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1. Introduction and Definitions
Let f (z) and g (z) be two integral functions. In [3], T (r, f) , M (r, f) , N (r, a, f) ,

δ (a, f) , δ (a (z) .f) , log+x have their usual meanings in the Nevanlinna theory of
meromorphic functions.

After that in [2], Clunie studied some comparative growths of T (r, fg) with
T (r, f) and T (r, g) and showed that

lim
r→∞

T (r, fg)

T (r, f)
=∞ and lim

r→∞

T (r, fg)

T (r, g)
=∞,

where f (z) and g (z) are transcendental integral functions. In [7], Singh proved
some comparative growths of log T (r, fg) and T (r, f) . In [4] Lahiri proved some
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theorems on the comparative growth of log T (r, fg) with T (r, f) and, as well as,
with T (r, g) .

Also the order and the lower order of the integral function f (z) are respectively
denoted by ρf and λf and are defined by

ρf = lim sup
r→∞

log logM(r, f)

log r

and

λf = lim inf
r→∞

log logM(r, f)

log r
.

Definition 1.1. The number λf is said to be the hyper lower order of f (z) if and
only if

λf = lim inf
r→∞

log log logM (r, f)

log r
.

It is clear that λf ≤ λf .

Definition 1.2. A function ρf (r) is called a proximate order of f (z) relative to
T (r, f) if and only if

(i) ρf (r) is real, continuous and piecewise differentiable for r > r0
(ii) lim

r→∞
ρf (r) = ρf ,

(iii) lim
r→∞

r log rρ′f (r) = 0 and

(iv) lim sup
r→∞

T (r,f)

r
ρf (r)

= 1.

Note 1.3. For δ > 0 the function rρf+δ−ρf (r) is ultimately an increasing function
of r.

Since d
dr
rρf+δ−ρf (r) =

{
ρf + δ − ρf (r)− r log rρ′f (r)

}
rρf+δ−1−ρf (r) > 0 for suf-

ficiently large values of r.
In [8], Zhou proved the following theorem.

Theorem 1.4. Let f (z) and g (z) be two integral functions of finite orders such
that g (0) = 0 and ρg < λf ≤ ρf . Then

lim
r→∞

log T (r, fg)

T (r, f)
= 0.

In [4], Lahiri proved the following theorem.

Theorem 1.5. Let f (z) and g (z) be two non-constant integral functions such that
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λg < λf ≤ ρf <∞. Then

lim inf
r→∞

log T (r, fg)

T (r, f)
= 0.

If ρg > ρf , Singh [7] proved the following theorem.

Theorem 1.6. Let f (z) and g (z) be two integral functions of finite orders with
ρg > ρf . Then

lim sup
r→∞

log T (r, fg)

T (r, f)
=∞.

In [4], Lahiri proved the following four theorems.

Theorem 1.7. Let f (z) and g (z) be two integral functions such that 0 < λf <
λg <∞. Then

lim sup
r→∞

log T (r, fg)

T (r, f)
=∞.

Theorem 1.8. Let f (z) and g (z) be two non-constant integral functions such that
ρf and ρg are finite. Then

lim inf
r→∞

log T (r, fg)

T (r, g)
≤ 3.ρf .2

ρg .

Theorem 1.9. Let f and g be non-constant integral functions such that ρf and λg
are finite. Also suppose that there exist integral functions ai (z) (i = 1, 2, ..., n;n ≤ ∞)
such that (i) T (r, ai (z)) = o {T (r, g)} as r → ∞ for i = 1, 2, ..., n and (ii)
n∑
i=1

δ (ai (z) , g) = 1. Then

lim sup
r→∞

log T (r, fg)

T (r, g)
< π.ρfk .

