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1. Introduction, Definitions and Notations

We denote by C the set of all finite complex numbers. Let f be an entire
function defined on C. The maximum modulus function My (r) and the maxi-
mum term gy (r) of f = Zanz on |z| = r are defined as My = 1‘(n|ax|f( z)| and
pr(r) = m§8<(|an|r ) respectlvely Moreover, if f is non-constant entire function

then M(r) is also strictly increasing and continuous function of r. Therefore, its
inverse Mjfl 1 (Mf(0),00) — (0, 00) exists and is such that lim M 1(s) = c0. We

s—+00
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use the standard notations and definitions of the theory of entire functions which
are available in [23] and [24], and therefore we do not explain those in details.

Let L be a class of continuous non-negative functions o defined on (—o0, +00)
such that a(x) = a(zg) > 0 for © < z¢ with a(z) T 400 as © — +oo and
a((1+o(1))z) = (1 +o(1))a(z) as ¢ — +oo. We say that a € L°, if « € L and
a(cr) = (1 +o(1))a(z) as zg < & — 400 for each ¢ € (0,+00), i.e., a is slowly
increasing function. Clearly LY C L. The value

. a(log My (r))
2 lf] = 11T3igopw(a €L, pel)

is called [21] generalized order («, ) of f. For details about generalized order («, 3)
one may see [21]. During the past decades, several authors made close investigations
on the properties of entire functions related to generalized order (a, ) in some
different direction. For the purpose of further applications, Biswas et al. [3, 5]
have given the definitions of the generalized order (¢, ) and generalized lower
order (a, B) of an entire function after giving a minor modification to the original
definition of generalized order (o, 8) of an entire function (e.g. see, [21]).

Definition 1. [3, 5] Let o, 8 € L°. The generalized order (a, 3) and generalized
lower order (o, ) denoted by 0(a.p)[f] and Xa.p)[f] respectively of an entire function
f are defined as:

M M
Q(C‘fﬁ) [f] - hrgigopw and A(a,ﬂ) [f] = ligligf%

Mainly the growth investigation of entire functions has usually been done through
their maximum moduli function in comparison with those of exponential function.
But if one is paying attention to evaluate the growth rates of any entire function
with respect to a new entire function, the notions of relative growth indicators (see
e.g. [1, 2]) will come. Now in order to make some progresses in the study of relative
order, Biswas et al. [9] have introduced the definitions of generalized relative order
(o, B) and generalized relative lower order («, #) of an entire function with respect
to another entire function in the following way:

Definition 2. [9] Let o, 8 € LY. The generalized relative order (o, 8) and gener-
alized relative lower order (a, 8) of an entire function f with respect to an entire
function g denoted by 0(a,p)[flg and Aap)|f]g respectively are defined as:

apfly _ . sup a(M; (M(r))
)‘(a,ﬁ)[f]g r—+oo inf 6(7') )
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In terms of maximum terms of entire functions, Definition 2 can be reformulated
as:

Definition 3. Let a, § € L°. The growth indicators pi.s [fly and Xaplfly of an
entire function f with respect to another entire function g are defined as:

oplfly o sup alpg(ps(r)))
Naglfly ~ rith inf By

In fact, the Definition 2 and Definition 3 are equivalent {cf. [17]}.

The main aim of this paper is to establish some newly developed results related
to the growth rates of composition of two entire functions on the basis of generalized
relative order (o, 8) and generalized relative lower order (o, ) of entire function
with respect to another entire function which extend some earlier results (see, e.g.,
[22]). In fact some works in this direction have already been explored in [3] to [16].

2. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [18] Let f and g are any two entire functions with g(0) = 0. Also let

B satisfy 0 < B < 1 and ¢(B) = (1;};)2. Then for all sufficiently large values of r,

M (c(B)My(Br)) < My(g)(r) < My(My(r)).
In addition if B = %, then for all sufficiently large values of r,

Mg (r) = My (éMg (g))

Lemma 2. [19] Let f and g be entire functions. Then for every § > 1 and
0<r<R,

) OR
Mfog(T)S 5_1/”[’f<R_Tlug(R)>

Lemma 3. [19] If f and g are any two entire functions. Then for all sufficiently
large values of r,
1 1 r
fiog(r) = §uf(1—6ug(1))~
3. Main Results

In this section we present the main results of the paper. Below we suppose that
functions a1, s, as, 51, B2 and B3 belong to the class L°.

