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1. Introduction

Zadeh [36] introduced the concepts of a fuzzy set. Intuitionistic fuzzy set (in
short IF'S) introduced by Atanassov [1]. Intuitionistic fuzzy sets have been found to
be very useful in diversely applied areas of science and technology. A lattice is an
abstract structure studied in the mathematical subdisciplines of order theory and
abstract algebra. It consists of a partially ordered set in which every two elements
have a unique supremum (also called a least upper bound or join) and a unique
infimum (also called a greatest lower bound or meet). An example is given by the
natural numbers, partially ordered by divisibility, for which the unique supremum is
the least common multiple and the unique infimum is the greatest common divisor.
In the history of fuzzy mathematics, fuzzy relations were early considered to be
useful in various applications, and have therefore been extensively investigated. For
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a contemporary general approach to fuzzy relations one should look in Belohlavek:s
book [2], and also to other general publications e.g., the books by Klir and Yuan [§]
and Turunen [34]. Relational equations and applications are presented by Di Nola,
Sessa, Pedrycz and Sanchezin [5], and some new approaches to fuzzy relations are
given by Ignjatovic, Ciric and Bogdanovicin [7, 3]. Das [4] and Yijia [35] have
introduced the concept of fuzzy congruences in the background of semigroups. The
author investigated some properties of fuzzy algebraic structures [10-33]. In this
paper, the concepts of intuitionistic fuzzy equivalence relation and intuitionistic
fuzzy congruence on lattices are introduced and discussed. Let X and Y be lattices
such that A = (pua,va) € IFS(X xX) and B = (up,vp) € IFS(Y xY). We define
intuitionistic fuzzy congruences on lattice X as IFC'(X x X) and investigate some
properties of them. We introduce direct product of A and B and we prove that if
A€elFC(XxX)and Be IFC(Y xY),then AxB € IFC(X xY x X xY) and

under some conditions, we show the converse of about assertion. Finally, we prove
XxX YxXxY  XxYxXxY

A "B ~  AxB

isomorphism as factor lattices of similarity

classes.

2. Preliminaries

This section emphasizes on basic definitions, results and properties of lattices,
fuzzy sets and intuitionistic fuzzy sets, which serve as a prerequisite for the research
work done in the paper. For details we refer to [1, 6, 9].

Definition 2.1. Let P be a nonempty set. A partial order P is a binary relation
< on P such that, for all x,y,z € P, the following conditions are hold:

(1) x < x (reflexivity);

(2) x <y andy < x imply x =y (antisymmelry);

(8) x <y andy < z imply x = z (transivity).

A set P equipped with an order relation < is said to be an ordered set (or partially
ordered set or poset).

Definition 2.2. A partially ordered set in which every pair of elements has a join
(or least upper bound) and a meet (or greatest lower bound) is called a lattice.

Definition 2.3. Let L and K be lattices. Then map ¢ : L — K is an isomorphism
if ¢ is one-to-one, onto and if ¢(a ANb) = p(a) A p(b) and p(a VvV b) = p(a) V p(b)
for all a,b € L.

Definition 2.4. Let L and K be lattices. Define

N:LxK—>LxK by (ll,kl)/\(lz,k’g) :(ll/\lz,k’l/\k‘g) andV : Lx K - Lx K
by (ll, ]{Zl) vV (lQ, k’z) = (ll vV 12, ]{71 \ kg) fOT’ all ll,lg € L and ]{71, k’g € K. Then L x K
will be a lattice called the direct product of L and K.
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Definition 2.5. Let X be an arbitrary set. A fuzzy set of X, we mean a function
from X into [0,1]. A fuzzy binary relation on X is a fuzzy set defined on X x X.

Definition 2.6. For sets X,Y and Z, f = (f1, f2) : X — Y X Z is called a complex
mapping if f1 : X =Y and fo : X — Z are mappings.