Theorem 1.10. Let f and g be transcendental integral functions such that
(i) ρg <∞ and the hyper lower order of g (z) , λg is positive
(ii) λf > 0, and
(iii) δ (0, f) < 1.
Then

lim sup
r→∞

log T (r, fg)

T (r, g)
=∞.
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A real valued function φ (r) is said to have the property P [1] if
(i) φ (r) is non-negative and continuous for r ≥ r0, say;
(ii) φ (r) is strictly increasing and φ (r)→∞ as r →∞;

and
(iii) log φ (r) < δφ (r/2) , for all δ > 0 and for all sufficiently large values

of r.
Therefore a function satisfying the property P also satisfies the following rela-

tion :
log[p] φ (r) < δ log[q] φ (r/2) for all δ > 0, p > q and for all sufficiently large

values of r.
For two non-constant integral functions f(z) and g(z), the inequality

logM(r, f(g)) ≤ logM(M(r, g), f) is obvious.

In the present paper we consider k non-constant integral functions f1, f2, ..., fk
and a constant α with 0 < α ≤ 1 and form the iteration as below:

F 1
1 (z) = (1− α) z + αf1 (z)

F 1
2 (z) = (1− α)F 2

1 (z) + αf1
(
F 2
1 (z)

)
F 1
3 (z) = (1− α)F 2

2 (z) + αf1
(
F 2
2 (z)

)
...

F 1
n (z) = (1− α)F 2

n−1 (z) + αf1
(
F 2
n−1 (z)

)
.

Similarly

F 2
1 (z) = (1− α) z + αf2 (z)

F 2
2 (z) = (1− α)F 3

1 (z) + αf2
(
F 3
1 (z)

)
F 2
3 (z) = (1− α)F 3

2 (z) + αf2
(
F 3
2 (z)

)
...

F 2
n (z) = (1− α)F 3

n−1 (z) + αf2
(
F 3
n−1 (z)

)
and

F k
1 (z) = (1− α) z + αfk (z)

F k
2 (z) = (1− α)F 1

1 (z) + αfk
(
F 1
1 (z)

)
F k
3 (z) = (1− α)F 1

2 (z) + αfk
(
F 1
2 (z)

)
...

F k
n (z) = (1− α)F 1

n−1 (z) + αfk
(
F 1
n−1 (z)

)
.
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Clearly all F 1
n , F

2
n , ..., F

k
n are integral functions. Throughout this paper we assume

that maximum modulus functions of f1, f2, ..., fk and all their generalised iterated
functions satisfy the property P.

The main purpose of this paper is to extend the results of Lahiri [4] for gener-
alised iterated integral functions.

2. Lemmas
The following lemmas will be needed to prove our results.

Lemma 2.1. [3] Let f(z) be an integral function. For 0 ≤ r < R <∞, we have

T (r, f) ≤ log+M(r, f) ≤ R + r

R− r
T (R, f).

Putting R = 2r, for large values of r, we have

T (r, f) ≤ logM (r, f) ≤ 3T (2r, f) .

Lemma 2.2. [5] Let f be an integral function of finite lower order. If there exist
integral functions ai (i = 1, 2, 3...........n; n ≤ ∞) satisfying T (r, ai) = o{T (r, f)}
and

n∑
i=1

δ(ai, f) = 1 then lim
r→∞

T (r, f)

logM(r, f)
=

1

π
.

Lemma 2.3. [2] Let f (z) and g (z) be two integral functions with g (0) = 0. Let β

satisfies 0 < β < 1 and C (β) = (1−β)2
4β

. Then for r > 0

M (r, f ◦ g) ≥M (C (β)M (βr, g) , f) .

Further if g (z) is any integral function, then with β = 1
2
, for sufficiently large

values of r

M (r, f ◦ g) ≥M

(
1

8
M
(r

2
, g
)
− |g (0)| , f

)
.

Clearly

M (r, f ◦ g) ≥M

(
1

16
M
(r

2
, g
)
, f

)
. (2.1)

On the other hand the opposite inequality

M (r, f ◦ g) ≤M (M (r, g) , f) (2.2)

is obvious.
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Lemma 2.4. [6] Let f (z)be transcendental integral function, g (z) a transcendental
integral function of finite order, η a constant satisfying 0 < η < 1, and α is a
positive number. Then we have

T (r, fg) +O (1) ≥ N (r, 0, fg) ≥ log
1

η

 N
{
M
(

(ηr)
1

1+α , g
)
, 0, f

}
logM

(
(ηr)

1
1+α , g

)
−O (1)

−O (1)

as r →∞ through all values.

