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Abstract: In this paper, we define the notion of intuitionistic fuzzy characteristic
ideal (IFCI) of a I'-ring which is analogue of a characteristic ideal in the ordinary
ring theory and derive various new results. The correlation between the set of
all automorphisms of I'-ring and the corresponding automorphisms of its operator
rings have been innovated. Then a one to one correlation between the set of all
intuitionistic fuzzy characteristic ideals of I'-ring and that of its operator ring has
been constituted. This is used to obtain a similar bijection for characteristic ideals.
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1. Introduction

The concept of a I'-ring was first introduced by Nobusawa [9]. Barnes [5]
weakened slightly the conditions in the definition of the I'-ring in the sense of
Nobusawa. Since then, many researchers have investigated various properties of
this I'-ring. Any ring can be regarded as a I'-ring by suitably choosing I'. Many
fundamental results in ring theory have been extended to I'-rings. R. Paul [13]
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studied various types of ideals in I'-ring and the corresponding operator rings.
The idea of intuitionistic fuzzy sets was first published by Atanassaov [3, 4], as
a generalization of the notion of fuzzy set given by Zadeh [18]. Kim et al. in
[8] considered the intuitionistic fuzzification of ideal of I'-ring which were further
studied by Palaniappan et al. in [10, 11]. Cho et al. in [6] and Palaniappan et al. in
[12], studied intuitionistic fuzzy ideal and intuitionistic fuzzy prime ideal in T'-near-
rings. The notion of intuitionistic fuzzy bi-ideals in I'-near-rings was introduced
by Ezhilmaran et al. in [7]. Alhaleem et al. in [2] studied intuitionistic fuzzy
normed subrings and ideals. The characteristic ideals and characteristic ideals of
[-semigroups was studied by Sardar et al. in [14]. Aggarwal et al. in [1] studied
some theorems on fuzzy prime ideals of T'-rings. Sharma et al. in [15, 16, 17]
studied extension of intuitionistic fuzzy ideals, intuitionistic fuzzy prime radical
and intuitionistic fuzzy primary ideal and translational subset (ideals) in I'-rings.

The objective of this paper is to study the various properties of intuitionistic
fuzzy characteristic ideal of a I'-ring. We shall also investigate the relationship
between the intuitionistic fuzzy characteristic ideal of a I'-ring with its level cut sets.
A connection between the set of all automorphisms of I'-ring and the corresponding
automorphisms of its operator rings will be characterized. Finally we will study
the correspondence between the set of all intuitionistic fuzzy characteristic ideals
of I'-ring and the set of all intuitionistic fuzzy characteristic ideals of its operator
ring. The structuring of the paper is as follows.

In part 2 we recollect some groundwork for their use in the continuation of the
development of the subject matter. In part 3 we set in motion of the notion of
intuitionistic fuzzy characteristic ideal (IFCI) of I'-ring M. With the help of an
example we show that an intuitionistic fuzzy ideal of I'-ring M need not be an
intuitionistic fuzzy characteristic ideal. We also characterized intuitionistic fuzzy
characteristic ideal with the help of its level cut I'-ideals. In part 4 we inaugurate
the notion of automorphism of operator rings of a I'-ring and also the notion of
corresponding automorphism in I'-rings. While proving some more related results
we establish a linkage among the set of all intuitionistic fuzzy characteristic ideals
of I'-ring and that of its operator ring.

2. Preliminaries

Let us recall some definitions and results, which are necessary for the develop-
ment of the paper.

Definition 2.1. ([5, 9]) Let (M, +) and (I',+) be additive abelian groups. Then M
is called a T'-ring (in the sense of Barnes [5]) if there exist mapping M xT'x M — M
[image of (x,c,y) is denoted by xay, x,y € M, « € T'] satisfying the following con-
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ditions:
(1) zay € M.
(2) (z +y)az = xaz + yaz, z(a+ By = xay + 2Py, xa(y + 2) = zay + raz.
(3) (xay)pz = xa(yBz) for all z,y,z € M and o, € T'.

The subset N of a I'-ring M is a left ideal of M if N is an additive subgroup
of M and MT'N = {zay|lxr € M,a € ',y € N} is contained in N. Similarly, right
ideal NI'M of M can be defined. If N is both a left and a right ideal then N is
a two-sided ideal, or simply an ideal of M. A mapping f : M — M’ of T-rings is
called a I'-homomorphism [5] if f(x +vy) = f(z) + f(y) and f(zay) = f(z)af(y)
for all z,y € M,o € I'. When M = M, then a I-homomorphism is called a I'-
endomorphism, further a one to one I'-endomorphism is called a ['-automorphism.

Throughout this study Aut(M) will denote the set of all I-automorphisms of
M. We now review some intuitionistic fuzzy logic concepts. We refer the reader to
follow [3] and [4] for complete details.

Definition 2.2. ([18]) A fuzzy set p in X is a mapping pn: X — [0, 1].

Definition 2.3. ([3, 4]) An intuitionistic fuzzy set (IFS) A in X can be represented
as an object of the form A = {< x,pua(x),va(x) >: & € X}, where the functions
pa 2 X — [0,1] and va : X — [0,1] denote the degree of membership (namely
pa(x)) and the degree of non-membership (namely va(z)) of each element x € X
to A respectively and 0 < pa(x) +va(z) <1 for each x € X. It is shortly denoted
by A(z) = (pa(z),va(z)), for all z € X.

