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1. Introduction and Definitions

Let f (z) and g (z) be two integral functions. In [3]|, T (r, f), M (r, f), N (r,a, ),
d(a, f), d(a(z).f), logtx have their usual meanings in the Nevanlinna theory of
meromorphic functions.

After that in [2], Clunie studied some comparative growths of 7' (r, fg) with
T (r, f) and T (1, g) and showed that

. T(rfg) _ T (rfg) _
PR T M R Ty

where f(z) and g (z) are transcendental integral functions. In [7], Singh proved
some comparative growths of logT (r, fg) and T (r, f). In [4] Lahiri proved some
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theorems on the comparative growth of logT (r, fg) with T (r, f) and, as well as,
with T (r, g) .

Also the order and the lower order of the integral function f (z) are respectively
denoted by p; and Ay and are defined by

log log M (r, f)

pr = limsup

r—00 logr
and
log log M
A = liming 28108 M f)
r—00 log r

Definition 1.1. The number Xf is said to be the hyper lower order of f(2) if and
only if

- log log log M

r—00 logr

It is clear that \; < A;.
Definition 1.2. A function ps (r) is called a prozimate order of f (z) relative to
T (r, f) if and only if

(2) pg(r) is real, continuous and piecewise differentiable for r > rg

() lim py (r) = py,

(131) 711i_>r(r)1o?" logrp)s (r) = 0 and

(

T( ’f) R—
7m:(T) =1

iv) lim sup
=00

Note 1.3. For 6 > 0 the function r°r9=,+(") s yltimately an increasing function

of r.
Since LrPrt0=ei0) = {pe +6 — py (r) — rlog o (r)} rPrt0=1=ps() > 0 for suf-

ficiently large values of .
In [8], Zhou proved the following theorem.

Theorem 1.4. Let f(2) and g (z) be two integral functions of finite orders such
that g (0) =0 and p; < Ay < py. Then

i 1087 (r, fg)

oo T (1, f) =0

In [4], Lahiri proved the following theorem.

Theorem 1.5. Let f (z) and g (z) be two non-constant integral functions such that
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Ag < Af < pg < oo. Then

1
lim inf 082 \hJ9) T'(r fg)

ey

If p, > py, Singh [7] proved the following theorem.

Theorem 1.6. Let f(z) and g(2) be two integral functions of finite orders with
pg > ps. Then

log T'(r, f9g)

limsup——————= = o0

7—>00 T (Ta f)

In [4], Lahiri proved the following four theorems.

Theorem 1.7. Let f(z) and g(z) be two integral functions such that 0 < Ay <

Ag < 00. Then
lim sup—log r(rfg) =00
r—00 T (Tv f)
Theorem 1.8. Let f (z) and g (z) be two non-constant integral functions such that
py and py are finite. Then

log T
liminf—og (r f9)

< 3.p5.209.
rooo T (r,g) d

Theorem 1.9. Let f and g be non-constant integral functions such that py and A,
are finite. Also suppose that there exist integral functions a; (z) (i = 1,2, ...,n;n < 00)
such that (i) T (r,a;(z)) = o{T (r,g9)} as r — oo for i = 1,2,...n and (ii)

Zé (a; (2),9) =1. Then

lim SuplogT (. f9)

T—00 ( 9 )

< TPy

Theorem 1.10. Let f and g be transcendental integral functions such that
(i) py < 0o and the hyper lower order of g (z), A, is positive
(it) Ay >0, and
(731) 6 (0, f) < 1.
Then
lim sup—lOgT(T’ 19) =
roo (1, 9)
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A real valued function ¢ (r) is said to have the property P [1] if
(1) ¢ (1) is non-negative and continuous for r > r¢, say;
(73) ¢ (r) is strictly increasing and ¢ (r) — oo as r — 00;
and
(1i) log & (r) < d¢ (r/2), for all § > 0 and for all sufficiently large values
of r.
Therefore a function satisfying the property P also satisfies the following rela-
tion :
log? ¢ (r) < S logld ¢ (r/2) for all 6 > 0, p > q and for all sufficiently large
values of .
For two non-constant integral functions f(z) and g(z), the inequality

log M(r, f(g)) <log M(M(r,g), f) is obvious.