3. Main Results
As an extension of Theorem 1.5 we have the following theorem.

Theorem 3.1. Let f1, f2, ..., fk be non-constant integral functions such that λfk <
λf1 ≤ ρf1 <∞. Then for n = km,m ∈ N

lim inf
r→∞

log[n−1] T (r, F 1
n)

T (r, f1)
= 0.

Proof. Since λfk < λf1 , we can choose ε (> 0) such that λfk + ε < λf1− ε. Also for
all large values of r, rλf1−

ε
2 < T (r, f1) and for a sequence of values of r tending to

infinity logM (r, fk) < rλfk+ε.
Then we have

T
(
r, F 1

n

)
≤ logM

(
r, F 1

n

)
= logM

{
r, (1− α)F 2

n−1 + αf1
(
F 2
n−1
)}

≤ logM
(
r, F 2

n−1
)

+ logM
(
r, f1

(
F 2
n−1
))

+O (1)

≤ logM
(
r, F 2

n−1
)

+ logM
(
M
(
r, F 2

n−1
)
, f1
)

+O (1)

≤ logM
(
r, F 2

n−1
)

+
{
M
(
r, F 2

n−1
)}ρf1+ε +O (1)

≤M
(
r, F 2

n−1
)

+
{
M
(
r, F 2

n−1
)}ρf1+ε +O (1) . (3.1)

Therefore,

log T
(
r, F 1

n

)
≤ logM

(
r, F 2

n−1
)

+ (ρf1 + ε) logM
(
r, F 2

n−1
)

+O (1)

≤ (1 + ρf1 + ε) logM
(
r, F 2

n−1
)

+O (1)

≤ (1 + ρf1 + ε)
[
M
(
r, F 3

n−2
)

+
{
M
(
r, F 3

n−2
)}ρf2+ε]+O (1) .using (3.1)

So,

log[2] T
(
r, F 1

n

)
≤ logM

(
r, F 3

n−2
)

+ (ρf2 + ε) logM
(
r, F 3

n−2
)

+O (1)

≤ (1 + ρf2 + ε) logM
(
r, F 3

n−2
)

+O (1) .
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Therefore,

log[km−1] T
(
r, F 1

n

)
≤
(
1 + ρfk−1

+ ε
)

logM
(
r, F k

n−(km−1)
)

+O (1) .

So,
log[n−1] T (r, F 1

n)

≤
(
1 + ρfk−1

+ ε
)

logM
(
r, F k

1

)
+O (1)

=
(
1 + ρfk−1

+ ε
)

logM (r, (1− α) z + αfk) +O (1)

≤
(
1 + ρfk−1

+ ε
)
{logM (r, z) + logM(r, fk)}+O (1) (3.2)

=
(
1 + ρfk−1

+ ε
)
{log r + logM(r, fk)}+O (1) (3.3)

≤
(
1 + ρfk−1

+ ε
) {

log r + rλfk+ε
}

+O (1) for a sequence

of values of r = rs →∞.
So for a sequence of values of r = rs tending to infinity we obtain

log[n−1] T (r, F 1
n)

T (r, f1)
<

(
1 + ρfk−1

+ ε
) {

log r + rλfk+ε
}

+O (1)

rλf1−
ε
2

and hence

lim inf
r→∞

log[n−1] T (r, F 1
n)

T (r, f1)
= 0.

This proves the theorem.

Note 3.2. The conditions of Theorem 3.1 are not strictly sharp, which follows
from the following example.

Example 3.3. Let f1 = f2 = ... = fk = z. Then F 1
n (z) = z for every n. In this

case λf1 = λf2 = ... = λfk = 0 . But

lim
r→∞

inf
log[n−1] T (r, F 1

n)

T (r, f1)
= lim inf

r→∞

log[n−1] T (r, z)

T (r, z)

= lim inf
r→∞

log[n−1] log r

log r

= lim inf
r→∞

log[n] r

log r
= 0.