Proposition 2.4. ([3, 4]) If A and B are two intuitionistic fuzzy sets of X, then
(1)) AC B < ua(z) < pp(z) and va(z) > vp(z),Vo € X;
(i) A=B< AC B and BC A, i.e., A(x) = B(z), for allz € X.

For any subset Y of X, the intuitionistic fuzzy characteristic function (IFCF')
Xy is an intuitionistic fuzzy set of X, defined as xy(z) = (1,0),Vz € Y and
xv(z) = (0,1),Vz € X\Y. Let o,8 € [0,1] with o« + 5 < 1. Then the set
Awp ={x € X 1 pa(r) > a and va(x) < B} is called the (a, B)-level cut subset
of X with respect to IFS A. Further if f : X — Y is a mapping and A, B be
respectively IFS of X and Y. Then the image f(A) is an IFS of Y and is defined
as ppay(y) = Sup{ua(z) : f(x) =y}, vyay(y) = Inf{va(z) : f(z) = y}, for all
y € Y and the inverse image f~!(B) is an IFS of X and is defined as piy-1(p)(z) =

pe(f(x)), vi-up)(x) = vp(f(x)), for all z € X, ie., f71(B)(x) = B(f(z)), for
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all x € X. Also the IFS A of X is called f-invariant if f(z) = f(y) implies
A(z) = A(y), where z,y € X.

Definition 2.5. ([8]) Let A be an IFS of a T'-ring M. Then A is called an
intuitionistic fuzzy ideal (IFI) of M if for all m,n € M,«a € T, the following are
satisfied

(i) palm —n) > pa(m) A pa(n);

(i) pa(man) = pa(m) V pa(n);

(111) va(m —n) <wva(m)Vwva(n);

(v) va(man) < va(m) Ava(n).

Example 2.6. Let D be a division ring with unity 1 and M be a set of (2 x 2)
matrices of the type
a b
(o)

where, a,b € D. Take I' = set of matrices of M with translation of interchanging
of row 1 and row 2, then M is a I-ring. It is easy to see that the set J of all (2 x 2)

matrices of the type
0 a
00
where, a € D, is a I'-ideal of M.
Let A = (ua,va) be an IFS of M defined by

(2) 1, ifxeld (z) 0, ifzelJ
A 05, ifxg¢s 0.3, ifzéJ.

Then it is easy to verify that A is an IFI of I'-ring M.

Theorem 2.7. ([8]) Let K be a non-void subset of a I'-ring M. Then K is I'-ideal
of M iff intuitionistic fuzzy characteristic function xx 1s an intuitionistic fuzzy

1deal of M.
3. Intuitionistic Fuzzy Characteristic Ideal of I'-Ring

Definition 3.1. Let A be an IFS in a I'-ring M and f : M — M be a I'-
endomorphism, then A’ is an IFS on M defined as A/(x) = A(f(x)), for all

x €M, ie., par(x) =pa(f(x)) and vy (x) = va(f(x)), for all x € M.
Theorem 3.2. Let A be an IFI of I'-ring M and f be a I'-endomorphism, then
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AS is also an IFI of M.
Proof. Let A be an IFI of I'-ring M. Let x,y € M, € I'. Then

par(@—y) = pa(f(z—y))
pa(f(z) = f(y))
pa(f(x)) A palf(y))
Har(z) N par(y)-

v

Thus pear(z —y) > pare) A pas(y). Similarly, we can prove vur(x —y) < var V

var(y)-
Also,

par(ray) = pa(f(ray))
pa(f(z)af(y))
pa(f(x)) VvV pa(f(y))

= fiar@) V Har(y).

v

ie., par(xay) > par)Vieas(y). Similarly, we can prove vas (zay) < varyAtar(y).
Hence Af is an IFI of I'-ring M.

Definition 3.3. A I'-ideal K of M s said to be characteristic ideal if f(K) = K
for all f € Aut(M).

Definition 3.4. An IFI A of T-ring M is said to be an IFCI if A/ (x) = A(x),Vx €
M and for all f € Aut(M), i.e., pias(x) = pa(z) and vys(x) = va(x) forallx € M
and for all f € Aut(M).

Example 3.5. Consider the I'-ring M, where M = Z, the ring of integers and
I' = 2Z, the ring of even integers and z7yy denote the usual product of integers
x,y € M,yel.

Let A = (pa,va) be an intuitionistic fuzzy subset of M defined by

0.3, if x is odd integer.

1, if x is even integer 0, if x is even integer
pa(r) = L . ;o vale) =
0.5, if x is odd integer

Then it is easy to verify that A is an IFCI of I'-ring M.

Example 3.6. Consider the I'-ring M, where M = {[a;;] : a;; € Z,i =1,2,j =
1,2,3}, the set of (2 x 3) matrices and I" = {[a;;] : a;; € Z,i = 1,2,3,j = 1,2},
the set of (3 x 2) matrices whose entries are from the ring of integers Z. Let
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A = (pa,va) be an IFS of M defined by

Ay = {07:02), ifay=0.vij
Y7 1(0.3,0.5), if ag; # 0 for atleast one 7 and j

Then it is easy to verify that A is an IFCI of I'-ring M.

Example 3.7. Consider M = Zyx Zy = {(0,0), (1,0), (0,1), (1,1)}, T' = {(0,0),
(I, 1)} and K = Zy x {0} = {(1,0),(0,0)}, where Z, be the ring of integers modulo
2. Clearly, M and I' are additive abelian groups and that M is I'-ring. Also, here
K is T'-ideal of M. Consider the IFS A defined on M as

1, ifre K 0, ifre K
pa(z) = . ;o vale) = .
0.5, ifrx¢ K 0.3, ifz¢ K.