Definition 2.7. Let X be a nonempty set. A complex mapping A = (pa,va) :
X — [0,1] x [0,1] is called an intuitionistic fuzzy set (in short, IFS) in X if
pa +va < 1 where the mappings pua : X — [0,1] and v4 : X — [0,1] denote the
degree of membership (namely pa(x)) and the degree of non-membership (namely
va(x)) for each x € X to A, respectively. In particular Ox and Ux denote the
intuitionistic fuzzy empty set and intuitionistic fuzzy whole set in X defined by
Dx(xz) =(0,1) ~ 0 and Ux(x) = (1,0) ~ 1, respectively. We will denote the set of
all IFSs in X as IFS(X).

Definition 2.8. Let X be a nonempty set and let A = (ua,va) and B = (up,vp)
be IF'Ss in X. Then

(1) Inclusion: A C B iff pa < up and vq > vg.

(2) Equality:A = B iff AC B and B C A.

3. Intuitionistic Fuzzy Congruences on Product Lattices

Definition 3.1. Let X be a non empty set and A = (ua,va) € IFS(X x X).
We say that A = (ua,va) is an equivalence relation on X x X if the following
conditions hold:

(1) Az, ) = (1,0),

(2) Az,y) = Aly, @),

(3) A(ZL‘, Z) 2 (SupyeX{ﬂA(w7y) N //“A(ya Z)}7infy€X{V(xv ?J)A v VA<y7 Z)})v

forall x,y, z € X.

Remark 3.2. Note that in Definition 3.1 we get the follwing statements for all
x,y, 2 € X.

(1)
A(z,z) = (1,0) <= A(z,z) = (pa(z,x),va(z,z)) = (1,0) <= pa(z,x) = 1L,va(x,z) = 0.
(2)

Az,y) = Ay, z) <= A(z,y) = (na(z,y),valz,y)) = Ay, ©) = (na(y, ), valy, v))

= pa(r,y) = paly,z) and  va(z,y) =valy,z).

(3)
Az, z) 2 (Slel)r;{u(x,y) Ay, Z)}7ng)f({u(w, y) vV u(y, 2)})

= Al 2) = (pale,2).vale.2)) 2 (sup{pale, ) Apaly.2)} ind v,y 4V valy. )
yeX ye
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<~ (pa(x,z) > sup{pa(x,y) ANualy,z)}  and  va(z,z) < inf {va(z,y) Vrvaly, 2)}.
yeX yeX

Definition 3.3. Let A = (ua,va) € IFS(X x X) be an equivalence relation
on X X X. The similarity class for each v € X 1is the intuitionistic fuzzy set
Ay X —[0,1] x [0,1] such that A,(y) = A(z,y) for ally € X.

Lemma 3.4. Let X be a non empty set and A = (pa,va) € IFS(X x X) be an
equivalence relation on X x X. Then A, = A, if and only if A(z,y) = (1,0) for all
z,y € X.

Proof. Let z,y € X. If A, = A,, then A,(y) = A,(y) = A(y,y) = (1,0) and then
A(z,y) = (1,0).

Conversely, if A(z,y) = (1,0), then A,(y) = (1,0) = A,(y) and so A, = A,.

Definition 3.5. Let X be a lattice and A = (pa,va) € IFS(X x X) be an
equivalence relation on X X X. Then A = (ua,va) is join compatible if

A(xy V 2o, y1 Vy2) = (a(z1 V 22,91 V y2), va(T1 V T2, 11 V Y2))

O (pra(mr,y1) A pa(z2, y2), va(zr, y1) V va(ze, y2))

and A = (pua,va) is meet compatible if
Az Az, 91 Aya) = (palzr Az, Y1 Aya), va(m1 A T2, 91 A ya))

2 (,UA(HH, Y1) A MA($2,y2), VA(%, Y1) V VA(9€2>?J2))

for all xy,x9,y1,y2 in X. If A = (a,va) is both join compatible and meet compat-
ible, thenA = (pua,va) is an intuitionistic fuzzy congruence on X x X.

Denote by IFC(X x X), the set of all intuitionistic fuzzy congruences on lattice
X.

Example 3.6. Let X be a non empty lattice and A = (ua,v4) € IFS(X x X).
Define
1 fx=y
Ha(e,y) = { 0 otherwise

and

I U
valz,y) = { 1 otherwise.
Then A = (pa,va) € IFC(X x X).