The following four theorems are extensions of Theorem 1.7, Theorem 1.8, Theorem
1.9 and Theorem 1.10 of Lahiri [4].
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Theorem 3.4. Let f1, f2, ..., fk be non-constant integral functions such that 0 <
λf1 < λfk <∞. Then for n = km,m ∈ N

lim sup
r→∞

log[n−1] T (r, F 1
n)

T (r, f1)
=∞.

Proof. Since λf1 < λfk , we can choose ε (> 0) such that λf1 + ε < λfk − ε. Also
for all large values of r, rλfk−

ε
2 < T (r, fk) .

Using Lemma 2.1, we have

T (r, F 1
n)

≥ 1

3
logM

(r
2
, F 1

n

)
=

1

3
logM

(r
2
, (1− α)F 2

n−1 + αf1
(
F 2
n−1
))

≥ 1

3
log
{
αM

(r
2
, f1
(
F 2
n−1
))
− (1− α)M

(r
2
, F 2

n−1

)}
≥ 1

3
log

{
αM

(
1

16
M
( r

22
, F 2

n−1

)
, f1

)
− (1− α)M

(r
2
, F 2

n−1

)}
, using (2.1)

≥ 1

3

{
logM

(
1

16
M
( r

22
, F 2

n−1

)
, f1

)
− logM

(r
2
, F 2

n−1

)}
+O (1) .

So,

log T (r, F 1
n)

≥ log logM

(
1

16
M
( r

22
, F 2

n−1

)
, f1

)
− log logM

(r
2
, F 2

n−1

)
+O (1)

≥ (λf1 − ε) log

(
1

16
M
( r

22
, F 2

n−1

))
− log logM

(r
2
, F 2

n−1

)
+O (1)

> (λf1 − ε) logM
( r

22
, F 2

n−1

)
− 1

2
(λf1 − ε) logM

( r
22
, F 2

n−1

)
+O (1) ,

by property P

=
1

2
(λf1 − ε) logM

( r
22
, F 2

n−1

)
+O (1)

≥ 1

2
(λf1 − ε)T

( r
22
, F 2

n−1

)
+O (1) . (3.4)

Therefore,
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log[2] T (r, F 1
n)

> log T
( r

22
, F 2

n−1

)
+O (1)

>
1

2
(λf2 − ε)T

( r
24
, F 3

n−2

)
+O (1) , using (3.4)

and
log[3] T (r, F 1

n)

> log T
( r

24
, F 3

n−2

)
+O (1)

>
1

2
(λf3 − ε)T

( r
26
, F 4

n−3

)
+O (1) .

So,
log[km−1] T (r, F 1

n)

>
1

2

(
λfk−1

− ε
)
T
( r

22(km−1) , F
k
n−(km−1)

)
+O (1) .

Therefore,
log[n−1] T (r, F 1

n)

≥ 1

2

(
λfk−1

− ε
)
T
( r

22(n−1) , F
k
1

)
+O (1)

=
1

2

(
λfk−1

− ε
)
T
( r

22(n−1) , (1− α) z + αfk

)
+O (1)

≥ 1

2

(
λfk−1

− ε
){

T
( r

22(n−1) , fk

)
− T

( r

22(n−1) , z
)}

+O (1)

≥ 1

2

(
λfk−1

− ε
){( r

22(n−1)

)λfk− ε2 − log
( r

22(n−1)

)}
+O (1) .

Also for a sequence of values of r tending to infinity T (r, f1) < rλf1+ε.
So,

log[n−1] T (r, F 1
n)

T (r, f1)
>

1
2

(
λfk−1

− ε
){(

r
22(n−1)

)λfk− ε2 − log
(

r
22(n−1)

)}
+O (1)

rλf1+ε
.

Therefore,

lim sup
r→∞

log[n−1] T (r, F 1
n)

T (r, f1)
=∞.

Hence the proof.
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Theorem 3.5. Let f1, f2, ..., fk be non-constant integral functions such that ρf1 ,
ρf2 , ..., ρfk are finite. Then for n = km, m ∈ N

lim inf
r→∞

log[n−1] T (r, F 1
n)

T (r, fk)
≤ 3

(
1 + ρfk−1

)
2ρfk .