In the present paper we consider k non-constant integral functions fy, fo, ..., fx
and a constant o with 0 < a < 1 and form the iteration as below:

Fi(z) = (1-a)z+afi()
Fy(2) = (1—a)F (2) +afi (7 (2)
Fy(2) = (1-a)F;(2) +afi (F(2)

F,(2) = (1—a)Fi_y (2) + afi (F (2)) -

Similarly
Fl(z) = (1—a)z+af(z)
Fy(2) = (1—=a)FY (2) +afs (F (2))
F{(2) = (1—a)F) (2) +afs (F(2)
Fp(z) = (1=a)Fy(2) +afa (F(2))
and

Flk (z) = 1—a)z+afi(z)
Fy(z) = (1—a)F (2)+afi (F (2))
Fy(z) = (1—a)Fy (2) +afy (Fy (2))

Fy(z) = (1—a)Fiy(2) +afi (F(2))
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Clearly all F}, F2 ..., F¥ are integral functions. Throughout this paper we assume
that maximum modulus functions of fi, fs, ..., fr and all their generalised iterated
functions satisfy the property P.

The main purpose of this paper is to extend the results of Lahiri [4] for gener-
alised iterated integral functions.

2. Lemmas
The following lemmas will be needed to prove our results.

Lemma 2.1. [3] Let f(z) be an integral function. For 0 <r < R < oo, we have

T(r, f) < log" M(r, /) < 1

T(R, f)-

—r
Putting R = 2r, for large values of r, we have
T(r,f) <logM(r,f) <3T (2r f).

Lemma 2.2. [5] Let f be an integral function of finite lower order. If there exist
integral functions a; (i = 1,2,3........... n; n < oo) satisfying T(r,a;) = ofT(r, )}

and
- T(r, f) 1

Cf)=1 then lim ——) __ 2
;&a“f) then oo log M(r, f) 7

Lemma 2.3. [2] Let f(2) and g (2) be two integral functions with g (0) = 0. Let 3
2
satisfies 0 < f < 1 and C (B) = %. Then for r >0

M (r,fog) > M(C(B)M(Br,g),f)-

Further if g (z) is any integral function, then with = %, for sufficiently large
values of r

Ming o) 2 0 (M (5.0) - ls O1.7)

Clearly

M(r,fog)>M (%M (gg> ,f). (2.1)

On the other hand the opposite inequality

M (r,fog) <M(M(r,g),[) (2.2)

18 obvious.
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Lemma 2.4. [6] Let f (z)be transcendental integral function, g (z) a transcendental
integral function of finite order, n a constant satisfying 0 < n < 1, and « is a
positive number. Then we have

T (r,fg) +0(1) > N (r,0, fg) zlogl N{M (<”7T)1T"79)70,f}

" logM<(nr)“%,g>—0(1) o

as r — oo through all values.

3. Main Results
As an extension of Theorem 1.5 we have the following theorem.

Theorem 3.1. Let fi, fo, ..., fi be non-constant integral functions such that Ay, <
A < pp < 00. Then forn =km,m e N

[n—1] 1
lim inflog T Fy)
r—00 T (r, f1)
Proof. Since A\;, < A, we can choose € (> 0) such that A\, +¢ < Ay, —e. Also for

all large values of 7, r™1~3 < T (r, f;) and for a sequence of values of r tending to
infinity log M (r, f) < rMe e,
Then we have
T (r,F)) <logM (r,F))
= log M {r, (1—a)F2  +af; (Fg_l)}
<log M (r,F7_,) +log M (r, fi (F_))) + O (1)
<log M (r,F2_;) +log M (M (r,F2_,), f1) + O (1)
<log M (r, F2_ )+ {M (r, F2_)}"""™ + 0 (1)

=0.

<M (r,F2) +{M (r, F2 )" +0(1). (3.1)
Therefore,
logT (1, F,) <log M (r,F;_,) + (ps, +€)log M (r, F._,) + O (1)
<(1+pp +e)logM (r,Fo 1)+ 0(1)
<(1+ps+e) [M (r, F3,) + {M (r, Fg,Q)}Pf2+5] +0(1).using (3.1)

So,
log® T (1, F;) <log M (1, Fl_5) + (pp, + ) log M (1, F;}_3) + O (1)

<
< (1+pp+e)logM (r,F2 ) +0(1).
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Therefore,
loglkm=11 T (r,F}) < (1+pyp, +¢)log M (r, F,If,(km,l)) +0(1).

So,
logn—U T (r, F})
(1+ pp,, +¢€)log M (r, Ff) + O (1)
:(1—|—pfk71—|—5)logM (I1—a)z+afy) +0(1)
< (1+py, +e){logM (r,2z) +log M(r, fr)} + O (1)
= (1 + Pty —1—5) {logr +log M(r, fr)} + O (1)
< (1+pp, +¢) {logr+r™T} +0(1) for a sequence

of values of r = ry — 0.
So for a sequence of values of r = ry tending to infinity we obtain

log" T ) _ (14 g, +2) flogr £ P} 40 (1)

T(T, fl) TAfli%

and hence

log" 1T (r, )
lim inf s = ().
r—00 T (7"7 fl)

This proves the theorem.