Lemma 3.7. Let X be a lattice and A = (ua,va) € IFS(X x X) be an equivalence
relation on X x X. Then
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(1) A = (pa,va) is join compatible if and only if A(xy Vt,y1 V) D Az, 1),
(2) A= (ua,va) is meet compatible if and only if A(xy ANt,y1 At) D A(zy,y1),
for all xv,y1,t in X.

Proof. Let x1, x5, y1,y2,t in X.

(1) If A= (pa,va) is join compatible, then

A(xy Vi, V) = (pa(xy Vi, yr Vi), valzy Viyp Vi)

D (pa(zy,y1) Apa(t t), valz,yi) Vva(t,t))

which means that

palxy Vi, g Vi) > palzr, yr) Apa(t,t) = pale, y) AL = palzr,p)
and then
palzr Vi, yn Vi) > pa(z, ). (a)
Also

va(i Vi, Vt) Sva(w,yn) Vvaltt) = vale,y) VO = va(z, m)
thus
va(zy Vi,yr V) <wvalzy,yr).  (b)
Now from (a) and (b) we will have that

A(xy Vit,yr V) = (palxy Vi, yn V), va(zy Vi iy ViE))

2 (pa(zr,y1), valr, 1)) = A1, 11).

Conversely, let A(xy,y1) C A(zy Vi, y1 Vt) and A(za,y2) € A(xe Vi, y2 V). Then
pa(@y,yn) < pazr Vi g Vt) and pa(a,y2) < palze Vi g Vi), Now

pa(riV e,y V) = pa((z,y1) V (22, 92))

> . t)seu)gxx{m((:vl,yl) V (£, 6) A pa((t,t) V (22, 92))

= . t)seu)g)XX{MA((m, Y1) V (4, 1) A pa((xe,y2) V (£,1))}

= sup {pa(zi Vi, yi VE) Apa(za Vi, ya ViE)}
(tt)eX XX

> pra(z1, Y1) A pa(Ta, y2)
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and then
pa(m1V o2, y1 V) > pal@r, yi) A palre, y2).  (a)
Also as A(z1,y1) € A(xy Vit,y1 V) and A(za,y2) C A(xe Vi, y2 V1) so va(zy,y1) >
va(zy Vit,yr Vi) and va(zg, y2) > va(za Vi, ye V t). Thus
va(xy V xe,y1 Vy2) = va((z1,91) V (22,92))

< inf - {va((en,pn) V(6 D) Vva(t, )V (22,2)) }

(tt)eX xX
= inf vV (t,t))V V(L1
(t’t)lenXXX{VA((xlyyl) (t,8) Vval(za, y2) V (£, 1)) }
= inf Vi Vi)V Vi Vi
(t,t)lenXxX{VA(xl St Vi) Vva(ee Vi, ya ViE)}

< wva(z1,y1) V va(za, y2)
and
va(zi Ve, y1 Vy2) S valwy, i) Vval(ze, y2).  (b)
Therefore (a) and (b) give us that

Az V 22,91 Vya) = (palzr V 2o, y1 V ya), va(x1 V 22,51 V y2))

O (pal(@r,y1) A pa(za,y2), va(zr, y1) V va(ze, y2))

which means that A = (ua,v4) is join compatible.
(2) The proof is similar as (1).

Definition 3.8. Let X and Y be lattices such that A = (pa,va) € IFS(X x X)
and B = (up,vg) € IFS(Y xY). Define Ax BEIFS(X XY x X xY) as
AX B = (pa,va) X (1B, vB) = (fta X pip, VA X VB) = (fLaxB, VaxB)

such that

paxs((x1,91), (T2, 92)) = pal(zy, v2) A sy, y2)
and

vaxe((z1,11), (T2, 12)) = val(x1, 22) V ve(y1,92)

for all x1,x9 in X and y1,ys inY.
Thus

(A x B)((z1,11), (¥2,92)) = (pa(w1, 22) A (Y1, Y2), va(r1, 2) V v5(Y1, y2))

for all x1,x9 in X and yi,ys inY.
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Preposition 3.9. Let X and Y be lattices and A = (pua,va) € IFC(X x X) and
B = (up,vg) € IFC(Y xY). Then Ax BEIFC(X xY x X xY).
Proof. (1) Let x € X and y € Y. Then