Then it is easy to check that A is an IFI of I'-ring M, but it is not an IFCI, as there
exists a [-automorphism f : M — M defined by f(z,y) = (y, z), for all (z,y) € M
such that A7 ((z,y)) # A((z,y)), for all (z,y) € M.

For example: A/((1,0)) = (0.5,0.3) # (1,0) = A((1,0)).

Theorem 3.8. Let A be an IFCI of T'-ring M. Then for each o, € [0,1] such
that oo+ 3 < 1 the level cut set A, ) is a characteristic ideal of I'-ring M.
Proof. Assume that A be an IFCI of I'-ring M. It is sufficient to show that
f(Aa,p) = Aa,p) for all a, 5 € [0,1] such that o+ 3 < 1.

Let x € A(yp). Since A be an IFCI of I'-ring M, we have par(z) = pa(z) > a
and vyr(x) = va(r) < B implies pa(f(x)) > a and vu(f(z)) < 5, ie., f(x) €
Afap)- Thus f(Aws) S Awap)-

For the reverse inclusion, let y € A(, ) and let € M be such that f(z) = y.
Then
pa(z) = par(x) = pa(f(z)) = paly) > «. Similarly, we can prove VA(x) <p
implies € A(a,p) and so y = f(z) € f(A(,p)) gives that A C f(A(ap). Thus
f(Aa,p) = A(a,p)- Hence A gy is a characteristic ideal of F—ring M.

The following lemma is obvious, and we omit the proof.

Lemma 3.9. Let A be an IFI of U'-ring M and let x € M. Then A(x) = («, 8) if
and only if x € Awpy and x & Agq) for allp > o and ¢ < .
Now we give the converse of the Theorem (3.8).

Theorem 3.10. Let A be an IFI of T'-ring M. If for each «, 8 € [0,1] such that
a+ 8 <1 the level cut set A, p) is a characteristic ideal of M, then A is an IFCI
of I'-ring M.
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Proof. Let A be an IFI of I'-ring M. Let x € M, f € Aut(M) and A(z) = («, ).
By Lemma (3.9), € Aqap) and x ¢ A, q) for all p > a and ¢ < S.

From hypothesis it follows that f(A(,s) = Aw@,p)- Thus f(z) € f(Ap) = Aw@,p),
and so pua(f(x)) > a, va(f(x)) < 5.

Let pa(f(z)) = p and va(f(x)) = ¢ and we assume that p > «a and ¢ < /.
Then f(z) € Apq = f(Apg)- Since f is one to one implies € A, 4. This is a
contradiction.

Hence piar(z) = pa(f(x)) = o = pa() and vyr(2) = va(f(2)) = B = va(z),
showing that A is an IFCI of I'-ring M.

Theorem 3.11. A non-empty subset K of a I'-ring M is a characteristic ideal of
M iff its IFCF xg is an IFCI of I'-ring M.

Proof. Let K be a characteristic ideal of I'-ring M. Then by definition f(K) =
K.Vf € Aut(M). Let xx be the IFCF with respect to K. Then by Theorem (2.7)
Xk be an IFI of I'-ring M. Also,

If x € K then Vf € Aut(M), we have f(x) € f(K) = K and so xx(f(x))
(1,0) = xx ().

If + ¢ K then Vf € Aut(M), we have f(z) ¢ f(K) = K and so xx(f(z)) =
(0,1) = xx ().

Thus we see that xx(f(z)) = xx(x),Vo € M,Vf € Aut(M), i.e., ,uxf((a:) =
Py (z) and Vxé(x) = vy, (2), Vo € M\Vf € Aut(M). Hence xx is an IFCI of
[-ring M.

Conversely, let us suppose that xyx be an IFCI of I'-ring M. Then by Theorem
(2.7) K is an I'-ideal of M. So we need only to show that f(K) = K.Vf € Aut(M).
Let f € Aut(M) and = € K, then Mx};(x) = iy, () =1 and ng(x) =V, () =0
implies pi,, (f(z)) = 1 and vy, (f(z)) = 0 implies f(x) € K. Thus we obtain
f(K) C K, for all f € Aut(M). Since f € Aut(M) implies f~* € Aut(M) and so
7Y K) C K. Hence K C f(K) and so f(K) = K, i.e., K is characteristic ideal of
M.

4. Operator rings and corresponding intuitionistic fuzzy ideals of I'-ring

Definition 4.1. ([6, 9]) Let M be a I'-ring. Let us signify a relation o on M x I’
as follows:

(x,a)o(y, B) if and only if zam = yBm,Ym € M and yra = vyyB,Vy € T.
Thus o is an equivalence relation on M x T'. Set [x,a] be the equivalence class

containing (z,«). Let L = {[x,a] : x € M,a € T'}. Then L is a ring with respect
to the compositions
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[x,oz]—l—[y,oz] = [ZE—{—%O[] ; [I,Oé]—l—[l’,ﬁ] - [ZL’,O&—l—B] ,

>l oa] 305 yss B = 32, slwicuy;, Byl

This ring L is called the left operator ring of I'-ring M. Dually the right operator
ring R of I'-ring M is formed where the compositions on R are defined as:

[Oz,[L’] + [B,ZE] = [CY—I—B,ZL']; [avx] + [Oz,y] = [Oé,:)? +y];
Dol @il 325085, y5) = 32, sl miBiy;l.