Note 3.2. The conditions of Theorem 3.1 are not strictly sharp, which follows
from the following example.

Example 3.3. Let f; = fo = ... = fx = z. Then F!(2) = z for every n. In this
case Ay, = Ap, = ... = A5, =0 . But

log™ YT (r, F1 logl~UT
lim inf 8 (r, F) = liminf o8 (r, 2)
r—o0 T (r, fl) r—00 T (7“7 Z)

log™ U log r

= liminf
T—00 log r

log[”] r

= liminf
r—00 log T

= 0.

The following four theorems are extensions of Theorem 1.7, Theorem 1.8, Theorem
1.9 and Theorem 1.10 of Lahiri [4].
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Theorem 3.4. Let fi, fo, ..., fr be non-constant integral functions such that 0 <
Af, < Ap, < 00. Then for n =km,m € N

g T (r F)
lim sup = 00.

r—00 T (7’, fl)

Proof. Since Ay, < Ay, we can choose € (> 0) such that Ay, +¢ < Ay, —e. Also
for all large values of 7, 7 ~2 < T (r, f3) .
Using Lemma 2.1, we have

T (r,Fy,)

1 T
> M(- F1>

= %logM<g7(1 o) Fr_ +afy (F2 ))
%bg {aM (g,fl (qu)) —(1-a)M (g Fy 1)}
%bg {aM (1_16M (%7]?371) ,f1) —(1—a)M (g 2 1>},using (2.1)

3{10gM(116M(22,F2 ) f)—logM(g,F3_1>}+0(1).

v

v

v

So,
logT (r, F})

r

1
> log log M —M(
> log log (16 5

> f1> — loglog M (g,Fﬁ_J +0(1)

> (A, —¢)log (1161\4 <22,F2 )) —loglog M (g,F,f_l) +O(1)

1
— 2 _Z _ 2
> (Mg, 5)10gM(22,F ) 5 (Af 5)10gM<22,F )—i—O(l),
by property P
_ 2
Z(Aﬁ 5)1ogM<22,F )+0(1)
1 A

Therefore,
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logm T (r,F})

> logT (22,
1

> §(Af2—€)T<

F2,)+0(1)

50 Fia) +0(1), using (3.4)

and
log™ T (r, F})

> logT<24,F,§’ 2) + 0 (1)

> L0 =T (5 Bl +0 ().

1 r
> 5 Aoy =) T <Wa Frlf—(km—l)) +0(1).

Therefore,
log* 17 (r, FY)

> %(Afk_l ~) T (o ) + 0O 1)

_ %(/\fkl—g)T<22(: 5o (1= )z +afi) +0()

> 5 O = {7 (i ) =T (g =)} +0

> 50 =9 (o)™ o8 () o),

Also for a sequence of values of r tending to infinity T (r, f1) < r*nte,
So,

ogt 17 (r, 71y 3 (s =) { () 7 — log (i) } + O ()

>
T (T7 fl) T)\fl e

Therefore,

o log" i T (1, )
lim sup = 00.

r—>00 T (7’, fl)

Hence the proof.

37
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Theorem 3.5. Let fi, fo, ..., f be non-constant integral functions such that py,,
Pfsy - Pi are finite. Then for n =km, m € N

1 [n—1] T Fl

lim inf

roo T (7”, fk)

Proof. Let ¢ (0 < & < 1) be arbitrary. Also for all large values of r, rMi™2 <

T (7", fk) .

From (3.3) we have

log" T (r, ) < (1+ pg_, +2) {logr +log M(r, fi)} + O (1).

Hence
log" T (r, Fy 1+ py, ., +¢) {logr +log M(r, fi)} + O (1
lim inf—2 (r, ) < liminf( Pfi-a 5) {log r g M(r, fr)} (1)
r—00 T (7”, fk) r—00 T (7", fk)
Therefore S———
.. plog"™HT(r,Fy
lm inf =757y
L+ +e¢)logr+O(1 1+ + &) log M (r,
< limsup< Pl ) (:g?“ ( )+ liminf< Pfe1 ) og M(r, fi)
o e T(r.fi)
o log M(r fr) N
— (1 lim inf —2 0 Tk bitrary. 3.5
(1+pps) 1 in T ) since € 1s arbitrary (3.5)
Let py, (r) be a proximate order of fj (2) relative to T'(r, fi) . Since
; T(Ta fk) _
fmsup= . = b

it follows that for all large values of 7 and given £ (0 < € < 1)
T (r, fr) < (14¢)rrat),
Using Lemma 2.1 for all large values of r,
log M (r, fi)) < 3T (2r, fi) < 3 (14 ¢) (2r)"7")
and so for large values of r