(A X B)((x7y)’ (l’,y)) = (MAXB((x7y)7 (IL’,y)),VAxB((&T,y), (x,y)))

= (MA(.T,.T) AMB(:U?y)ﬂ/A(max) \ I/B(y>y)) = (1 A 170 \ 0) = (170)
(2) Let 21,29 € X and y;,y2 € Y. Then

(A x B)((w1,91), (z2,y2))

(Haxs((@1,91), (22, 92)), vaxp((z1,41), (22, 92)))
= (na(r1,22) A p(Y1,y2), va(zy, ©2) V ve(y1, y2))
= (pa(e, ©1) A ps(Y2, Y1), va(e, ©1) V v(Y2, Y1)

(taxs((z2,92), (x1,91)), vax (22, y2), (21,41)))

= (A x B)((z2,y2), (x1, 1))
(3) Let @1, 9,23 € X and y1,y2,y3 € Y. Then

paxs((x1,y1), (x3,93)) = pa(zy, 3) A ps(yL, ys)

> sup {pa(zy, 2) A pa(we, v3)} A sup {up(yr, y2) A us(ye, y3)}

ro€X y2€Y

= sup  {pa(@1,22) A palze, x3) A sy, y2) A sy, ys) b
(r2,y2)EX XY

= sup  {pa(r,z2) Aps(y, y2) A pa(ze, 3) A pe(y2, ys)}
(r2,y2)EX XY

= sup  {pasxs((z1,91), (T2, 92)) A pass((z2,v2), (23,93)) }-
(2,y2)EX XY

Also

Vaxs((w1,y1), (x3,93)) = va(w1, 23) V vB(Y1,Y3)
< inf {va(21, 22) V va(ae, 23)} V inf {vp(y1,v2) V vs(y2,y3)}
ro€X y2€Y
= inf  {va(xr,22) Vva(zs, z3) V sy, v2) V ve(ye, vs)}
(xg,yz)EXXY

= inf  {va(xr,22) Vvg(yr,y2) V va(es, x3) V vp(ys, ys)}
($2,y2)€X><Y

= inf {VAxB((Jﬁl, yl), (1‘27 Z/Q)) \ VAXB((x% y2)7 (55'3, yS))}-
(z2,y2)EX XY
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Thus

(AxB)((z1,91), (23,93)) 2 ( sup  {paxp((@1,91), (22, 92)) Apax (22, y2), (23,93)) }
(z2,y2)EX XY

; inf  {vaxs((w1,91), (22,92)) V vaxs((72,42), (23,¥3))}).
(2,y2)€X XY

Therefore from (1)-(3) we get that Ax B is an equivalence relation on X XY x X xY.
Now we show that A x B is join and meet compatible. Let (t1,t2) € X x Y then

paxs((T1,91) V (ti, ta), (22,92) V (1, t2))

= taxp((x1 Vi1, y1 Vi), (x2 Vi1, ys Via))
= pa(x Vi, Vi) Aup(ze Vi, ye Vi)
> pa(zy, y1) A ps(re, y2) = paxs((@1,y1), (22, 42))

and so

pax((T1,y1) V (t1, t2), (22, y2) V (t1,t2)) > praxp((21,91), (22, 42)).  (a)

Also
vaxp((@1,41) V (t1, t2), (v2,92) V (t1,12))
= vaxp((z1 Vi1, y1 Vita), (22 Vi1,y2 V t2))
=va(z1 Vi, y Via) Vg(za Vi, ye Via)
< wvalz,y1) V vp(22,92) = vaxs((T1, 1), (T2, ¥2))
and so

vaxp((21,51) V (t1, b2), (32, 42) V (t1,12)) < vasp((z1, 1), (22,42)). (D)
Now from (a) and (b) we get that
(A X B)((z1,91) V (t1,2), (x2,52) V (11, £2)) 2 (A X B)((x1,41), (22, 12))
and so by Lemma 3.7 (part(1)) we obtain that A x B is join compatible. Also
paxp((21,51) A (s t2), (22, 42) A (B, 12))