Remark 4.2.

(1) If there exists an element 1, = ) [e;,0;] € L (or 1g = .[vi,a;] € R) such
that Y, e;0,x = x (resp. Y. xvia; = x) for all v € M then ) _.le;, d;] (resp.
> :virail) is called the left (resp. right) unity of M. Also 1p = ) .[e;, d;]
(resp. 1gp = :[vi,ai]) is the unity of L ( resp. R).

(2) If we define a mapping LxM — M by (> _,[zi, cul,y) = >, miouy, then we can
show that the above mapping is well defined and M is a left L-module, and
we call L the left operator ring of the I'-ring M. Similarly, we can construct
a right operator ring R of M so that M is a right R-module.

Let M be a I'-ring with left operator ring L. For P C L and () C M, we define
Pt ={zx € M:[zr,a] € P,Ya €T} and Q+, ={[z,a] € L:zay € Q,Vy € M}.
Similarly, if M is a I'-ring with and right operator ring R. For P C R and () C M,
we define ,

P*={reM:|a,z] € PYaeTl}and Q* ={|o,z] € R:yazx € Q,Vy € M}

Then in [6], it was shown that if P (resp. @) is a right ideal of L (resp. M),
then PT (resp. Q*l) is a right ideal of M (resp. L) and there exists an inclusion
preserving mapping ) — Q+/. Also if P (resp. Q) is a left ideal of R (resp. M),
then P* (resp. Q*/) is a left ideal of M (resp. R) and there exists an inclusion
preserving mapping ) — Q*,.

Definition 4.3. Let M be a I'-ring and L be the left operator ring of M. Then
the bijection f : L — L s said to be automorphism if

{ %) o) = fllz, o) + f(ly, o)) and f([z,a] + [z,5]) = f(lz,a]) +

ilw il 3251wy, Bil) = il ) F(2251y5, B51),

[z,
f(
2. f(
3. FO e &) = D led, 0il, if D leq, 0] is the left unity of M,

2
2.
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4 FQCilaswil) = > 2ilai, v, if > 2[ai, il is the right unity of M.

Similarly we can define the automorphism on the right operator ring R of the
I'-ring M.
Proposition 4.4. ([10]) Every left (or right) ideal of I'-ring M defines a left (or
right) ideal of the right operator ring R and conversely.
Definition 4.5. Let L and R be respectively be the left and right operator ring of
[-ring M. Then for any fivzed IFS A of L (or R) cmd for any ﬁxed IFS B of M
we define intuitionistic fuzzy sets AT, A* of M and Bt of L, B* of R by

pa+(z) = Infaer(pa(z, ) and va+ (x) = Supaer(pa([z, ), where x € M.
pas(2) = Infoer(pa(lo, x])) and va-(x) = Supaer(pa(lo, x])), where x € M.

’uB'*‘/ (Zl[wza az]) = [nmeM(,uB<Zz xzazm)) and VB+’ (Zz[xza Oéz])
= Supmenm (B>, xiaym)), where [x;, ;] € L.

g (Ol i) = Infren(pp (D2 magz:)) and vy (3 lai, xi])
= Supmenm (pp(d_; mayx;)), where [oy, x;] € R.

Proposition 4.6. Let M be a I'-ring and L be the left operator ring of M and A
is an IFI of L. Then A%t is an IFI of M.
Proof. Let A is an IFI of L. Then u4(07) = 1,v4(01) = 0.

Now fia+(0n) = Infaer(na([Oa,])) = Infaer(pa(0r)) = 1. Similarly, we can
show that v4+(05) = 0. So AT is non-empty.
Let z,y,m € M,«a, 8 € I' be any elements, then we have
par(@ —y) = Infaer(pa(fz —y, o))
= Infaer(pa([z,0] —[y.q]))
Infaer{pa(lz, o) A pa(ly, a])}
Infaer(pa(lz, o)) A Infaer(pa(ly, of))
= poa+ (@) A pas (y)-

Thus pia+(x—y) > pa+(x) Apa+(y). Similarly, we can prove va+(x—y) < va+(z)V
va+(y). Also,

v

pra+ (xBy) = Infaer(pa(fzBy, a])
= Infaer(uAQﬂf,BHy’a]))
> Infaer(pa(lz, B]))[ and > Infaer(pa(ly, o))l
= Infser(pa([z,8]) V Infaer(pa(ly, o))

= (@) V pas (y)-



58 South FEast Asian J. of Mathematics and Mathematical Sciences

Thus pa+ (zay) > pa+(x) V pa+ (y). Similarly, we can prove va+(zay) < va+(z) A
va+(y). Hence AT is an IFT of M.
Proposition 4.7. Let M be a I'-ring and L be the left operator ring of M and B

is an IFT of M. Then Bt is an IFT of L.
Proof. Let B is an IFI of M. Then up(0p) = 1,v5(05) = 0.
Now g, ([0ar, a]) = Infuem(ps(Opam)) = pp(0y) = 1. Similarly, we can show

that v,/ ([0ar, a]) = 0. So B* is non-empty.
Let > [i, cil, 3251y, Bjl € L, m € M, i, B; € T' be any elements, then we have

[gy (Z[xi, ;] — Z[ijﬂj]) = InfmeM(MB(Z Tiom — Zyjﬁjm))

