For this U(I'R) = {1}.

Theorem 3.3. Let R be a division I'— semiring with a strong identity. Then R s
cancellative if and only if AC(I'R) # {0}.

Proof. Let R be additively cancellative I'— semiring then AC(T'R) = R # {0}.
Conversely, let 0 # r € AC(I'R) and x,y,z € R be such that x +y =z + z. In
case = 0 then y = 2. Otherwise, multiply raxz~! both side of the equation for
some 7,z € R and a € T'. Therefore (raz™")3(x +y) = (raz™")f(z + 2), o, f €T
so ra(z™1fz) + ra(z™'By) = ra(z7'Bx) + ra(x7!Bz) thus ral + ra(z~fy) =
ral + ra(z™'8z) hence r + ra(z™'By) = r + ra(z™1f2) gives that ra(z~!fy) =
ra(z~1B2) (by left cancellation law). Now, multiply both side of the equation on the
left by zyr=1, we get (zyr—1)d[ra(z™'By)] = (zyr=1)d[ra(x=1Bz2)], v, € T there-
fore xy(r~1or)a(z'By) = zy(r~tor)a(z18z2) so (zy1)a(z'By) = (zy1)a(z™'82)
thus (zax™1)py = (raz™')Bz implies that 18y = 18z. Hence y = z.

Definition 3.4. [13] A T'— semiring R is said to be semi subtractive I'— semiring

R if for every x,y € R there exists r € R such thatr +x =y orr+y = x.

Definition 3.5. [13] Let R be a I'— semiring. An element © € R is said to be
zeroid if there exists r € R such that x +r =1 orr 4+ x = r. Set of all zeroids is

denoted by Z(R). If Z(R) # R, then it is non zeroid.
FEvery additive idempotent element of I'— semiring R is zeroid of R.

A I'— semiring R is plain if and only if Z(R) = {0}. In case R is cancellative,
then it is definitely plain. However, the following result provides partial converse
of this fact.

Theorem 3.6. Let R be a semi subtractive I'— semiring. Then R is cancellative
if and only if it is plain.
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Theorem 3.7. Let R is a division I'— semiring. Then R is either centreless or
division I'— ring.

Proof. Let R be not centreless. Then there exists 0 # x € R having an additive
inverse (—x). Let 0 # z € R and o, € T then z + (zaz™1)3(—x) = zal +
(zaz™h)B(—2) = za(z™! Bz)+ (2027 1) B(—2) = (2027 ") Blz+(—2)] = (za27")B0 =
0. This implies that z has an additive inverse. Then (R, +) is a group. So, R is a
I'— ring, at that point R be a division I'— ring.

Theorem 3.8. Let R be a multiplicatively cancellative I'— semiring. In case, an
element having finite multiplicative order other than 1, then R is I'— ring.

Proof. Let 1 # x € R satisfying (za)" 'z = 1, € T where

(za)" ! = (za)(va) M=DE™mes (2q). Let y = 142+ (za)z+ (va)?r+ ...+ (va)" 2.
Then zay = ra[l + 2+ (za)z + (za)*r + ... + (za)"2z] = zal + (za)z + (va)x +
ot (z)" 22 + ()" 'z = 1+ 2 + (xa)x + (za)’z + ... + (za)" 2z = y. This
suggests that xay = lay. In any case, x # 1, hence y = 0 so 1 € A(T'R), showing
that A(I'R) = R. Hence R is I'— ring.

Definition 3.9. [17] A non zero element x in a I'— semiring R is a left zero divisor
if and only if there exists a non zero element y € R and a € T satisfying xay = 0.
It is a right zero divisor if and only if there exists non zero y € R and a € T
satisfying yax = 0. It is a zero divisor if and only if it is both left and right zero
divisor. A I'— semiring R having no I'— zero divisor is I'— entire.

Definition 3.10. A I'— semiring which is both centreless and I'— entire is an
information algebra.