Proof. Let ε (0 < ε < 1) be arbitrary. Also for all large values of r, rλfk−
ε
2 <

T (r, fk) .
From (3.3) we have

log[n−1] T
(
r, F 1

n

)
≤
(
1 + ρfk−1

+ ε
)
{log r + logM(r, fk)}+O (1) .

Hence

lim inf
r→∞

log[n−1] T (r, F 1
n)

T (r, fk)
≤ lim inf

r→∞

(
1 + ρfk−1

+ ε
)
{log r + logM(r, fk)}+O (1)

T (r, fk)

Therefore

lim inf
r→∞

log[n−1] T(r,F 1
n)

T (r,fk)

≤ lim sup
r→∞

(
1 + ρfk−1

+ ε
)

log r +O (1)

rλfk−
ε
2

+ lim inf
r→∞

(
1 + ρfk−1

+ ε
)

logM(r, fk)

T (r, fk)

=
(
1 + ρfk−1

)
lim inf
r→∞

logM(r, fk)

T (r, fk)
, since ε is arbitrary. (3.5)

Let ρfk (r) be a proximate order of fk (z) relative to T (r, fk) . Since

lim sup
r→∞

T (r, fk)

rρfk (r)
= 1,

it follows that for all large values of r and given ε (0 < ε < 1)

T (r, fk) < (1 + ε) rρfk (r).

Using Lemma 2.1 for all large values of r,

logM (r, fk) ≤ 3T (2r, fk) < 3 (1 + ε) (2r)ρfk (2r)

and so for large values of r

logM (r, fk) < 3 (1 + ε)
(2r)ρfk+δ

(2r)ρfk+δ−ρfk (2r)
,
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where δ (> 0) is arbitrary.

Since (r)ρfk+δ−ρfk (r) is an increasing function of r, it follows that for all large r

logM (r, fk) < 3 (1 + ε) 2ρfk+δrρfk (r). (3.6)

Again for a sequence of values or r tending to infinity we have

T (r, fk) > (1− ε) rρfk (r). (3.7)

From (3.6) and (3.7) we get for a sequence of values or r tending to infinity

logM (r, fk) < 3
(1 + ε)

(1− ε)
2ρfk+δT (r, fk) .

Therefore

lim inf
r→∞

logM (r, fk)

T (r, fk)
≤ 3

(1 + ε)

(1− ε)
2ρfk+δ.

Since δ (> 0) and ε (0 < ε < 1) are arbitrary, it follows that

lim inf
r→∞

logM (r, fk)

T (r, fk)
≤ 3.2ρfk . (3.8)

Hence from (3.5) and (3.8) we get

lim inf
r→∞

log[n−1] T (r, F 1
n)

T (r, fk)
≤ 3

(
1 + ρfk−1

)
2ρfk .

This proves the theorem.

Theorem 3.6. Let f1, f2, ..., fk be non-constant integral functions such that ρfk−1

and λfk are finite. Also suppose that there exist integral functions ai (z) (i =
1, 2, ..., n; n ≤ ∞) such that (i) T (r, ai (z)) = o {T (r, fk)} as r → ∞ for i =

1, 2, ..., n and (ii)
n∑
i=1

δ (ai (z) , fk) = 1. Then for n = km,m ∈ N

lim sup
r→∞

log[n−1] T (r, F 1
n)

T (r, fk)
≤ π

(
1 + ρfk−1

)
.

Proof. Let ε (0 < ε < 1) be arbitrary. Also for all large values of r, rλfk−
ε
2 <

T (r, fk) .
From (3.3) we have

log[n−1] T
(
r, F 1

n

)
≤
(
1 + ρfk−1

+ ε
)
{log r + logM(r, fk)}+O (1) .
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Hence

lim sup
r→∞

log[n−1] T (r, F 1
n)

T (r, fk)
≤ lim sup

r→∞

(
1 + ρfk−1

+ ε
)
{log r + logM(r, fk)}+O (1)

T (r, fk)

Therefore

limr→∞ sup
log[n−1] T(r,F 1

n)
T (r,fk)

≤ lim sup
r→∞

(
1 + ρfk−1

+ ε
)

log r +O (1)

rλfk−
ε
2

+ lim sup
r→∞

(
1 + ρfk−1

+ ε
)

logM(r, fk)

T (r, fk)

≤
(
1 + ρfk−1

)
lim sup
r→∞

logM(r, fk)

T (r, fk)
, since ε is arbitrary. (3.9)

Therefore using Lemma 2.2 in (3.9) we have

lim sup
r→∞

log[n−1] T (r, F 1
n)

T (r, fk)
≤ π

(
1 + ρfk−1

)
.