= paxp((z1 At g1 A ta), (T2 At1,y2 A ta))
= pa(z1 ANty 00 A ta) A pp(z2 Aty ya A ta)
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> pa(r1,y1) A ps(r2,¥2) = paxs((T1,91), (T2, y2))
and so
paxp((T1,y1) A (t1st2), (T2, y2) A (t1,t2)) > praxp((21,91), (T2, 92)).  (a)

Also
vaxp((z1,71) A (1, t2), (22, y2) A (t1,t2))

= vaxp((x1 A t1,y1 Ata), (T2 At1, Y2 A ta))
= va(zi ANty A ta) Vvg(me At ya Aly)

<wva(x1,y1) Ve(rse,y2) = vaxs((@1,11), (T2, 92))
and

Vaxp((x1,y1) A (t1,t2), (2, y2) A (t1,t2)) < vaxp((@1,11), (22,92)). (D)

Thus from (a) and (b) we can say

(A x B)((z1,y1) A (t1,ta), (T2, y2) A (1, t2)) 2 (A X B)((z1,91), (22, y2))

and as Lemma 3.7 (part(2)) so A x B is meet compatible.
Therefore Ax Be IFC(X xY x X xY).

Example 3.10. Let A = (ua,v4) € IFS(X x X) such that

1 fx=y
pa(@, y) = { 0 otherwise
and .
_J O Hx=y
va(e,y) = { 1 otherwise.

Define A X A = (ptaxa,Vaxa) € IFS(X XY x X xXY) as:

MAXA((ma y)> (Za t) = “A(x’ Z) A 'uA(y’ t) - { (1) i)fﬂ(li;\:zl)IS: <Z7t)

and
0 if (z,y) = (2,t)
1

VAXA((xvy)a (Z7t) = VA(‘T7 Z) v VA(Z/’t) - { otherwise

for all x,y, z,t € X.
Then A = (ua,va) € IFC(X x X) and A X A = (taxa,Vaxa) € IFC(X XY X
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X xY).

Proposition 3.11. Let C = (uc,ve) € IFC(X xY x X xY). Then for all
1,79 € X and y1,y2 € Y we have the following statements.

('Z) C((‘Thyl)v (12,91)) = C(($17y2)7 (m27y2))'
(2) C((l"l,?/l), (xlayZ)) = C((z2, 1), (w2,12))-
Proof. Let 1,29 € X and y1,y, € Y. Then

(1)
C(z1,y1), (22, 51)) < C((z1,91) V (21 A 22, y2), (T2, 91) V (21 A 22, Y2))

(Lemma 3.7 part(1))
= p((z1 Vo1 Az, 91 Vy2), (22 Vo1 Axo, 1 V) = C((w1, 91 V y2), (22,91 V 92))

< C((x1,y1 Vy2) A (21 V T2, 92), (T2, 91 V Y2) A (21 V 22,y2)) (Lemma 3.7 part(2))

=C((x1 ANx1 V2o, 11 VY2 Aa), (T2 Ay V o, 1 Ve Aya)) = C(21,92), (T2, 42))-

Similarly we can prove that C'((z1,y1), (z2,91)) > C((x1,y2), (2, y2)) and thus

C(z1, 1), (w2,91)) = C(21, 92), (22, 42)).
(2) The proof is similar as (1).

Not that we can prove the converse of Proposition 3.9 such that if C' = (u¢, ve) €
FCOT(X xY x X xY), then C = A x B where A = (pua,va) € [IFC(X x X) and
B = (MB;VB) € [FC(Y X Y)

Proposition 3.12. Let C' = (uc,vc) € IFC(X xY x X xY). Define A =
(a,va) € IFS(X x X) and B = (up,vp) € IFS(Y xY) by:

A(;Cl, 1’2) = (,UA(xla $2)7 VA<x17 xQ))

= C((z1,31), (v2,11)) = (pe (21, 11), (22, 91)), ve (21, 11), (T2, 91))

and
B(yl,y2) = (MB(Z/L%), VB(ylaQQ))

= O((xlayl)v (wla yQ)) = (MC((l'hyl); (1‘1, y2))’ VC((xla yl)? (xlny))

for all x1,29 € X and y1,yo € Y. Then C' = A x B.