? J

Vv

InmeM{,UB(Z Tiam) A MB(Z y;Bm)}
i J
= (Infmem(1s (Z zia;m))) A (Infmem (1B (Z y;Bim)))

= figy (Z[$Z, a;]) A gy (Z[yja B]])

? J

Thus pg (3o, il = 3255, Bi]) = pger (Ol i) Ay (32515, B5]). Similarly,
Xi? can show v (3 (v cu] — 3 20[y5. B5]) < v Qilmi i) Vg (3251y5. 85))

[ (Z[xi, ;] Z[yj, Bil) = ngy (Z[ﬁﬁi%’yj, Bil)

i J ,J

= InfmeM(NB(ZIEiai?/jﬂjm))
,J

= InfmeM(uB(Z(inai)(yjﬁjm)))

_ mfm;mé i) where m, = y;Bm & M|
1,J

= Infm;eM[MB(Z xiaimll + sz‘aimlg +...)]

> Infm;GM[\/juB(Z%aim;)]

= vj[Infm;eM(inaim;)]

= Vil O i ail)]

7



Intuitionistic Fuzzy Characteristic Ideal of a I'-ring 59

= /LB+'(Z[1’¢,O%])-

i

Also, we can prove that gy, (3 [@i il 325y, Bi]) > pyr (O250y5,85]). Thus we
have

fgyr (il oa] 2205 y50 B]) = gy (Qlwi, cu]) V g (325 [ys, B5]). Similarly, we can
prove

Vi il il 32515, Bil) < vy Ol cal) A vy (32;[y;, B]). Hence BT s an
IFT of L.
Similarly, we can prove the following propositions.

Proposition 4.8. Let M be a I'-ring and R be the right operator ring of M and
A an IFI of R. Then A* an IFI of M.

Proposition 4.9. Let M be a I'-ring and R be the right operator ring of M and
B an IFI of M. Then B* an IFI of R.

Theorem 4.10. Let M be a I'-ring with unities and L be its left operator ring.

Then 3 an inclusion preserving one to one map A — At between the set of all
intuitionistic fuzzy ideals of M and the set of intuitionistic fuzzy ideals of L.
Proof. First we show that ((A*))* = A, where A is an IFI of M. Let z € M.
Then

vy (@) = Infaer(pary ([z,a]))
InfaerInfmen(pa(zam))]
Infoer[Infmen(pa(z))]
pa(z).

AVARN|

Thus i g+yy+(x) > pa(z). Similarly, we can prove v 4+yy+(¥) < va(x). Thus
AC((A))*.
Let > _.[v, a;] be the right unity of M. Then ), xv,a;, = x, for all x € M. Now,

a3 )

Infilpa(zvias))

Infier[In fmem(pa(zym))]
[nf’YEF(:u(Aﬂ’ ([z,7]))

= Bary)+ ().

pa(r)

AVARAVS



60 South FEast Asian J. of Mathematics and Mathematical Sciences

Similarly, we can prove va(z) < v +yy+(2). So (A*))* € A. Hence A =
((AT))*.
Again, let A be an IFI of L. Now,

M((A+)+)’(Z[$i;ai]) = ]nfmeM<MA+(Zsz‘aim))

= [nfmeM[[nfger(uA([Z wioum, B]))]
= ]nfmeM[InfﬁeF(ﬂA(Z[xwO‘Z][mvﬁ]))]
MA(Z[% ).

%
%

v

Thus g avyry Q@i il = pa(32;[wi, cu]). Similarly, we can prove

Vianysy (Cilz ai] S va(3o[wi ai]). So A C ((A)*).
Let > _;[aj, ;] be the right unity of M, then

MA(Z[%%]) = MA(Z[%O%]Z[%,%])

> /\j[uA(Z[ivz,Oéi][ajﬁj])H

> InfremInfier(pa((z:, aillaj, v5]))]
= Hat)y+y Z[%aaz])

Thus pa(X;[zis ail) > paryey O2;[@i, au]). Similarly, we can prove

va(Qoilmi au]) < viary+y (Q2il@i, au]) and so ((AH)T) C Aand hence A = ((AT)*)'.
Thus the correspondence A — At is a bijection. Now let A, Ay be intuitionistic
fuzzy ideals of M such that A; C Ay. Then for all ) .[x;, ;] € L, we have

iy Qi adl) = Infmen (a3 wicim)

< InmeM(ﬂAz(inaim))
= nyy QO _lwial).

)

Thus Py (Ol ai]) < Hoy (> ;lwi, ai]). Similarly, we can show Vo O ilwi, au]) >

1

Yy (>;[®i, oy]). Thus Af, - A;/. Similarly we can show that if Ay, Ay are intu-
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itionistic fuzzy ideals of L such that A; C A, then A7 C AJ. Hence A — A* is
an inclusion preserving one to one map.

Similarly, we can prove the following theorem.

Theorem 4.11. Let M be a I'-ring with unities and R be its right operator ring.

Then 3 an inclusion preserving one to one map B — B* between the set of all
IFIs of M and the set of IFIs of R.

Proposition 4.12. Let K be an ideal of the left operator ring L of a I'-ring M.
Then (xk)T = xx+, where xx denote the IFCF of K.

Proof. Let z € K*. Then [z,a] € K for all & € T". This mean In foer iy, ([z,@])) =
L and Supaer(vy([r,a])) = 0. Also py, ., (v) = 1 and v, (v) = 0. Thus

Infaer(pyy ([7,a]) = iy, (7) and Supaer(vy, ([z,a])) = vy, (7), Vo € Kt ie.,
(xx)T(x) = xk+(2),Vo € KT.