This proves the theorem.

Theorem 3.7. Let f1, f2, ..., fk be transcendental integral functions such that
(i) ρfk <∞ and the hyper lower order of fk (z) , λfk is positive
(ii) λf1 > 0 and
(iii) δ (0, f1) < 1.
Then for n = km,m ∈ N

lim sup
r→∞

log[n−1] T (r, F 1
n)

T (r, fk)
=∞.

Proof. Proceeding as Theorem 3.4, we have

log[km−2] T
(
r, F 1

n

)
>

1

2

(
λfk−2

− ε
)
T
( r

22(km−2) , F
k−1
n−(km−2)

)
+O (1) .

So, log[n−2] T (r, F 1
n)

>
1

2

(
λfk−2

− ε
)
T
( r

22(n−2)
, F k−12

)
+O (1)

=
1

2

(
λfk−2

− ε
)
T
( r

22(n−2)
, (1− α)F k1 + αf1

(
F k1

))
+O (1)

≥ 1

2

(
λfk−2

− ε
){
T
( r

22(n−2)
, f1

(
F k1

))
− T

( r

22(n−2)
, F k1

)}
+O (1) .
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Using Lemma 2.4 we have

log[n−2] T (r, F 1
n)

≥
1

2

(
λfk−2

− ε
)
[log

1

η

×
N

{
M

((
η r
22(n−2)

) 1
1+α

, Fk1

)
, 0, f1

}
logM

((
η r
22(n−2)

) 1
1+α

, Fk1

)
−O (1)

−O (1)− T
(

r

22(n−2)
, Fk1

)
] +O (1)

≥
1

2

(
λfk−2

− ε
)
[log

1

η

×
N

{
M

((
η r
22(n−2)

) 1
1+α

, Fk1

)
, 0, f1

}
logM

((
η r
22(n−2)

) 1
1+α

, Fk1

)
−O (1)

−O (1)− T
(

r

22(n−2)
, z

)
− T

(
r

22(n−2)
, fk

)
] +O (1) .

Since δ (0, f1) < 1, for given ε > 0 there exists a sequence of values of r tending

to infinity for which N(r,0,f1)
T (r,f1)

> 1− δ (0, f1)− ε > 0.

So, log[n−2] T (r, F 1
n)

≥ 1

2

(
λfk−2

− ε
)
[log

1

η

×
(1− δ (0, f1)− ε)T

{
M

((
η r
22(n−2)

) 1
1+α

, F k1

)
, f1

}
− logM

((
η r
22(n−2)

) 1
1+α

, F k1

)
O (1)

logM

((
η r
22(n−2)

) 1
1+α

, F k1

)
−O (1)

+
O (1)

logM

((
η r
22(n−2)

) 1
1+α

, F k1

)
−O (1)

− log
r

22(n−2)
− T

( r

22(n−2)
, fk

)
] +O (1)

=
1

2

(
λfk−2

− ε
)
[log

1

η

×
(1− δ (0, f1)− ε)T

{
M

((
η r
22(n−2)

) 1
1+α

, F k1

)
, f1

}
− logM

((
η r
22(n−2)

) 1
1+α

, F k1

)
O (1)

logM

((
η r
22(n−2)

) 1
1+α

, F k1

)
−O (1)

+ o (1)− log
r

22(n−2)
− T

( r

22(n−2)
, fk

)
] +O (1)

=
1

2

(
λfk−2

− ε
)
[log

1

η
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×
(1− δ (0, f1)− ε)T

{
M

((
η r
22(n−2)

) 1
1+α

, F k1

)
, f1

}
− logM

((
η r
22(n−2)