Proof. Using Proposition 3.11 we obtain that A = (pa,v4) and B = (up,vg)
are well defined. Firstly, we must prove that A = (ua,va) € IFS(X x X) be an
equivalence relation on X x X and B = (ug,vg) € IFS(Y xY) be an equivalence
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relation on Y x Y.
(1) Let 1 € X and y; € Y. Then

A(zy, 1) = (pa(zy, 21), va(ry, 21)) = C((21,91), (21, 91))

= (MC((xhxl)v (mlaml))7yc(<x1’xl)> (mhxl)) = ((170) ~ 1, (O’ 1) ~ O) - (1’())'
(2) Let 21,29 € X and y;,y2 € Y. Then

A1, 22) = C((21, 1), (22, 11)) = C((22,31), (21, 91)) = A(z9, 71).

(3) Let 21,23 € X and y;,y3 € Y. Then
Az, 23) = (a1, 23), val(z, 3))

= C((xlayl)a <$37 yl)) = (MC((xhyl)? (1'37 yl))a VC((xla 3/1)7 ($3,y1))-
As
a1, 23) = pe((z1, 1), (T3, 91))

> sup {nc((z1,11), (x2,y2)) A pe((x2,y2), (T3, 91)) }
(z2,y2)€(X XY)

> fg{uc((m, Y1), (22, 1)) A (w2, 91), (23,91)) } = xsg{m(wl, To) Aia(Ta, T3)}

and so

pra(x1, z3) > SUI)J({MA<5L’1;372) Apa(re,x3)}. ()
xr2€

Also
VA(fE17$3) = Vc((I1,y1)> ($37?/1))

< inf {ve((x1,11), (x2,y2)) V ve((za, y2), (x3,y1)) }
(22,y2)€(XXY)

< Jnf tvo((@y, 1), (v2,51)) Vve((@2, 1), (23,51))} = nf {valzr, 22) Vva(ez, 2s)}

and thus
va(r,es) < inf {va(z, 22) Vva(es,2s)}. (D)
T2

Therefore
Az, x3) = (pa(rr, z3), va(zr, x3)) 2

(S‘llg({/m(l’h@) A MA($2,$3)}7 ilg;{{VA(xlaxZ) % VA(@, xs)})
T2 € T2
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which means that A = (ua,va) € IFS(X x X) be an equivalence relation on
X x X.
Now

A(z1Vag, xoVas) = C((x1Vas, y1), (xaVas, y1)) = C((x1, y1)V (T3, 1), (22, y1)V (23, y1))

> C((z1, 1), (w2, 91)) = Alxy, 72)

and
Az A3, 29AT3) = C((01AT3,91), (T2AT3, 1)) = C((21, Yy1)AN (T3, Y1), (T2, Y1) A (T3, Y1)

> C((x1, 1), (22, 91)) = A2y, 72)

mean that A = (ua,va) € IFC(X x X).
In a similar way it can be proved that B = (ug,vg) € IFC(Y xY).
Next we must show that C = A x B as

C((r1,11), (T2, 92)) = (He((x1, 1), (02, 92)), vo((z1,91), (72, 92)))

= (paxs((1,91), (T2, 42))), Vaxs((z1, 1), (72, 92))))
= (pa(z1, 22) A (Y1, y2), valxr, £2) V vB(y1, ¥2))
for all x1, 29,23 € X and yy1,ys,ys € Y. Firstly, we must prove that
Mc((xh yl), ($27 yz)) = NAXB((xhyl)a (ﬁzu 92)))‘
As

pe((T, 1), (22, 92) < pe((@, 1) A (@0 V 22,1 Ay2)), (T2, 92) A (21 V 22,91 A ya))
(Lemma 3.7(1))
= po (T AL VT2, Y1 AYL AY2), (T2 ATV T, Yo ANY1AY2)) = pie (21, y1AY2), (T2, y1AY2))