Now suppose ¢ K. Then 38 € I" such that [z, 5] ¢ K. Hence p, . ([z
0, vy ([, B]) = 1 and so Infaer(py, ([, a])) = 0 and Supaer(vy, ([z, @)
Thus Infaer(piy([2,0])) = piy, o, (2) and Supaer vy, ([z,a])) = vy, (2)
K7 ie., (xx)t(x) = xx+(2),Vo ¢ K. Hence (xg)" = xx+-

By applying similar argument as above we deduce the following Lemma.
Lemma 4.13. Let K be an ideal of a I'-ring M and L be the left operator ring of
M. Then (xk)™ = Xy
Proof. Let > [z;, ;] € KT . Then ), z,a;m € K,Ym € M.

This means In foenfiy, (D, Ticgm) = 1 and Supmenvy, (D, zicym) =0,
e fi o (> ;lwi,i]) =1 and Vi) (> ilwi, ai]) = 0.

Also u(xm,)(zi[xi, a;]) =1 and V(XK+,)(Zi[xi, «;]) = 0. Thus we have
M(XK+/)(Zi[sz‘a ai]) = Foo+! (2ilxi; i) and V(xK+/)(Zi[fEia @) = Vi)t (2ili, ail).
So (xx) ™ (lwi au]) = (x e ) (i [, i)

Let > [z, 0] ¢ KT . Then >, z,a0m ¢ K,Ym € M.

This means In femfty, (D, ziaym) = 0 and Suppenvy, (D, viam) =1,
L€yt e (> lzi,05]) =0 and Vi) (>, 05]) = 1.

Also N(xK+/)(Zi[xi7 a;]) = 0 and V(XK+/)(Zi[xi7 «;]) = 1. Thus we have
oo o (Sa]) = o (Dol and vy (Sl ail) = v, o (Sl )
So (xr )" (ilwi ai]) = (e ) (sl ul).

Thus from both the cases we get (XK)JFI =

’

Xjei! -

Remark 4.14. By drawing an analogy we can deduce results similar to the above
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Lemmas for right operator ring R of the I'-ring M.

Theorem 4.15. Let M be a I'-ring with unities. Then 3 an inclusion preserving
one to one between the set of all ideals of M and that of its left operator ring L via

the mapping K — K™ .
Proof. Let ¢ : K —» K + be the mapping. This is actually a mappmg follows
from Proposition (4.9). Now let ¢(K;) = ¢(K3). Then KJr K+ This implies

Xpt! = Xpet! (where xk is the IFCF of K). Hence by Lemma (4.13), (XK1)+' =

(XKZ)J“/. This together with Theorem (4.10) gives xx, = Xk,, hence K; = Ko.
Consequently ¢ is one to one.

Let K be an ideal of L. Then its IFCF xf is an IFI of L. Hence by Theo-
rem (4.10), ((xx)")™ = xx. This implies that X(gy+
and (4.13)]. Hence (KT)" = K, ie., ¢(Kt) = K. Now since K is an ideal
of M, it follows that ¢ is onto. Let K, K5 be two ideals of M with K C K.
Then xx, € Xxk,. Hence by Theorem (4.10) we see that (XK1)+ C (xky)", Lee,
X+ € X, [ by Lemma (4.13)] which gives KJr C K+

» = Xk [ by Lemma (4.12)

Ky
Remark 4.16. Now by using a similar argument as above with the help of Lemma
dual to Lemmas (4.12) and (4.13), Remark (4.14) and Theorem (4.12) we can de-

*

duce that ()*/ is an inclusion preserving one-to-one map (with ()* as above) between

the set of all ideals of M and that of its right operator ring R.

Definition 4.17. Let M be a I'-ring and L be its left operator ring. Then for
€ Aut(M), we define f+ : L — L by f+ (O [wi, cu]) = > ,[f (@), il

We first show that the map f +is well-defined.

Suppose »_;[wi, ou] = > [y;, Bj], then [x, ou] = [y;, Bj], so, miaym = y;8;m,Vm €
M. Thus ), x;oum = Zj y;Bjm. This implies f(} . x;a;m) = f(zj y;jBm),Vm €
M.

Now for a € M, we have f(z;)asa = f(x;)asf(a’) [As f is onto so there exists
a’ € M such that f(a') = a] = f(zicua’) = f(y;8;0") = f(y;)8,f(a) = [(y;)B;a.
This implies f(z;)aia = f(y;)B;a. So [f(zi), il = [f(yy), Bi] = 2ilf(@i), ] =
>l f(y;), Bs) - Hence f (37 (i, cu]) = f+ (3[4, B5]). Therefore the map f* is
well-defined.