(2r)P 50
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where 0 (> 0) is arbitrary.
)pfk+5—pfk(r)

Since (r is an increasing function of r, it follows that for all large r
log M (7, fr) < 3 (1 +¢) 20 0pPir("), (3.6)
Again for a sequence of values or r tending to infinity we have

T (r, fi) > (1 — &) rra), (3.7)

From (3.6) and (3.7) we get for a sequence of values or r tending to infinity

(A+e)gp, +
log M (r, f;.c)<3(1 >2 5T(7" fr) -

Therefore low 1 .
lim inf 2B M fi) 3 (156 oy 45
T T (T, fk’) (1 - 6)
Since ¢ (> 0) and € (0 < € < 1) are arbitrary, it follows that

Hence from (3.5) and (3.8) we get

[n—1] 1
lim inf log" T (rF,)
o0 T (’T‘, fk)

This proves the theorem.

<3(1+pyp,) 2.

Theorem 3.6. Let f1, fa, ..., f be non-constant integral functions such that py, |
and Xy, are finite. Also suppose that there exist integral functions a;(z) (i =
1,2,..,n;n < oo) such that (i) T (r,a;(2)) = o{T (r, fx)} as r — oo fori =

L noand (it 25 a; (2), fx) = 1. Then for n =km,m € N

. log" 17 (r, F})
im sup
r—00 T (Ta fk)

Proof. Let € (0 < & < 1) be arbitrary. Also for all large values of 7, r72 <

T (7"', fk) :
From (3.3) we have

log" T (r, Fy) < (14 py, +¢) {logr +log M(r, fi)} + O (1).

=7 (1 + pfk—l) :
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Hence
lim su log" 1T (r, F) < limsu (L4 psy +) {logr +log M(r, fi)} + O (1)
r—>oop T (v, f) Hoop T (r, f)
Therefore

. log["*l] T(T,Fnl)
llmrrﬁoo sup W

(1—|—pf,H +€) logr + O (1) (1—|—pf,H +5) log M (r, fx)

< limsup + lim sup

r—00 T‘Afki% r—00 T (T, fk)
log M
< (14 ps, ,) ligi}p%<r—w, since ¢ is arbitrary. (3.9)

Therefore using Lemma 2.2 in (3.9) we have

y log" T (r, F})
11m su
r—)oop T (Ty fk)

This proves the theorem.

<7 (1 + pfk—l) :

Theorem 3.7. Let fi, fo, ..., fx be transcendental integral functions such that
(i) pj, < 0o and the hyper lower order of fy (2), Ay, is positive
(i1) Ay, > 0 and
(1ii) 0 (0, f1) < 1.

Then for n =km,m € N

g T (r, B
lim sup = 00.

r—00 T (7“, fk)

Proof. Proceeding as Theorem 3.4, we have

log"®™ AT (r, F!) > % Ay — )T (W,Fﬁkm,m) +0(1).
So, log" A T (r, F})
> % (A, —¢ T<22 FT) o)
_ % (O, e (22 (1—a)FF +afi <F1)>+O(1)
> % (Ao —¢ {T<22n 11 () - T<22(n o ) p 0.
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Using Lemma 2.4 we have
log"=3T (r, B}

1 1
> 5()\fk7275>[10g5
%
N{M(@z#m) M’Flk)’o’fl}
N ; -om-T JFF )1+ 0(1)
- s A 22(71 2)
IOgM (nm> ’Fl 70(1)
> 1

5 (Afk—z — 5) [log%

v {ar (i) 7 ) 00} —o@)

x 1

o ( (1t ) 7 FE) 0 ()

Jf(ﬁ,z) *T(m:fk)}Jro(l)'

Since 0 (0, f1) < 1, for given £ > 0 there exists a sequence of values of r tending
to infinity for which N((Tof;) >1—-6(0,f1) —e>0.

