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1. Introduction

In [1, 2], Carlitz initiated the study of the degenerate Bernoulli and Euler poly-
nomials and obtained some arithmetic and combinatorial results. In recent years,
many mathematicians have drawn their attention to various degenerate versions
of some old and new polynomials and numbers, namely some degenerate versions
of Bernoulli numbers and polynomials of the second kind, Changhee numbers of
the second kind, Daehee numbers of the second kind, Bernstein polynomials, cen-
tral Bell numbers, and polynomials, central factorial numbers of the second kind,
Cauchy numbers, Eulerian numbers and polynomials, Fubini polynomials, Stirling
numbers of the first kind, Stirling polynomials of the second kind, central com-
plete Bell polynomials, Bell numbers, and polynomials, type 2 Bernoulli numbers
and polynomials, type 2 Bernoulli polynomials of the second kind, poly-Bernoulli
numbers, and polynomials, poly-Cauchy polynomials, and of Frobenius-Euler poly-
nomials, to name a few [7-10, 18-28] and the references therein.

The degenerate versions of some special numbers and polynomials have been
studied by many researchers. The notion of degeneracy provides a powerful tool in
defining special numbers and polynomials of their degenerate versions. The most
important applications of these polynomials are in the theory of finite differences,
analytic number theory, and applications in classical analysis and statistics. Despite
the applicability of special functions in classical analysis and statistics, they also
arise in communications systems, quantum mechanics, nonlinear wave propagation,
electric circuit theory, electromagnetic theory, and so on.

The type 2 Bernoulli polynomials Bn(x), (n ≥ 0) and the type 2 Euler polyno-
mials En(x), (n ≥ 0) are respectively defined by (see [4])
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In the case when x = 0, Bn = Bn(0) and En = En(0) are called the type 2 Bernoulli
and Euler numbers.

The generalized Bernoulli polynomials of order r are defined by(
t
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)r
ext =

∞∑
n=0

B(r)
n (x)
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| t |< 2π (see [1, 7]). (1.3)
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When x = 0, B
(r)
n = B

(r)
n (0) are called the generalized Bernoulli numbers of order

r.
For any non-zero λ ∈ R (or C), the degenerate exponential function is defined

by
exλ(t) = (1 + λt)

x
λ , eλ(t) = (1 + λt)

1
λ (see [7-10]). (1.4)

By binomial expansion, we get

exλ(t) =
∞∑
n=0

(x)n,λ
tn

n!
(see [12, 15]), (1.5)

where (x)0,λ = 1, (x)n,λ = (x− λ)(x− 2λ) · · · (x− (n− 1)λ) (n ≥ 1).
Note that
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λ−→0

exλ(t) =
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n=0

xn
tn

n!
= ext.

In [1], Carlitz considered the degenerate Bernoulli polynomials given by
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(λ ∈ R). (1.6)

When x = 0, βn,λ = βn,λ(0) are called the degenerate Bernoulli numbers.
As is well known, the higher-order degenerate Bernoulli polynomials are con-

sidered by Carlitz [2] as follows:(
t
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1
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In the special case when x = 0, β
(r)
n,λ = β

(r)
n,λ(0) are called the higher-order degenerate

Bernoulli numbers.
From (1.3) and (1.7), we note that
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Thus, by (1.8), we get

lim
λ→0

β
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n,λ(x) = B(r)

n (x) (n ≥ 0).
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Jang and Kim introduced the type 2 degenerate Bernoulli polynomials defined by
(see [7])

t
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2λ
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x
λ =

∞∑
n=0

Bn,λ(x)
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n!
. (1.9)

When x = 0, Bn,λ = Bn,λ(0) are called the type 2 degenerate Bernoulli numbers.
The Bernoulli polynomials of the second kind of order r are given by (see [4])(

t

log(1 + t)

)r
(1 + t)x =

∞∑
n=0

b(r)n (x)
tn

n!
. (1.10)

From (1.3) and (1.10), we note that

b(r)n (x) = B(n−r+1)
n (x+ 1) (n ≥ 0).

Kim et al. [16] introduced the degenerate Bernoulli polynomials of the second kind
of order α defined by(

t

logλ(1 + t)

)α
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b
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. (1.11)

Note that lim→0 b
(α)
n,λ(x) = b

(α)
n (x) (n ≥ 0).