Theorem 3.11. Let R be a cancellative semi subtractive I'— semiring and x be
any element of R. Then x is not a zero divisor but multiplicatively cancellative.
Proof. Let x € R such that x is not a zero divisor. Let y,2 € R and o € T" be
such that yaxr = zax. Since R is semi subtractive I'— semiring, therefore there
exists an element r € R such that y = 247 or 2 = y+r. Let y = 2+ 1. Therefore,
zar+0 = zax = yax = (2+7r)ax = zax+raz. Since R is cancellative, this implies
that rax = 0. Once more, since x is certainly not a zero divisor, therefore we should
have r = 0. So y = z, showing that x is right multiplicatively cancellative. An
overall affirmation shows that x is also left multiplicative cancellative.

Definition 3.12. [17] An ideal I of a T'— semiring R is called k-ideal if for x,y €
R,x+y el andy € I implies that x € I.

Definition 3.13. [17] If R has no non-zero left k-ideal then R is called left rigid.
Right rigid is similarly defined.
The following Corollary is proved in [17].
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Corollary 3.14. [17] Let R be a T'— semiring. Then R is left rigid if and only if for
each 0 # r € R there exist elements x,y € R and o € I satisfying xar +1 = yar.

Theorem 3.15. Let R be a cancellative rigid semi subtractive I'— semiring with
strong identity. Then R is division I'— semiring.

Proof. Let 0 # r € R. By Corollary 3.14, there exist elements xz,y € R and
a,B € T such that xar +1 = yar. Since R is semi subtractive I'— semiring,
so z € R such that x = y+ 2 or y =  + 2. Now, in case x = y + 2z then
rar = yar+ zar = rar + 1+ zar implies that 0 = 1+ zar, since R is cancellative.
So 1 € A(T'R). Hence R is a I'— ring. Since each left ideal of a I'— ring is k-ideal,
so we assume that R has a no non-zero remaining left ideal and it is satisfactory to
exhibit that R is a division I'— ring. Let y = x4+ 2z then zar+zar = yar = xar+1
implies that zar = 1 implies that z # 0. Therefore in a similar way either R is
a I'— ring or there exists an element 2’ € R and § € I satisfying 2/fz = 1. But
2 =201 =2 B(zar) = (2/62)ar = lar = r, for all a € T" implies that r € U(I'R)
with z = =1, In this way, every non zero element of R is unit. Hence R is division
['— semiring.

Theorem 3.16. Let R be a division I'— semiring. Then {0} and R are the only
ideals of R.

Definition 3.17. [15] A non empty subset S of a I'— semiring R is said to be a
sub I'— semiring of R if (S,+) is a sub semi group of (R,+) and xyy € S for all
rx,y€e S andyel.

Theorem 3.18. Let R be a semi subtractive I'— semiring. If I and J are sub I'—
semiring of R such that IT'I C A(I'R) or JI'J C A(T'R).

Proof. Let IT] € A(TR). Then z,2’ € I and o € I" such that zaa’ ¢ A(T'R). Let
y,y' € J. If r € R such that x +r = y. Then 2’ax + 2’ar = 2’ay € ITJ C A(TR).
Therefore 2’ax € A(T'R). Which is inconsistency. Hence r € R such that z = y+r,
since R is semi subtractive. But yay' + ray’ = zay’ € IT'J C A(T'R). Thus
yay' € A('R). Hence JI'J C A(T'R).

Definition 3.19. [15] A I'— semiring R with zero element is simple if and only if
r+1=1=14x forall x € R.
Clearly simple I'— semiring are additive idempotent but converse is not true.

Theorem 3.20. Let R be a simple I'— semiring. Then U(I'R) = {1}.
Proof. Let x € U(T'R) then y € R, € I" such that zay = 1. Hence by Lemma
3.2 () [15], we have z =z +zay =z + 1= 1.



78 South FEast Asian J. of Mathematics and Mathematical Sciences

4. Maximal and Minimal Ideals of a '— Semiring

In this section, we study the consequences of imposing some other conditions
on maximal and minimal ideals.

Definition 4.1. [16] A proper ideal M of a I'— semiring R is said to be mazximal
ideal if there does not exist any other proper ideal of R containing M properly.