Theorem 1. Let f, g and h be any three entire functions such that 0 < A, s,y f]n <
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O(ar,80) [ fln < +00. and A, p,)[g] > 0. Also let y be a positive continuous function
on [0,400) increasing to +00 and A > 0 be any number.

(4) If Bi(ay ' (logr)) > r and Thrglooloig(r) =0, then

on (M, (Myg) (8, (log 7))

lim - — = 400 and (3.1)
rotoe {o (M, (M (B (v(m))) 14
(12) if either B1(r) = B(az(r)) where B is any positive constant and ligrn %
r—+400
— 0 log 7(r)
=0 or Bi(ay'(r)) € L° and ETooﬂl(az Uogr)] = =0, then
exp(an (M, (M) (By '(log)))) _ (32)

r=tee {a (M, (M7 (B; (1)) P+

Proof. From the definition of 9, 8,)[f]n, it follows for all sufficiently large values
of r that

ar (M, (M (B (7(r)) < (ean s Lfln + )7 (r). (3.3)

Since M, *(r) is an increasing function of r, it follows from Lemma 1 and for all
sufficiently large values r that

al(Mgl(Mf(g)(ﬁgl(logr))))zal(M <Mf(8 (BQ (;Ogr)»))

i.e., al(Mh_l(Mf(g)(ﬁz_l(bg r))) =

(14 o) 11 — 216 (31, (LB g

If 81 (a3 (logr)) > 7, then from (3.4) it follows for all sufficiently large values of r
that

a1 (M (Mg (B (log1)))) >

(14 o)y 11 — 2161 (07" (e (01, (ZZEBNYY 3

ice., ay(M; (M) (B (logr)))) >

(14 0(1)(Aar g fln — €)Bi(ay* (log rHHe ez maldl=2)) - (3.6)
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Now combining (3.3) and (3.6) it follows for all sufficiently large values of r that

on (M), (My()(By ' (log 7))
{on (M (Mp (B (v())))) 3144

(1 i 0(1))(/\(a1,51)[f]h — 6)ﬁl(a2_1(10gT(1+O(1))()‘(a2,§2)[g]fe)))
(0(ar,p0) [f]n + ) A {y(r) }1H4 .

Since ligrn % =0 and S (ay ' (logr)) > r, therefore
r—400

81 (o (log r ) Aacg, o) 191=2)
{rrprea

— 400 as r — 400, then from above it follows that

o (M (Mg (B (08 7))
rotoe {an (M (M (B (4(r)))) 4
i.e., (3.1) is proved.

If B1(r) = Bas(r) where B is any positive constant, then from (3.4) it follows
for all sufficiently large values of r that

= +OO’

a1 (M (Mg (B (log1)))) >

B(1+ o(1) (N s — (1, (Z0ED)) (3

i.e., al(Mh_l(Mf(g)(ﬁQ_l(log r)))) > log pBA+o(1) Aoy ) [In=2)(A(ag,85) [9]—€)

i.e., eXp(Oél (M,:l(Mf(g) (Bgl(log 7"))))) Z TB(1+0(1))(/\(alaﬁ1)[f]hfs)()‘(ozg,ﬁz)[g]fs). (38)
Hence in view of (3.3) and (3.8), we get for all sufficiently large values of r that

eXp(ozl(Mh_l(Mf(g)(ﬁgl(log m)))) pBA+o(D))Xay, ) [f1n—=8)A(ag,82)l9]—¢)
{ar (M (M (BT (MNP T (0w solf]n + )4y (r) A

TB(1+0(1))()\(0¢1751) Th =) X (ag,B9)[91—2)