= pra(21, T2).
Thus
pe((T1,91), (w2, 92)) < palzr, T2). (a)
Also

pe((T,y1), (12, 2)) < po((w1,y1) A (21 Az, 91 V 12)), (T2, 92) A (21 A T2, 91 V 12))
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(Lemma 3.7(1))
= pie((xAATLAZ2, Y1 AYLVY2), (T2 AT AT 2, Y2 ANY1VY2)) = po((T1AT2, Y1), (1 AZ2, Ya2)

= pp(Y1,Y2)-
Then
pe (@1, 1), (22, 92)) < sy, y2). (b)
Now from (a) and (b) we get that

pe((r1, 1), (T2, 42)) = pe((@1,v1), (T2, y2)) A pe((T1,11), (T2, 92)))

< pa(zr, 22) A sy, y2)) = paxs((T1,y1), (T2, y2))
and then
po (w1, 1), (T2, 42)) < paxs((z1,y1), (22, 92))- (c)

Now
paxs((x1,y1), (T2,92)) = pa(z1, v2) A ps(y1, y2)

= pc((z1,y3), (T2, y3)) A po((zs,41), (23, 2))

= no((1, 11AY2), (T2, Y1 Ay2)) A ((x1 Az, y1), (T1AZ2,92))  (Proposition 3.11)
< pe((@, 91 Ay2) V(21 Azg, y1), (T2, y1 Ay2) V(21 A 22, 42))) (Definition 3.5)
= pc((z1Var Aza, y1 Ay V), (22 Vo1 Aza, 1 Aya V y2)) = pe((z1,41), (22, 92))-
Then

taxs((@1, 1), (%2, 92))) < po((@1,91), (32, 92))- (d)
Then by (c¢) and (d) we obtain that

pe((z1, 1), (T2, 92)) = paxp(z1,91), (22, 92)))- ()

Now we prove that

ve((1,41), (T2, ¥2)) = vaxp((z1,91), (T2, 92))).
Then

ve((x1,11), (22,y2)) > ve((x1,y1) A (21 V o, 1 A Y2)), (T2, y2) A (21 V 22,71 A Y2))

(Lemma 3.7(1))

= vo((e1 AT VX2, Y1 AL AY2), (B2 ATV T2, Yo ANY1 AY2)) = Ve (21, Y1 AY2), (T2, Y1/AY2))
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= pra(21, T2).
Thus
ve((z1, 1), (T2, Y2)) > va(zr, 22). (f)
Also

vo((z1,91), (02,92)) = vo((w1,y1) A (21 A2, 41 V y2)), (T2, y2) A (1 A 2,91 V Ya2)
(Lemma 3.7(1))

= vo((T1 ANTIAT2, Y1 A1 VY2), (B2 AT1AZ2, Yo A1 VY2)) = ve((21AZa, 11), (X1 A2, Y2)

= vp(Y1,Y2)-
Then
ve((z1,y1), (22, 92)) = vB (Y1, y2). (9)
Now from (f) and (g) we get that

ve((r1,41), (22, ¥2)) = vo((z1, 1), (22, 92)) V ve (w1, 91), (T2, 42)))

> va(w1,m2) V sy, ¥2)) = vaxs (21, 41), (72,92))
and then
ve((1, 1), (T2, y2)) 2 vaxs((z1,11), (2, 92)). (h)

Now
VAXB((xlu?h)’ (%JJQ)) = VA(1'17$2) Vv MB(yl,?ﬁ)

= vo((z1,43), (22,93)) V vo((2s, 11), (23, 92))
ve((z1, y1AY2), (T2, 11 Ay2) ) Ve (X1 Az, y1), (21AZ2, y2)) (Proposition 3.11)
> ve((x, 11 Ay2) V(21 Ao, y1), (T2, 11 Ay2) V(21 A Z2,Y2))) (Difinition 3.5)
ve((T1 Vo Axe, gt Aya V), (22 Vo A2, y1 Aye V) = ve((z, 1), (22, 42)).-
Then

vaxe((21,y1), (T2, 92))) = ve((w1,41), (22, y2))- (4)
Then by (c¢) and (d) we obtain that

ve((z1, 1), (22,12)) = vaxs((w1,y1), (22, 92)))- (J)

Therefore (e) and (j) give us that

Cl(x1,1), (22, 82)) = (e ((@1,31), (22, 32)), ve (21, 91), (22, 12)))
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= (paxs((z1,41), (22, 92))), vaxp((21,91), (22, 92)))) = (A X B) (@1, 41), (22, 42))))
which yields C'= A x B.