Theorem 4.2. Let R be a I'— semiring and I be a maximal ideal of R. Then each
tdeal of R is contained in I.
Proof. It is straightforward.

Theorem 4.3. Let R be a I'— semiring with strong identity and I be one sided
mazximal ideal of R. Then for any element x € R, v € U(T'R) if and only if x ¢ I.
Proof. Let z € U(I'R) and I be the maximal left ideal of R. If z € [ then
for all « € T, 2 'ax € I. This implies that 1 € I, which is a contradiction.
Consequently x ¢ I. Likewise = ¢ I for any maximal right ideal I. Conversely, let
r ¢ I C R. By Theorem 4.2, RI'z is not a left ideal of R. Therefore RI'z = R.
Consequently zI'R = R. Thus there exist elements y,z € R and 3,7 € I' such
that ySz = 1 = zyz. In any case y = yf1 = yB(xyz) = (yBz)yz = 1yz = 2z thus
r € U(TR) and y = 271

Definition 4.4. [11] Let R be a T'— semiring. An element x of a T'— semiring
R is said to be strongly multiplicative I'— idempotent if x = xvyx for all v € T.
If every element of R is strongly multiplicative I'— idempotent then R is called
strongly multiplicative I'— idempotent.

Definition 4.5. [5] An ideal M of a I'— semiring R is said to be minimal if and
only if it does not contain any ideal of R other than itself and 0.

Theorem 4.6. Let R be a I'— semiring. Let K be a minimal left ideal of R and
r € R,a €. Then KTz is a left ideal of R which is either {0} or minimal.
Proof. It is obvious that, KT'z is a left ideal of R. Now, let KT'z # {0} be such
that @Q C KTz, where 0 # @ is a left ideal of R. Let us define P = {r € K|rax € Q
for all x € @, € I'} then P is a left ideal of R and P C K and K # {0}, which is
inconsistency to the minimality of K. Hence KT'x must be minimal.

Theorem 4.7. Let R be a I'— semiring. If K be a minimal left ideal of R such
that J D K, Jis an ideal of R and J' be the sum of all minimal left ideals of R
contained in J. Then J' is an ideals of R.

Proof. Since J’ be sum of all minimal left ideals of R contained in J. Then J’ is
left ideal of R. Let z € R,a € I" and K be a minimal left ideal of R contained in
J, then KT'x C J so by Theorem 4.6, KT'x C J'. Consequently J'T'z C J’ for each
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x € R. Thus J' is an ideal of R.

Theorem 4.8. Let R be a strongly multiplicative I'— idempotent I'— semiring and
K be a minimal left ideal of R. In case 0 # e € K and e be strongly multiplicative
['— idempotent. Then el'K s a division I'— semiring with multiplicative identity
e.

Proof. Clearly el'K is additive commutative semi group. Let I' be a additive
commutative semi group. Define a mapping ((e['K) x I' x (e'K') — (eI'K') defined
by [(eax), S, (evy)] — [(eax)B(evyy)], for all (eax), (eyy) € eI'K, «, B,y € T.
Clearly el'K is a I'— semiring. Since KT'e is a non zero left ideal of R such that
KT'e C K. Therefore KI'e = K. Thus x = yae for all z,y € K and a € I'. Now,
since e is strongly multiplicative I'— idempotent so, (eyz)Be = (ey(yae))fe =
(evy)a(efe) = (eyy)ae = ey(yae) = evyx, for all a, B,y € T'. Similarly ef(eyx) =
(efe)yx = eyx for all 5, € I'. This implies that (eyz)fe = eyr = ef(eyx). Then
e is multiplicative identity of el' K. Now, let 0 # eax € el'K then eax = (efe)ax =
efeax) € KI'(eaxr) and so KT'(eax) is a non zero left ideal of R contained in K.
Thus K = KI'(eaz) and so e'K = el'KT'(eawx). In particular, there exists an
element k of K and v, o, § € I satisfying (evk)5(ecx) = e. Since e € K is strongly
['— idempotent so efe € e'K that is e € e'K. Again, there exists an element
h of K and v,d,p € T satisfying (edh)p(evk) = e therefore edh = (edh)pe =
(edh)p((evk)B(eax)) = ((edh)p(evk))B(eax) = ef(eax) = (efe)ar = eax. Hence
el'K is a division ['— semiring.