A — 400 as r — +00. Thus it

|
As lim w =0, so
r—+oo 087

follows from above that

exp (a1 (M, (M) (B * (log1)))))
{on (M (M (BT ((r))))) }14

— +00, as r — +00,
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i.e., (3.2) is proved.
Finally if 81(a;*(r)) € L°. Then from (3.5) we obtain for all sufficiently large
values of r that

o (M (Myy (85108 7)))) > (14 0(1)) A, [f 1 — )81 (3 (log )
ire., exploa(My (M8 (10g7)))) >
exp((1+ 0(1)) A, [f1h — £)B1 (05 (g 7).

whence in view of (3.3) and the condition lim -2

Jm o o) = 0 we get from above
that

exp(an (M), ' (My() (85 ' (log 7)))))
{an (M (M (B ((r))))) }1H4
exp((1+ o(1))(Aay,5) [f]n — €)Bi(a3 " (log 7))
- (0(ar80) [f1n + &) FA{y(r) 314

i.e., (3.2) is proved again. Thus the proof of Theorem 1 is completed.

— 400 as r — +00,

Remark 1. Theorem 1 is still valid with “limit superior” instead of “limit” if we
replace the condition 0 < X, ) [f]1n < 0w p) [ fln < +007 by “0 < Ay gl fln <
+00”.

In the line of Theorem 1 one may state the following theorem without proof:
Theorem 2. Let f, g, h and k be any four entire functions such that X, g [f]n
> 0, 0(ag,8)|9lk < +00 and Ay p,)g] > 0. Also let v be a positive continuous

function on [0, +00) increasing to +00. For any number A > 0,

(i) if B1(ay ' (logr)) > r and nglm% =0, then

(M (Mg (55 (log )
rotos {ag (M (Mg (B (v(r))) ) 4
(13) if either B1(r) = B(aa(r)) where B is any positive constant and lim

r—-+o0o
_ 0 log“/(r) _
=0 or Bi(ay*(r)) € L° and Einooﬂl(% ) 0, then

= 400 and

log y(r)
logr

. exp(a (M, (My (85 (log)))))
rtoo {ag(MH(My(Bs ' (v(r))))) 4

Remark 2. In Theorem 2 if we take the condition “N, p,)[glk < +00” instead
of “Otas,s)[9lk < +007, then also Theorem 2 remains true with “limit superior” in

= +OO7
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place of “ limat 7.
Theorem 3. Let f, g and h be any three entire functions such that 0 < A, s)[fln <

O(ar,8) [ fln < +00 and 0, (9] < +o00. Also let vy be a positive continuous func-
tion on [0, 400) increasing to +o0o and A > 0 be any number.

(4) If Br(ay*(logr)) < r and lim % = 400, then
r—+400

m {an (M, (My (85 ' (logr)))) 4

li - - =0 and (3.9)
rteea (M (M (By ()
(2) if either B1(r) = Bas(r) where B is any positive constant and liI_El %
T—r1+00
_ -1 0 : logy(r)  _
= 400 or f1(ay (1)) € L? and TETowl(a;laogr)) +o00, then
M*l M —1 1 1+A
i (O Oy (3 Qogr )Y 510
rtoo ay (M, (Mg (B (7(r)))))
Proof. From the definition of (4, g,)[f]n, we get for all sufficiently large values of
r that
ar (M (M (B (7)) = (Man s [fIn = )y(r). (3.11)

Since M, '(r) is an increasing function of r, it follows from Lemma 1 for all suffi-
ciently large values of r that

o1 (MyH (My(q)(B5 " (log)))) <

(0(ar,a0) [fIn +€)B1(My(B; ' (log 7))). (3.12)

If B1(ag'(logr)) < r, then we get from (3.12) for all sufficiently large values of r
that

an (M, (My (85 ' (logr)))) <

(Q(ar,0) [fTn + €)Br (g (aa(My(By ' (log 7)) (3.13)

i.e., al(Mf:l(Mf(g)(ﬁz_l(bg r)))) <

(00 /T + €)Bi(ay ! (log ez s l+9))) - (3.14)
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Since f1(a5 (logr)) < r and lim 222 — 450 so we obtain from (3.11) and
ﬁ

r—+00 logr

(3.12) for all sufficiently large values of r that

{on (M, (My(5)(B, *(log ) 4
ar (M, (M (B (v(r))))

