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1. Introduction
Wright Function.

Wright function is a powerful technique for the solution of problems in mathe-
matics, mathematical physics and engineering. From the early days of the Wright
function the subject has been an area of great theoretical research and practical
applications and it continues to be in so our day. Many studies related to the
Wright function are found in numerous research papers [1, 2, 3, 4, 5, 9, 10, 11,
12, 13, 18]. The generalized hypergeometric Wright function introduced by Wright
[17, 18] in terms of generalized hypergeometric function form and defined by
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where
a;,Bj € R=(—00,00),(a;,3; #0, i =1,2,..p & j=1,2,...q)

where z € C' is the set of complex numbers and I'(z) is Euler Gamma function [14,
sec 1.1] condition for the existence of equation (1.1) together with its representation
in terms of Mellin Barnes integral and of H-function where established in [14, 17].
In particular Wright hypergeometric function in an entire function if therefor the

condition . )
> Bi=> >l (1.2)
j=1 i=1

This paper deal with various integral formulas involving the Wright function. Each
formula given here can be established by employing the definition for the Wright
function evaluating the inner integral with the help of some already known integral
and Changing the order of integration. We mention below a some interesting
results.

Main Results
2. Integral with Algebraic Function.
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i)l,pv (Pa 1) } . (2.2)
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Putting, x =t + 1 & dx = dt we get
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By using

% a1 —(B+a) 4, L(@)I(B)
/0 1+ 1) dt_—r(a+ﬁ)'

(ahﬁi)l,pa (p -0,
(o, Bj)1gr  (p,—1

Iy = / (x4 p) "V, (22)de
0

D (0), 1Ty {z )1)} | (2.3)

Putting x = tu & dx = udt, we get
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Using the formula ([14], p. 261)
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3. Integral with Jacobi Polynomlals
The Jacobi polynomials P\* )( ) ([14]. P. 254) may be defined by

(1+ ),
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n, 1+a+p+n; x} (3.1)
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When o = § = 0. The polynomial in (3.1) becomes the Legendre polynomial ([§]

P. 157). From (3.1) it follows that pie? (x) is a polynomial of degree precisely n

and that
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By using the formula ([14], p. 52)
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Providing : 4 > —1 and v > —1. We arrive at
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(a4, Bi)ip, (O+s+v+1h), (§+s+1,h)
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Provided Re(v) > —1,|arg z| < 37(2, h and § are positive numbers.
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Now using (3.1) in above expression, we have
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Using formula (2.6), we arrive at
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Provided Re(v) > —1,|arg z| < 37, h and 0 are positive numbers.
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Using (2.6) in (3.7), we obtain
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Using (2.6) in (3.9), we get
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Provided | arg z| < 3.
4. Integral with Bessel Maitland function
The special case of the Wright function (1.1) ([3], Vol. 3, Section 18.1)
¢(B,b;z) = oV [_(b,B)|Z]
= 1 2*
-5 -z 4.1
~ T'(Bk +b) k! (4.1)

with complex z,b € C' and real B € R. When B =6, b = v + 1 and z is replaced
by —z, the function ¢(d, v + 1; —2) is defined by J?(2)
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and such a function is known as the Bessel Maitland function or the Wright gen-
eralized Bessel function. see ([10], p. 352).

IH:/ ' 7 (), (227 )d.
0

]:
Using formula ([14], p. 55)
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Where
(i) |argz| < 370
(ii)) y—7y>0,v>0
(i) 0<7<land R(I+1) >0
5. Integral with Legender Function

Legender Function
The Legendre functions are solution of Legendre’s differential equation ([2], sec
3.1, vol. 1)
d*w dw

(1— 22 )E—ZZE%—[ v(v+1) — p*(1—2*)"Hw =0 (5.1)
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where z, v, u unrestricted. Under the substitution w = (2% — 1)*", (5.1) becomes

d? d
u_zazg—mu+m%£+wu—m@+u+¢p:o (5.2)
and with & = % — %z as the independent variables this differential equation becomes
d*v
5(1—5)@—(M+1)(1—2§)d—§+(’/—ﬂ)(”+/~b+1)”=0- (5.3)

This is the Gauss hypergeometric type equation with a =y —v,b=v+ pu+1 and
¢ = i+ 1. Hence, it follows that the function
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is a solution of (5.1). The function P*(z) is known as the Legendre function of first
kind ([16], vol. 1). It is one valued and regular in z-plane supposed cut along the
real axis form 1 to —oo.
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Now using the formula ([2], sec. 3.12; vol. 1)