So, log" AT (r, F})

1
> 9 ()‘fkfz - 5) [log;

(1= =T {1 (i) ™ 1) o} = ow M ( (1) ™ o FE) O1)

—_

X 1
1ogM<(n22<:2)) e ,Ff) —0(1)
0 (1) r r
+ 14—% _log 22(n—2) _T(22(n_2)7fk>]+0(1)
logM<(n22(:_2)) ,Ff) —0(1)
1 1
D) ()\fk—Q - 5) [logg
o o
(1—(5(0,f1)—6)T{M(<7722(:_2)>1+a7F1k),f1}—10gM((n22(nT’_2))1+a7F1k>0(1)
X 1
log M <(7722(:_2)) e 7F1k> -0(1)
”
+0(1)—10gm—T<22n2asz>] O (1)
1 1
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(1-5(0,f1) —E)T{M ((”wf ,Fllc) ,fl} ~log M ((772()>+ 7F1’f> 0 (1)
log M ((n22<:_2>) F’“) 0 (1)

~ log = —T(22<n > fk)] 0(1). (3.10)

T \Tis ro\Tia
log M ((nm> T ,Ff) = log M ((nm) T+ ’(1—a)z+fk>

1

< log M ((nﬁ)lia ,z) + log M <(nﬁ)la ,fk> +0(1)

Pfk-‘rE

r ﬁ T T+a

Using (3.11) in (3.10) we have
log" T (r, F}))

> % ()\fk—Q —a) [log%
(1-38(0, 1) —a)T{M ((nm>ﬁ ,Flk) ,fl} ~ log M ((nm>ﬁ 7F1’“) on)

X
1 F'fk+e
14+« 14«
og (ngzee=zy ) " + (ngari=my) 0 g {l-o0(1)}

T T

So for a sequence of values of r tending to infinity
log™ T (r, FY)

> log? L
% %
(=500 =T {M ((nizey) ™7 ) i |~ 10w ((niey) ™7 FE ) O )
1
gl 1 Pipte
T I+a r 1+a
log (ﬁm) " +<7Im> " {1-0(1)}

Clogltl T
S Tey logT(QQ( 2),fk)]+0()

1 (1—5(0,f1)—€)T{M ((7722(”%2)) THa Fk) f1 }
:log[]f-i-log[ P
P fe E}

n _1 Ik
” o r Tra
log (77 22(n72)) + (77 22(n=2) >

{1
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s (i) T YO0y
(1—6(0, fﬂ—s)T{M((nﬁ)m’F{c)?ﬁ} 530=2)
_logT<22n 5 fk) 0 (1)

1 r Tra
zlog[Q]E—i—log(l—(S(O,fl) —5)+logT{M(<n22(n_2)> ¥ ,Ff) ,fl}

s ppuie
~ log {log (n57) ™ + (”ﬁ)ﬁ} + logfl—
log M <(7722TT—2>)”%“ ’Flk> o)
(1=5(0,f1) = &) Nylog M (=) ™= , F})

— log? ﬁ —logT (22( 2),Jvk) +0(1)
> 0 (logr) + log T {M ((”ﬁ) Fk) N } ol
log M ((772%—,2))1%& 7F1k> o)
(1=6(0, f1) =) T {M ((ni) ™7 FE) S} 5202
logT< fk) +0

> O(lOgT) +10gT{M( 7722(:_2) e 7F1k) Jfl} —|—10g[1_

]

SRR o) ]
(n5=) ™" L FE) 1}
—T(%,fo +O(1) (3.12)

T(r,f1)

= 00, and so for given positive number N;
logr ’ )

Since f; is transcendental, lim
r—00

however large, and for all large values of r, T'(r, fi) > Njlogr. Therefore from
(3.12) for a sequence of values of r tending to infinity we have
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log™ T (r, FY)
> O(1)+0(logr) + logT {M ((nﬁ)lia ,Flk) ,fl} + log[1 —
log M ((nm)fa ,Ff) 0 (1) .

1 ]—logT
(1000, 2 Mlow M ((ngeis) 7= 1) 20

r
=T <22(n72) ) fk>
r

O(1)+ O (logr) +10gT{M <(nm)l+a ,Flk) ,fl} + log[l —

O(l) r r
BTN A G R

where V; is so large that

v

O (1)
Ta=s0. om0

Therefore, for a sequence of values of r tending to infinity we have
log" ! T (r, F}))

>0 (1)+ O (logr) +logT{M ((7722(:_2)>1+a ,Flk) ,fl}

T r
108 g~ T (g o) (3.13)

Again since f; (2) is of positive lower order Ay, we get for all large values of r and
for 0 < My < Ay,

logT (r, f1) > M logr.
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Since fi is of finite positive hyper lower order ka, it follows for all large values of

r that
logloglog M (', fi) _ %ka

logr

A

i.e., log M (r, fi) > o
Hence from (3.14) we have
logT{M ((772%%2))1%& ;F1k> ’fl}
kY)

> M, (15

— log <nﬁ)lia +0(1).

Therefore from (3.13) we have for a sequence of values of r tending to infinity
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Also for all large values of r, T (r, fi) < rffi*e.

Therefore for a sequence of values of r tending to infinity we have
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This completes the proof.
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