The Daehee polynomials are defined by

log(1 + t)

t
(1 + t)x =
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n=0

Dn(x)
tn

n!
(see [5, 12, 15]). (1.12)

When x = 0, Dn = Dn(0) are called the Daehee numbers.
Kim et al. [21] introduced the new type degenerate Daehee polynomials defined

by
logλ(1 + t)

t
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n!
(see [22]). (1.13)

When x = 0, Dn,λ = Dn,λ(0) are called the degenerate Daehee numbers.
Recently, Jang and Kim [4, 5] introduced the type 2 degenerate Daehee poly-

nomials of order α defined by(
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When x = 0, d
(α)
n,λ = d

(α)
n,λ(0) are called the type 2 degenerate numbers of order α.

The degenerate Stirling numbers of the first kind are defined by (see [18, 24])

1

k!
(logλ(1 + t))k =

∞∑
n=k

S1,λ(n, k)
tn

n!
(k ≥ 0). (1.15)

Note here that limλ→0 S1,λ(n, k) = S1(n, k), where S1(n, k) are called the Stirling
numbers of the first kind given by

1

k!
(log(1 + t))k =

∞∑
n=k

S1(n, k)
tn

n!
(k ≥ 0) (see [1-15]).

The degenerate Stirling numbers of the second kind (see [22]) are given by

1

k!
(eλ(t)− 1)k =

∞∑
n=k

S2,λ(n, k)
tn

n!
(k ≥ 0). (1.16)

It is clear that limλ→0 S2,λ(n, k) = S2(n, k), where S2(n, k) are called the Stirling
numbers of the second kind given by

1

k!
(et − 1)k =
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n=k

S2(n, k)
tn

n!
, (k ≥ 0) (see [16-28]).

The degenerate central factorial numbers of the second kind (see [20]) are given by

1

k!
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e

1
2
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1
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λ (t)
)k
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n=k

Tλ(n, k)
tn
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. (1.17)

Note that limλ→0 Tλ(n, k) = T (n, k) are called the central factorial numbers of the
second kind given by

1

k!

(
e

1
2 (t)− e−

1
2 (t)
)k

=
∞∑
n=k

T (n, k)
tn

n!
(see [11, 19]).

Motivated by the works of Sharma et al. [27], we first define type 2 degenerate
Daehee numbers and polynomials of the second kind. We investigate some new
properties of these numbers and polynomials and derive some new identities and
relations between the type 2 degenerate Daehee numbers and polynomials of the
second kind and Carlitzs degenerate Bernoulli polynomials.
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2. Type 2 degenerate Daehee polynomials and numbers
For λ ∈ R, the degenerate logarithm function logλ(1 + t), which is the composi-

tional inverse of the degenerate exponential function eλ(t) and the motivation for
the definition of degenerate polylogarithm function by (see [21])

logλ(1 + t) =
∞∑
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λn−1(1)n,1/λ
tn

n!
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1

λ

∞∑
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. (2.1)

Note that

lim
λ→0

logλ(1 + t) =
∞∑
n=1

(−1)n−1
tn

n!
= log(1 + t).

Let λ ∈ R. The new type of degenerate Daehee polynomials of the second kind are
defined by (see [27])
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1
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x
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. (2.2)

When x = 0, D̂n,λ = D̂n,λ(0) are called the new type of degenerate Daehee numbers
of the second kind.

From (1.16) and (2.2), we have

∞∑
n=0

D̂n,λ(x) =
∞∑
m=0

D̂n,λ(x)
1

m!
(eλ(t)− 1)m

=
∞∑
m=0

D̂n,λ(x)
∞∑
n=m

S2,λ(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

S2,λ(n,m)D̂n,λ(x)

)
tn

n!
. (2.3)

Comparing the coefficients on both sides of (2.3), we have

D̂n,λ(x) =
n∑

m=0

S2,λ(n,m)D̂n,λ(x).

Motivated by (2.1) and (2.2), we define the type 2 degenerate Daehee polynomials
of the second kind which are given by the following generating function to be
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.

(2.4)
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When x = 0, d∗n,λ,2 = d∗n,λ,2(0) are called the type 2 degenerate Daehee numbers of
the second kind.

Theorem 2.1. For n ≥ 0, we have
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Therefore, by (2.5), we obtain the result.

Theorem 2.2. For n ≥ 0, we have
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Therefore, by (2.6) and (2.7), we get the result.

Theorem 2.3. For n ≥ 0, we have
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Therefore, by (2.8) and (2.9), we obtain the required result.