(0ar,80) I + &) T4 [Bi(ag ! (log 1o mldto))ita
()\(al,,Bl)[f]h - 5)7(74)

e i s L (M (55 Qog )Y
R a0 0LGIG0))

~X

i.e., (3.9) is proved.
If 51(r) = Bay(r) where B is any positive constant, then get from (3.12) for all
sufficiently large values of r that

a1 (M (M) (By* (log7)))) < B(0(ay,o)[fIn + €) (M (55 (log 7))

ie., ay(My (M) (B3 ' (logr))) < B(0(ar) [f1n + €)(0(anp.) 9] + €) logr

v.e., eXp(a1(Mh_1(Mf(g)(62_1(log ) < rPeersnlflnte) ey oy lolte) (3.15)
So combining (3.11) and (3.15), we obtain for all sufficiently large values of r that

{exp(an (M, (Myy)(8; ' (logr))))) 4 _ 1B(0(ay 1) F1n+€) (@(ag ) la]+€) (14+4)
on (M, (Mg (B (v(r))))) T Bl =)

TB(Q(al 751)[f]h+5)(9(a2”32) [g]+e)(1+A)
y(r)

o
As lim w = 400, S0
r—+oo 08T

follows from above that

{exp(on (M (Mg (B (log )}

— 0 as r — +o0o. Thus it

hm — — - 07
rtoo ar (M, (M (B (v(r))))
i.e., (3.10) is proved.
Finally if 8 (o' (r)) € L° and lim —82" _ — 40 then we have from

r—>+ooﬁl(0‘2_ (logr))
(3.13) for all sufficiently large values of r that

a1 (M, (M) (By* (log)))) < (1+ 0(1))(e(as60) [f1n + €)Br(ay * (log 7))
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i.e., exp(ar (M, (Mg (8" (logr)))))

< exp((1+ (1)) (o o) [f]n +)Br(ay ' (log ), (3.16)

whence in view of (3.11) and the condition lim —loeal) _ | we get from
r~>+ooﬁl(0¢2 (1037"))
above that

{exp(as (M, ' (My() (8 ' (log 1))+
o (M (M (81 (+()))))

_ le((1+ o)) (e(a1,5) [fln + €)Bi (0" (log )]+

h ()‘(ahﬁl)[f]h —e)y(r)
i.e., (3.10) is proved again. Thus the theorem follows.

—0asr — +oo,

Remark 3. In Theorem . if we take the condition “p(a, s,)[f]n > 07 instead
of 0 < Narg)lfln < 0 sl fln < 4007, the theorem remains true with “limit
winferior” in place of “limat”.

Theorem 4. Let f, g, h and k be any four entire functions such that o, )| f]n
< 400, Nag,g)9lk > 0 and 9(a,8,)]g] < +00. Also let v be a positive continuous
function on [0, 4+00) increasing to +00 and A > 0 be any number.

(i) If Br(ay *(logr)) < r and lim % = 400, then
r—400

lim {on (M, (Mj ) (B3 ' (log )))) 4
r—+00 (M (M, (535 " (v()))))

=0 and

(7) if either B1(r) = Bas(r) where B is any positive constant and lir+n %
r—>+00

_ -1 0 : logy(r)  _
= 400 or fi(ay (1)) € L? and TEIPOO&(a;l(logr)) +o0, then

L exp(on (M (M) (85 (log )} 44
r—400 a2(Mk_1(Mg(ﬁ2_l("y(r)))))

The proof of Theorem 4 would run parallel to that of Theorem 3. We omit the
details.

= 0.

Remark 4. In Theorem 4, if we take the condition “0(aypy)lg9le > 07 instead
of “Nag,p)lglk > 07, the theorem remains true with “limit” replaced by “limit
inferior”.
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Remark 5. In view of Definition 2 and with the help of Lemma 2 and Lemma 3,
the same results of above theorems and remarks can also be deduced with maximum
terms of entire functions.
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