5. Ideals of a Izuka and Bourne Factor I'— Semirings

” An equivalence relation p defined on a I'— semiring R satisfying the condition
that if rps7r’ in R then (r+ s)p(r’ + &) and (ras)p(r'as’) for all r,s,7’, s’ € R and
a € I'is called a I'— congruence on the I'— semiring R. For a proper ideal A of I'—
semiring R the I'— congruence on R, denoted by p4 defined as sp,s’ if and only if
s+ a; = 8 + ay for some ay,as € A is called Bourne I'— congruence on R defined
by the ideal A.

We denote the Bourne I'— congruence (p4) class of an element r of R by R/p4 or
simply R/A and denote the set of all such I'— congruence classes of the I'— semiring
R by R/pa or simply R/A. It should be noted here that for any proper ideal A of R
and for any s € R, s/A is not necessarily equal to s+ A = {s+a : a € A} but surely
contain it. For any proper ideal A of I'— semiring R, if the Bourne I'— congruence
(pa), defined by A, is proper that is 0/A # R then R/A is a I'— semiring with the
following operation: s/A + s'/A = (s+ §')/A and (s/A)a(s'/A) = (sas’)/A for all
a € I'. We call this I'— semiring the Bourne factor I'— semiring of R” [17].

Remark 5.1. [14] For a proper ideal X of a T'— semiring R, the T— congruence
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on R denoted by o, and defined as ro,r" if and only if r +x1 + 2z =71+ 19+ 2
for some x1,x9 € X and for some z € R is called Izuka I'— congruence on R
defined by the ideal X. Now, we denote Izuka I'— congruence class of an element
r of R by r[/]X and denote the set of all such T'— congruence class of an element
of the '— semiring R by R[/|X. If the Izuka T'— congruence ox, defined by X, is
proper i.e. 0[/]X # R then R[/|X is a I'— semiring with the following operations:
rl[/1X +7'[/]1X = (r+)[/]X and (r[/]X)a(r'[/]X) = (rar’)[/]X for all « € T.
We call this I'— semiring, the lzuka I'— semiring of R by X.

We now state the following theorems regarding Izuka I'— semiring and Bourne
factor I'— semiring which are analogous to the corresponding Theorems in semir-
ings, proofs of which are easy and straightforward and so we omit the proofs.

Theorem 5.2. Let R be a I'— semiring. In case J is an ideal of R such that
R #0[/]J = K then the I'— semirings R[/]K and R/K are plain.

Corollary 5.3. Let R be a I'— semiring. In case R is non zeroid. Then R/Z(R)
s plain.

Theorem 5.4. Let R be a semi subtractive I'— semiring and J be a k-ideal of R.
Then J O Z(R) if and only if R/J is cancellative.

Theorem 5.5. Let R be a cancellative I'— semiring. Then R/J is cancellative for
each ideal J of R.

Definition 5.6. A commutative division I'— semiring R is said to be a I'— semi

field.

Definition 5.7. [11] A T'— semigroup R is said to be T'— group if it satisfy the
following

(i) If there exists 1 € R and for each x € R there exists a € T' such that
ral = lar = .

(i) If for each element 0 # = € R there exists y € R, € T' such that xay = yax =
1.

Definition 5.8. [11] A commutative I'— ring R is said to be I'— field if R is a I'—
group.

Example 5.9. Let M be the set of all rational numbers and I' = M be a commuta-
tive semi group with respect to usual addition. Define a mapping M xI'x M — M
by zay as usual multiplication for all z,y € M and a € T" then M is field I'— semir-
ing.

Theorem 5.10. Let R be a multiplicatively cancellative, centreless and commu-
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tative I'— semiring with strong identity having mo mon-trivial proper congruence
relation then either R =B = {0,1} or R is a I'— field.