Theorem 2.4. For n ≥ 0, we have
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Therefore, by (2.10), we obtain the result.
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For r ∈ N, we define type 2 higher-order degenerate Daehee polynomials of the
second kind by(

logλ(1 + t)

(1 + λ logλ(1 + t))
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When x = 0, d
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n,λ,2(0) are called the higher-order type 2 degenerate Daehee

numbers of the second kind.

Theorem 2.5. For n ≥ 0, we have
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Thus, by (2.12), we obtain the result.

Theorem 2.6. For n ≥ 0, we have

B
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d
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Proof. By replacing t by eλ(t)− 1 in (2.11), we get
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Therefore, by (2.13) and (2.14), we get the result.

Theorem 2.7. For r, k ∈ N, with r > k, we have

d
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Therefore, by (2.11) and (2.15), we obtain the result.
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It is well known that the type 2 degenerate Bernoulli polynomials of order r are
defined by (see [4])(

t

(1 + λt)
1
2λ − (1 + λt)−

1
2λ

)r
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x
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When x = 0, B
(r)
n,λ = B

(r)
n,λ(0) are called the type degenerate Bernoulli numbers.

Theorem 2.8. For n ≥ 0, we have
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On the other hand,(
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Therefore, by (2.17) and (2.18), we get the result.

Theorem 2.9. For n ≥ 0, we have
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Proof. Let us take r = −k and replacing t by eλ(t)− 1 in (2.11), we note that(
1
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tn

n!
. (2.19)

On the other hand,

1

tk

(
(1 + λt)

1
2λ − (1 + λt)−

1
2λ

)k
=
k!

tk

(
(1 + λt)

1
2λ − (1 + λt)−

1
2λ

)k
k!

=
k!

tk

∞∑
n=k

Tλ(n, k)
tn

n!

=
∞∑
n=0

Tλ(n+ k, k)
1(
n+k
n

) tn
n!
. (2.20)

Comparing the coefficients on equations (2.19) and (2.20), we get the result.

Theorem 2.10. For n ≥ 0, we have

d
∗(−k)
n,λ,2 =

n∑
i=0

i+k∑
m=k

(
n
i

)(
i+k
i

)T2,λ(m, k)S1,λ(i+ k,m)b
(k)
n−i,λ(1).

Proof. For k ∈ N, let r = −k, x = 0 in (2.11). Then we have

∞∑
n=0

d
∗(−k)
n,λ,2

tn

n!
=

(
(1 + λ logλ(1 + t))

1
2λ − (1 + λ logλ(1 + t))−

1
2λ

logλ(1 + t)

)k

=

(
t

logλ(1 + t)

)k
k!

tk

∞∑
m=k

T2,λ(m, k)
1

m!
(logλ(1 + t))m

=

(
∞∑
n=0

b
(k)
n,λ

tn

n!

)(
k!

tk

∞∑
m=k

T2,λ(m, k)
∞∑
i=m

S1,λ(i,m)
ti

i!

)

=

(
∞∑
n=0

b
(k)
n,λ

tn

n!

)(
k!

tk

∞∑
i=k

(
i∑

m=k

T2,λ(m, k)S1,λ(i,m)

)
ti

i!

)

=
∞∑
n=0

(
n∑
i=0

i+k∑
m=k

(
n
i

)(
i+k
i

)T2,λ(m, k)S1,λ(i+ k,m)b
(k)
n−i,λ(1)

)
tn

n!
. (2.21)
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Comparing the coefficients of t on both sides, we get the result.

Acknowledgements
The first author Waseem A. Khan thanks to Prince Mohammad Bin Fahd

University, Saudi Arabia for providing facilities and support.

References

[1] Carlitz L., Degenerate Stirling, Bernoulli and Eulerian numbers. Utilitas
Math., 15 (1979), 51-88.

[2] Carlitz L., A degenerate Staudt-Clausen theorem, Arch. Math., 7 (1956),
28-33.

[3] Dolgy D. V., Khan W. A., A note on type two degenerate poly-Changhee
polynomials of the second kind, Symmetry, 13(579) (2021), 1-12.

[4] Jang J.-W., Kim T., A note on type 2 degenerate Euler and Bernoulli poly-
nomials, Adv. Stud. Contemp. Math., 29 (2019), 147-159.

[5] Jang J.-W., Kim T., Revisit of identities for Daehee numbers arising from
nonlinear differential equations, Proc. Jangjeon Math. Soc., 20, 20(2) (2017),
163-177.

[6] Kaneko M., M. poly-Bernoulli numbers, J. Théor Nombres Bordeaux, 9(1)
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