Remark 3.13. In the Propositions 3.9 and 3.12 it is also proved that if C €
IFC(X xY x X xY), then we can define A € IFC(X x X) and B € IFC(Y x
Y) such that C = A x B where A(zy,22) = C((x1,9), (z2,y)) and B(yi,y2) =
C((z,y1), (x,y2)) for all x,x1,29 € X and y,11,y2 € Y.

Definition 3.14. [f A € IFC(X xX), then A = (ua, va) is an equivalence relation

X
Z denote the set of
X x X

on X X X and so it determines similarity classes. Let

all similarity classes of X x X determined by A. Suppose ={A, |z € X}
where A; : X — [0,1] such that A,(y) = p(z,y) for all y € X. Define two binary

X x X
“ 2 by A TTA, = Apyy and A, T A, = Aupy for all

operations || and [] on

X xX
x,y € X. Then a
which is called the factor lattice of X x X corresponding to A.

Proposition 3.15. Let X,Y, A = (pa,va),B = (up,vp) and A x B be as in
X XY xXxY
Proposition 3.9. Then the factor lattice X Ax

together with the binary operations [[ and [] is a lattice,

corresponding to A X B

Ax B
X xX Y xY
15 1somorphic to the product of the corresponding factor lattices Z and 2 .
X xX Y xY

Proof. Let

={A, |z € X} and

= {B, |y € Y} such that

X xYxXxY
Ax B

={(AX B)ay | (x,y) € X xY}.

Define the map

X xX Y xY XXxYxXxY
TA T B 7T AxB
as
P(Az, By) = (A X B)(zy).
Let 1,29 € X and y;,y2 € Y. Firstly, we show that ¢ is well defined. If
(A, By,) = (A, By,), then A, = A,, and B,, = B,, so A(z1,22) = (1,0)
and B(y1,y2) = (1,0) which mean that (A x B)((z1,41), (x2,92)) = (1,0) and
then (A X B)@, 4.)(2,42) = (1,0) and Lemma 3.4 give us that (A X B), 4) =
(A X B)(z,.4) and thus ¢ is well defined.
Secondly, we prove that ¢ is one to one. Let

(A X B)(x1,y1) = (A X B)(xz,yz)
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then
(A x B)((w1,31), (72,92)) = (1,0)
which means that
(a(xy, x2) A ps(y1,y2), va(z1, x2) V vg(yr, y2)) = (1,0)
and so
pa(xr, 2) A pp(yi, y2) =1 and va(zi,z2) Ve, y2) =0
and then

pa(zy, ) =1 = pup(y1,y2) and va(xy,x2) =0 =vg(y1, y2)).
Now we will have that

A(z1,72) = (palz1,72), va(21,72)) = Land B(y1, y2) = (1B (Y1, y2), vB(Y1, Y2)) = 0.

By Lemma 3.4 we get A,, = A,, and B,, = B,, and then (4,,, B,,) = (A.,, By,)
which yields ¢ is one to one.

Thirdly, It is clearly that ¢ is onto.

Finally, we prove that ¢ is a lattice homomorphism. Let

X xX " Y xY
A B
and [[(J]) be the join(meet) in factor lattice. Then
@((Axn By1) H(Al“m Byz)) = SO(A:M H Ay By, H BZJQ) = ©(Azyvass By1\/y2>

(Definition 3.14)
= (A X B)(J?1Vx2,y1Vy2) = (A X B)(Ilyyl)V(MVyz) = (A X B)(Ihyl) H(A X B)(l‘27y2)

= @(Az, B'!Jl) H @(Axw Byz)'

<A$17 Byl)’ (Am27 By?) 6

Similarly

¢((Asy, Byy) H(Axw By,)) = ¢(Azy, By,) H P(Asy, Byy).

Therefore ¢ is a lattice homomorphism and proof is complete.
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