Proof. In case R has only two elements, then either R = B or R is a I'— field
Z/(2). Therefore, the result is obvious. So, let R have more than two elements.
Let R be multiplicatively cancellative and each element x € R and o € I' define
a congruence relation p, on R by rp,r" if and only if xar = xar’. This is trivial
congruence relation, if x is multiplicatively cancellable and proper if z # 0. Since
R has no non-trivial proper congruence relation, so it should be multiplicatively
cancellative. Therefore R\ {0} is a submonoid of R. Eventually, except that R is
centreless. Then R\ {0} is closed under addition and multiplication. So, we have a
non-trivial proper congruence relation p on R described by the condition that xpy
if and only if x = y or x # 0 and y # 0. This is an inconsistency, thus R cannot be
centreless. At that point 0 C A(I'R) and atleast one non zero element contained in
A(T'R). In addition, A(T'R) is an ideal of R. The congruence relation =g define
on R is not trivial and hence by assumption, it must be improper. Specifically,
1 =4rp) 0 thus there exists an element y € A(I'R) satisfying 14y = 0. Therefore,
for any r € R, € T we have r +yar = lar +yar = (1+y)ar = 0 so each element
of R has an additive inverse. Thus R is a I'— ring. Again, if 0 # z € R and if
J = (x) is principal ideal of R generated by = then the congruence relation = is
non trivial, thus it should be improper. Specifically, 1 =; 0 and so 1 € J. Thus x
is a unit. Hence R is a I'— field.

Corollary 5.11. [18] Let R be a I'— semiring and P be any maximal ideal of R.
Then P 1s prime.

It is clear from Theorem 5.9 that a division I'— semiring or I'— semi field may
have proper non-trivial congruence relation. If p is a proper congruence relation
on a division I'— semiring, then surely R/p is a ['— semiring.

We now turn to considering the Bourne factor I'— semirings.

Theorem 5.12. Let R be a commutative I'— semiring. If I is maximal k-ideal of
R. Then R/I is I'— semi field.

Proof. Let 0/I # x/I € R/I. In case zax € I then by commutative property,
(x)['(x) € I so by Corollary 5.10, we have x € I, which is contradiction to the
choice of x. Since zax € (x) for all @« € I'. So I C I + (z). Hence by maximality
of I, we have R = I + (x). Consequently there exists an element y € I,r € R and
f € I' such that 1 = y + rfz. This implies that 1/I = (rfz)/I = (r/I)B(x/I).
Thus /I € U(I'(R/I)), hence R/I is a I'— semi field.

Theorem 5.13. Let R be a I'— semuring with a strong identity. Then B is the
only finite I'— semi field which is not a I'— field.
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Proof. Let R # B be finite '— semi field. Let z € R\ {0,1}. Since R is finite,
then there exist positive integer h < k such that (za)" 'z = (xa)f 1z, for all
a € I'. Since R is I'— semi field, we have 1 = (za)" 'z where n = k — h. Let
y =1+ (za)l + (za)r + (za)*r + ... + (za)"2z. Then zay = za(l + (za)l +
(ra)z + (za)’z + ... + (2a)"22) = (za)l + (za)z + (va)*xr + ... + (o)l =
(za)l + (za)z + (za)’z + ... + (za)" 2z + 1 = 1+ (za)l + (za)z + (za)’z + ... +
(xa)" 2z = y. If y # 0 then x = za(yBy™') = (ray)By~' = yBy~' =1, for all
p € I', which is a contradiction as z € R\ {0, 1}. Therefore, we must have y = 0.
So 1+ (za)l + (za)r + (za)*x + ... + (za)" 2z = 0. Which shows that 1 has an
additive inverse z = (za)l + (za)z + (za)*z + ... + (za)"2z. Therefore for any
re R,a €I, we have r + raz = ral + raz = ra(l + z) = ra0 =0 for all a € T..
So each element of R has an additive inverse, proving this R is I'— field.
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