1
/ 271 — 2)92 P8 (x)dx
0

(—1)°71/2279 =D (0)T(1 + 6 + v)
FE+2+3-OI(1+2+3+40(1—-5+v)
Provided Re(o) >0, 6 =1,2,3,... .
Then, (5.4) becomes

p

o 1] T (ci+ Bik)

Z i=1 2 (=1)°w/227 T (g +- yk)D(1 + 6 + v)
q El

1 o+vk ) % o+vk ) v
kZOHFa]—i—ﬁ] k-r(§+Tv+§—§)F(1+TW+§+§)F(1—5+I/)
7j=1




Integral Formulas for Wright Function 71
p
o H ['(a; + Bik)
_(=1)’x' P2 5F(1+5+V Z i=1
N 1—96+v) a
H =TI 0(a + Bk)
j=1
y [(o+ k) 2Rk
G+ S+ - pra+ 52 +i+p R
C(=1)(m)VR2 T (14 6+ )
I'li—o+v)
Xpir gy |27z | (0 Dol . , o , 5.5
! QH{ (05 Be (3+5+5-53), (1+5+5+5.3) 55
Provided : |arg z| < %’ﬂ'Q, o > 0 and ¢ is non negative integer.
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6. Integral involving Hypergeometric function

Hypergeometric Function
In the study of second-order linear differential equations with three regular
singular points, there arise the function

F(a,b,c;z) = 1+Z%Z—T. (6.1)

For ¢ neither zero nor a negative integer in (6.1) the notation
(@), =ala+1)(a+2)..(a+n—1), n>1.

(Oé)o = 17 Q 7é 0
is called the factorial function and the function in (6.1) is called the Hypergeometric
function ([14], p.45).
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Putting x =t + 1 and dx = dt
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7. Conclusion
Only an elementary exposition of the subject is given here with the sole aim of
introducing the researchers to a topic whose important is fast growing in science
and engineering.

References

[1] Ahmed B., Jiao Y., He F., On the Wright hypergeometric matrix functions
and their fractional calculus, Integral Transform and Special Function, 30(2)
(2018), 138-156.

2] Erdelyi W. et al., Higher transcendental functions, Vol. 1, McGraw Hill,
(1953).

(3] Erdelyi W., Magnus, F. Oberhettings and Tricomi F. G., Higher Transcen-
dental functions, Vol. 3, McGraw Hill, New York, NY USA, (1955).

[4] Garrappa R., Rogosin S., Mainardi F., On a generalized three-parameter
Wright function of the Le Roy type, (2020).

[5] Goreno R., Luchko Y., and Mainardi F., Analytical properties and applica-
tions of the Wright function, Fractional Calculus and Applied Analysis, Vol.
2 (1999), 383-414.



74
[6]

[7]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

J. of Ramanujan Society of Mathematics and Mathematical Sciences

Karpa D. B. and Prilepkinab E. G., The Fox-Wright function near the sin-
gularity and the branch cut, Vol. 484, (2020).

Khan N., Usman T., Mohd A., Al-Omari S. and Serkan A., Computation of
certain integral formulas involving generalized Wright function, Advances in
Difference Equations, Vol 491 (2020), 1-10.

Kilbas A. A., Fractional Calculus of Generalized Wright Function,Fractional
Calculus and Applied Analysis, Vol. 8 (2005), 113-126.

Kilbas A. A., Saigo M. and Trujillo J., On the generalized Wright function,
Fractional Calculus and Applied Analysis, Vol. 5 (2002), 437-460.

Kiryakova V. S., Generalized functional calculus and applications, Pitamat
Research Notes in Mathematics, 301, John Willey and Sons, New York,
(1994).

Luchko Y., The Four-Parameters Wright Function of the Second kind and its
Applications in FC, Mathematics (MDPI), 8(6) (2020), 1-16.

Mainardi F. and Consiglio A., The Wright Functions of the Second Kind in
Mathematical Physics, Mathematics (MDPI), 8(6) (2020), 1-26.

Naheed S., Mubeen S., Rahman G., Alharthi M. R., Nisar K. S., Some new
inequalities for the generalized Fox-Wright functions, AIMS Mathematics,
Volume 6 (2021), 5452-5464.

Rainville E. D., Special functions, New York, Macmillan, (1960).
Saxena V. P., The I-function, Anamaya Publisher, New Delhi, (2008).

Singh D. K. and Porwal S., Incomplete Mittag-Leffler Function, Acta Uni-
versitatis Apulensis, Vol. 30 (2012), 151-162.

Wright E. M., The asymptotic expansion of the generalized Bessels functions,
Proceeding, London Mathematical Society, Vol. 38 (1934), 257-270.

Wright E. M., The asymptotic expansion of the generalized Hypergeometric
functions, Journal London Mathematical Society, Vol. 10 (1935), 286-293.