) 1
1+α

, F k1

)
O (1)

logM

((
η r
22(n−2)

) 1
1+α

, F k1

)
−O (1)

− log
r

22(n−2)
− T

( r

22(n−2)
, fk

)
] +O (1) . (3.10)

Again

logM

((
η

r

22(n−2)

) 1
1+α

, F k
1

)
= logM

((
η

r

22(n−2)

) 1
1+α

, (1− α) z + fk

)
≤ logM

((
η

r

22(n−2)

) 1
1+α

, z

)
+ logM

((
η

r

22(n−2)

) 1
1+α

, fk

)
+O (1)

≤ log
(
η

r

22(n−2)

) 1
1+α

+
(
η

r

22(n−2)

) ρfk+ε

1+α
+O (1) . (3.11)

Using (3.11) in (3.10) we have

log[n−2] T (r, F 1
n)

≥
1

2

(
λfk−2

− ε
)
[log

1

η

×
(1− δ (0, f1)− ε)T

{
M

((
η r
22(n−2)

) 1
1+α

, Fk1

)
, f1

}
− logM

((
η r
22(n−2)

) 1
1+α

, Fk1

)
O (1)log

(
η r
22(n−2)

) 1
1+α

+
(
η r
22(n−2)

) ρfk+ε

1+α

 {1− o (1)}
− log

r

22(n−2)
− T

(
r

22(n−2)
, fk

)
] +O (1) .

So for a sequence of values of r tending to infinity
log[n−1] T (r, F 1

n)

≥ log[2]
1

η

+ log[

(1− δ (0, f1)− ε)T
{
M

((
η r
22(n−2)

) 1
1+α

, Fk1

)
, f1

}
− logM

((
η r
22(n−2)

) 1
1+α

, Fk1

)
O (1)log

(
η r
22(n−2)

) 1
1+α

+
(
η r
22(n−2)

) ρfk+ε

1+α

 {1− o (1)}
− log[2]

r

22(n−2)
− log T

(
r

22(n−2)
, fk

)
] +O (1) .

= log[2]
1

η
+ log[

(1− δ (0, f1)− ε)T
{
M

((
η r
22(n−2)

) 1
1+α

, Fk1

)
, f1

}
log

(
η r
22(n−2)

) 1
1+α

+
(
η r
22(n−2)

) ρfk+ε

1+α


{1
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−
logM

((
η r
22(n−2)

) 1
1+α , F k

1

)
O (1)

(1− δ (0, f1)− ε)T
{
M
((
η r
22(n−2)

) 1
1+α , F k

1

)
, f1

}}]− log[2] r

22(n−2)

− log T
( r

22(n−2) , fk

)
+O (1)

= log[2] 1

η
+ log (1− δ (0, f1)− ε) + log T

{
M

((
η

r

22(n−2)

) 1
1+α

, F k
1

)
, f1

}
− log

{
log
(
η

r

22(n−2)

) 1
1+α

+
(
η

r

22(n−2)

) ρfk+ε

1+α

}
+ log[1−

logM
((
η r
22(n−2)

) 1
1+α , F k

1

)
O (1)

(1− δ (0, f1)− ε)N1 logM
((
η r
22(n−2)

) 1
1+α , F k

1

) ]

− log[2] r

22(n−2) − log T
( r

22(n−2) , fk

)
+O (1)

≥ O (log r) + log T

{
M

((
η

r

22(n−2)

) 1
1+α

, F k
1

)
, f1

}
+ log[1−

logM
((
η r
22(n−2)

) 1
1+α , F k

1

)
O (1)

(1− δ (0, f1)− ε)T
{
M
((
η r
22(n−2)

) 1
1+α , F k

1

)
, f1

} ]− log[2] r

22(n−2)

− log T
( r

22(n−2) , fk

)
+O (1)

≥ O (log r) + log T

{
M

((
η

r

22(n−2)

) 1
1+α

, F k
1

)
, f1

}
+ log[1−

logM
((
η r
22(n−2)

) 1
1+α , F k

1

)
O (1)

(1− δ (0, f1)− ε)T
{
M
((
η r
22(n−2)