Proposition 4.18. Let M be a I'-ring and L be its left operator ring. Let [ €
Aut(M). Then f* € Aut(L).
Proof. Let f € Aut(M) and [z, ], [y, @], [z, 8] € L. Then
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FH (w0l + [y a]) = £+ ([p+y,0)) = [f(z +y).0] = [f(z) + f(y).0] = [f(2), 0] +
£ (w0l + [w,8) = ([0 + B)) = [f(), 0 + B] = [f(2),a] + [f(2), B.
f*l(Z[xi,ai]Z[yj,ﬁj]) = f+/(2[xiaiyj,5j])

| ] - Z[fléjxiaiy»,ﬁj]
_ i[f(xi)aif(yj),ﬁj]
_ sz:[f(xi),ai]Z[f(yj)ﬁj]
= ai])]ﬁ’ >l B

i J

Hence f*l is an endomorphism of L. As f+/ is well-defined implies f*l is one to
one map.
Further, let > .[2;, ;] € L. Then 3, x; € M such that f(z;) = ;. So >_.[z}, ;] € L
such that f*l Oz i) = S5, (2)), au] = >[4, au]. Consequently, f*l is onto.
Suppose L has the left unity > _,[e;, d;]. Then for any a; € I', we have f*l > lei ol
= > 1f(e:), 5] = >, [ei, oi]. Again if M has the right unity >, [v;, a;]. Then for any
o; € I', we have f+, >oilvisaal = 30, f (i), il = 32, ] Hence f+/ € Aut(L).
We use the Remark (4.2)(ii) to frame the following precision and also to demon-
strate the subsequent Propositions.

Definition 4.19. Let M be a I'-ring with right unity Y _.[v:, a;] and L be its left op-

erator ring. Then for f € Aut(L), we set f+: M — M by fH(xz) =, f([z,v])a;.
We first show that the map f* is well-defined

Let z,y € M,v;,p; € T be such that f*(z) = f*(y), then >, f([z,vi])ai =

> [y, vil)ai

= Zi[fqma%])au i) = Z L[y, 7))@, il

= > F(zowl]) 2oilas, vl = 325 1y, ) 2oslais il

= > [l f (O ilais l) = 22, f(ly,wil) f(32s]ai, v]) [ Using Definition (4.3)]
= FO il vl 2o lai, w)) = FO2lys il 224lai, vil)

= f(zi[x%aw vi]) = f(zi[y%ai, 7))

= > [rviai, v = D[y, ) [ Since f is one to one |

= > lw vl Dilan vl = D2y vl 3 ilass il
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= 2ilw vl = oMyl = vl = [y, vl = zyim = yyim, Vm € M.
In particular, take m = a;, we get Y. xvia; = >, yvia; = v = y. Hence f* is
well-defined.

Proposition 4.20. Let M be a I'-ring with right unity > [V, a;| and L be its left
operator ring. Assume f € Aut(L), then f* € Aut(M).
Proof. Let z,y € M, € I". Then

t(x +y) Zf z+y,%)
Zf ([, ] + [y wil)as
- Z(f([x vi))ai + f([y, vil)ai))
Zf ([, 7)) aZ+Zf (lys 7))

= f+( )+ ().
" (zay) Zf ([zay,vi])ai = Zf ([z, ][y, v])

Zf z,q] Zf Y, vil)ai Zf i, Zf Y, vil)
Zf ([, yil[ai, o Zf ([y, 7)) az—Zf ([, 7)) Zf ([ai, )Zf([y,%])az

= Zf z, %) Z Zf Y, vil)ai = Zf z, i) azaZf Y, i)
Zf z,vi))ai)a Zf y,7i))ai)

= f+( Jof T (y)-

Hence f* is an endomorphism of M. As f* is well-defined implies that f* is
one to one map.
Further, let y € M. Since f : L — L is onto, 3) [z,v] € L such that

T2z, 7)) = 22y, vl
fiz) = Zf([%%})az’ZZf([l‘%ai,%Da
= Zf z % aza% a; Zf %])Zf([aia%])a
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- Z[y’ il Z[%%’]ai = Z[%%’] [ai, vilai

= Z[y%‘ai»%’]ai = Z[y,%]ai
= Zy%ai =Y.

Hence f* is onto. Again if ) [e;, &;] is the left unity of M then
fre)=> flle,d])a; = > ,le, bila; = >, ed;a; = e. Consequently, f* € Aut(M).
Proposition 4.21. Let M be a I'-ring with left unity >_,[e;, ;] and right unity
> i, ai] and L be its left operator ring. Assume f € Aut(L), then (f* )" = f.
Proof. By Proposition (4.18), f* € Aut(L) hence by Proposition (4.20), (f™)*
Aut(M). Let @ € M. Then (f*)"(z) = F* (Silo o = Sulf(@), vlas
=2 f(x)/%az = f(x).
Hence (f* )" = f.
Proposition 4.22. Let M be a I'-ring with left unity >_,[e;, ;] and right unity

> ilvisai] and L be its left operator ring. Let f € Aut(M). Then (f+)+l = f.
Proof. By Proposition (4.20), f* € Aut(M) whence by Proposition (4.18),
(fH)*t € Aut(L). Let Y ,[z;, 5] € L. Then

I ead) = I w0 = Sl (e woc o
| _ Z ) Yl ) = 32 £ ) ()
_ Z Fllewrillas o :Zf<[xiviai,aiJ> =Zf<[xi,aiJ>
= f(Z[xi,oaiD. | |

Hence (f+)+/ = f.

Theorem 4.23. Let M be a I'-ring and L be its left operator ring. Then there
exists a bijection between the set of all automorphisms of M and the set of all au-
tomorphisms of L.

Proof. Let us define the map ¢ : Aut(M) — Aut(L) by 6(f) = f+ Vf € Aut(M).
Consider f,g € Aut(M) such that ¢(f) = ¢(g). Then fT = g*

= P (Cilwnad) = g7 (Syles @),V S, [rs, ] € L= Y, (@), i) = Yilg(as), il
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= f(x;))aym = g(x;)o;m,Ym € M,a; € T. In particular, f(x;)via; = g(z;)via; =
f(z;) = g(z;). So f = g. Hence ¢ is one to one.

Suppose f € Aut(M). Then by Proposition (4.20), e Aut(M). Now
o(ft) = f+/ = f (by Proposition (4.22)). Consequently, ¢ is onto. Hence ¢ is a
bijection.

Proposition 4.24. Let M be a I'-ring with unities and L be its left operator ring
and A be an IFCI of L. Then AT is an IFCI of M, where A" is explained in
Definition (4.5).

Proof. By Proposition (4.6), A" is an IFT of I'-ring M. Let x € M and f €

Aut(M). Then by Proposition (4.18), f*l € Aut(L). Hence by using Definition
(4.5) and (4.17) we obtain

panys (@) = par(f(2)) = Infaer(pa(lf(z), a]))
= Infoer(pa(f*([z,a]))) = Infoer(pa([z, a]))
= Ha+ ($)
Similarly, we can prove v 4+ (2) = va+(x), i.e., (AT)(x) = At (2),Vf € Aut(M).
Hence A% is an IFCI of M.

Proposition 4.25. Let M be a I'-ring with unities and L be its left operator ring
and B be an IFCI of M. Then B* is an IFCI of L, where B s explained in
Definition (4.5).

Proof. By Proposition (4.7), B* is an IFI of L. Let Yol € Land g €
Aut(L). Then by Theorem (4.23) 3, f € Aut(M) such that f+/ =g. Now

Bepeyy Qi adl) = g (9 lwi adl)) = g (FY (Dl i)

= gy (Z[f(fﬂi)a o)) = InfmeM(MB(Z f(zi)aim))

K3 7

= InfneM(MB(Z f(zi)a;f(n)))[ As f is a bijection so f(n) =m |
= I”fneM(MB(Z f(ziain))) = InfneM(MB(Z zioin))

[ As B is IFCI of M |
= gy (O [wiail).

Similarly, we can prove V(B+/)g(zi[$i, a]) = vy (O[T, i), de.,

B )9S, T, 04]) = Bt (Y i, o5]), Vg € Aut(L). Hence Bt is an IFCI of L.
(BF )9 (3w, i) ; g
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Theorem 4.26. Let M be a I'-ring with unities and L be its left operator ring.
Then 3 a one to one map between the set of all IFCIs of M and the set of all IFCIs
of L.

Ifroof. Let ¢ be a mapping from the set of all IFCIs of M to that of L. let D be
an IFCI of M. Let us define ¢(D) = D*". Then by Proposition (4.25), ¢(D) is
an IFCI of L. Let A be an IFCI of L. Then by Proposition (4.24), A" is an IFCI
of M. Then by Theorem (4.10), (A*)*l = A, ie., ¢(AT) = A. Thus ¢ is onto.
Again if for Dy, Dy of M such that ¢(D;) = ¢(Dy) then Di = Df = (D} )* =

(D;,)Jr = D; = Dy (by Theorem (4,10)). Therefore ¢ is one to one, hence the
proof.

Proposition 4.27. Let M be o I'-ring with left unity . [e;, 6;], right unity . [v;, ai
and L be its left operator ring. Let K be a characteristic ideal of L. Then K is a
characteristic ideal of M.

Proof. Let f € Aut(M). Then by Proposition (4.18), f*l € Aut(L). Hence
FH(K) = K. Let f(z) € f(K?), where + € K*+. Then [z,a] € K,Va € .
Hence f*l([x,a]) € f*l(K),Va el = [f(x),a] € K,Ya el = f(x) € K™. Thus
f(KT) C K*. Hence f7'(KT) C KV (since f € Aut(M) = f~' € Aut(M) =
Kt C f(K™). Hence f(K*) = K*. Consequently, K" is a characteristic ideal of
M.

Theorem 4.28. Let M be a I'-ring with unities and L be its left operator ring.
Then 3 an inclusion preserving one to one between the set of all characteristic ide-
als of M and the set of all characteristic ideals of L via the mapping K — K+
Proof. Let us denote the mapping ¢ : K — K+ Let K, I be two characteristic
ideals of M such that (K) = ¢(I). Then K+ = It = (K*)* = (I* )t = K =
I. (by Theorem (4.15). So v is one-one.

Let K be a characteristic ideal of L, then by proposition (4.27) K is a char-
acteristic ideal of M. Also (K+ )" = K. Thus ¢(K*) = (K1)t = K. Hence ¢ is
onto. From Theorem (4.15), it follows that % is inclusion preserving,.

5. Conclusion

In this paper, we studied the notion of intuitionistic fuzzy characteristic ideal
of a I'-ring. We have constructed an example of an intuitionistic fuzzy ideal which
is not an intuitionistic fuzzy characteristic ideal. A connection between the intu-
itionistic fuzzy characteristic ideal with its level cut sets has been studied. The
relationships between the set of all automorphisms of I'-ring and the corresponding
automorphisms of its operator rings have been investigated. We proved that there
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exists a one to one map between the set of all intuitionistic fuzzy characteristic
ideals of I'-ring and the set of all intuitionistic fuzzy characteristic ideals of its
operator ring. We see that these structures are useful in developing the concepts
like intuitionistic fuzzy prime ideals, intuitionistic fuzzy primary ideals and intu-
itionistic fuzzy semiprime ideals of a I'-ring.
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