) 1
1+α , F k

1

)
, f1

} ]− log
r

22(n−2)

− T
( r

22(n−2) , fk

)
+O (1) (3.12)

Since f1 is transcendental, lim
r→∞

T (r,f1)
log r

= ∞, and so for given positive number N1,

however large, and for all large values of r, T (r, f1) > N1 log r. Therefore from
(3.12) for a sequence of values of r tending to infinity we have
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log[n−1] T (r, F 1
n)

≥ O (1) +O (log r) + log T

{
M

((
η

r

22(n−2)

) 1
1+α

, F k
1

)
, f1

}
+ log[1−

logM
((
η r
22(n−2)

) 1
1+α , F k

1

)
O (1)

(1− δ (0, f1)− ε)N1 logM
((
η r
22(n−2)

) 1
1+α , F k

1

) ]− log
r

22(n−2)

−T
( r

22(n−2) , fk

)
≥ O (1) +O (log r) + log T

{
M

((
η

r

22(n−2)

) 1
1+α

, F k
1

)
, f1

}
+ log[1−

O (1)

(1− δ (0, f1)− ε)N1

]− log
r

22(n−2) − T
( r

22(n−2) , fk

)
where N1 is so large that

1− O (1)

(1− δ (0, f1)− ε)N1

> 0.

Therefore, for a sequence of values of r tending to infinity we have
log[n−1] T (r, F 1

n)

≥ O (1) +O (log r) + log T

{
M

((
η

r

22(n−2)

) 1
1+α

, F k
1

)
, f1

}
− log

r

22(n−2) − T
( r

22(n−2) , fk

)
. (3.13)

Again since f1 (z) is of positive lower order λf1 , we get for all large values of r and
for 0 < M1 < λf1 ,

log T (r, f1) > M1 log r.

Hence log T
{
M
((
η r
22(n−2)

) 1
1+α , F k

1

)
, f1

}
> M1 logM

((
η

r

22(n−2)

) 1
1+α

, F k
1

)
= M1 logM

((
η

r

22(n−2)

) 1
1+α

, (1− α) z + αfk

)
≥M1

{
logM

((
η

r

22(n−2)

) 1
1+α

, fk

)
− logM

((
η

r

22(n−2)

) 1
1+α

, z

)}
+O (1)

= M1

{
logM

((
η

r

22(n−2)

) 1
1+α

, fk

)
− log

(
η

r

22(n−2)

) 1
1+α

}
+O (1) . (3.14)
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Since fk is of finite positive hyper lower order λfk , it follows for all large values of
r that

log log logM (r, fk)

log r
>

1

2
λfk

i.e., logM (r, fk) > er
λfk
2 .

Hence from (3.14) we have

log T
{
M
((
η r
22(n−2)

) 1
1+α , F k

1

)
, f1

}
> M1

e
(
η r

22(n−2)

) λfk
2(1+α)

− log
(
η

r

22(n−2)

) 1
1+α

+O (1) .

Therefore from (3.13) we have for a sequence of values of r tending to infinity
log[n−1] T (r, F 1

n)

≥ O (1) +O (log r) +M1e

(
η r

22(n−2)

) λfk
2(1+α)

−M1 log
(
η

r

22(n−2)

) 1
1+α

− log
r

22(n−2) − T
( r

22(n−2) , fk

)
.

Also for all large values of r, T (r, fk) < rρfk+ε.
Therefore for a sequence of values of r tending to infinity we have
log[n−1] T(r,F 1

n)
T (r,fk)

≥ O (1) +
O (log r)

T (r, fk)
+M1

e

(
η r

22(n−2)

) λfk
2(1+α)

T (r, fk)
−M1

log
(
η r
22(n−2)

) 1
1+α

T (r, fk)

−
log r

22(n−2)

T (r, fk)
−
T
(

r
22(n−2) , fk

)
T (r, fk)

.

≥ O (1) +M1
e

(
η r

22(n−2)

) λfk
2(1+α)

rρfk+ε
− 1.

Hence

lim sup
r→∞

log[n−1] T (r, F 1
n)

T (r, fk)
=∞.

This completes the proof.
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