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1. Introduction, Definitions and Notations
Let C be the set of all finite complex numbers and f be an entire function defined

on C. The maximum modulus function M(r) and the maximum term g (r) of
f = > ay,z" on |z| = r are defined as My = I‘nlax|f(z)| and ps(r) = m§8<(|an|r")
n—=0 z|=r n>

respecgively. Since My (r) is strictly increasing and continuous, therefore there
exists its inverse function ]\4f_1 :(]f(0)],00) = (0,00) with lim Mf_1 (s) = o00. We
§—00
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use the standard notations and definitions of the theory of entire functions which
are available in [10] and [11], and therefore we do not explain those in details.

Let L is a class of continuous non-negative functions a defined on (—o0, +00)
such that a(x) = a(zy) > 0 for z < xp with a(z) 1 +o0 as z — +oo and
a((1+o(1))z) = (1 4+ o(1))a(x) as * — +oo. We say that o € LY if & € L and
alcr) = (14 o(1))a(x) as g < z — +oo for each ¢ € (0,400), i.e., v is slowly
increasing function. Clearly L° C L. Moreover we assume that throughout the
present paper o, aq, as, 3, £1 and By always denote the functions belonging to L°
unless otherwise specifically stated. The value

. a(log My (r))
paplf] =limsup—77 " (e € LA L)

is called [7] generalized order («a, ) of f. For details about generalized order («, ()
one may see [7]. During the past decades, several authors made close investigations
on the properties of entire functions related to generalized order (¢, 5) in some dif-
ferent direction. For the purpose of further applications, Biswas et al. [4, 5] rewrite
the definition of the generalized order (o, ) of entire function in the following way
after giving a minor modification to the original definition (e.g. see, [7]).

Definition 1. [4, 5] The generalized order (o, 5) and generalized lower order («, )
of an entire function f, denoted by p(a.p|f] and Aaplf] respectively, are defined
as:

Prap)f] = lim fgop% and A(a,s)[f] = lim &fo‘(%—f};))_

Since for 0 <r < R,

per) < My(r) < " (R)ef 191,

it is easy to see that

. afpy(r)) o ealug(r)
Paplf] = limsup=—g "5 and Ap) [f] = lim inf 0y
Mainly the growth investigation of entire functions has usually been done through
their maximum moduli function in comparison with those of exponential function.
But if one is paying attention to evaluate the growth rates of any entire function
with respect to a new entire function, the notions of relative growth indicators (see
e.g. [1, 2]) will come. Now in order to make some progress in the study of relative
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order, Biswas et al. [3] have introduced the definitions of generalized relative order
(o, B) and generalized relative lower order («, ) of an entire function with respect
to another entire function in the following way:

Definition 2. [3] Let o, 8 € LY. The generalized relative order (o, 3) and gener-

alized relative lower order («, 3) of an entire function f with respect to an entire

function g denoted by 0(ap)[flg and Aap)|f]g respectively are defined as:
a(Mg ' (My(r)))

o
o = limsu and Ay = lim inf g
P( ,5)[f]g R p ﬁ(?“) ( ,5)[f]g e 5(7a)

In terms of maximum terms of entire functions, Definition 2 can be reformulated
as:

Definition 3. Let o, 8 € L°. The growth indicators pa.p)lfly and Aap(fly of an
entire function f with respect to another entire function g are defined as:

e (g (pyp(r))) " min oy (pp(r)))
Plap)lflg =1 Py d Aa,plflg =1 f—ﬁ(r) :

r—-+o0o r—+00

In fact, Lemma 5 states the equivalence of Definition 2 and Definition 3.

Here, in this paper, we investigate some interesting results associated with
the comparative growth properties of composite entire functions using generalized
relative order (o, ) and generalized relative lower order (a, 3).

2. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [6] Let f and g are any two entire functions with g(0) = 0. Also let b

satisfy 0 < b < 1 and c(b) = (115)2. Then for all sufficiently large values of r,

My(e(b)My(br)) < Myog(r) < My(Mg(r)).
In addition if b = %, then for all sufficiently large values of r,
1 r
02 5 (28(3).

Lemma 2. [8] Let f and g are entire functions. Then for every § > 1 and
0<r<R,

) oR
/“Lfog(r) S 5_ 1lu'f<R_Tlug(R))
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Lemma 3. [8] If f and g are any two entire functions. Then for all sufficiently

large values of r,
1 1 r
Hfog(r) = —Nf(EMg <Z>)‘

Lemma 4. [2] Suppose f is an entire function and A > 1,0 < B < A. Then for
all sufficiently large r,

Mf(AT) Z BMf(T)
Lemma 5. Definition 2 and Definition 3 are equivalent.
Proof. Taking R = ar for any a > 1 in the inequalities py(r) < My(r) < 7 pg(R)
{cf. [9]}, for 0 < r < R we obtain that
M (r) < pgt(r)

g

and

py'(r) < aMtf;l((a(l_rl))'

Since M *(r) and p, ' (r) are increasing functions of 7, then for any a > 1 it follows

from the above, Lemma 4 and the inequalities pz(r) < My(r) < —*5ps(ar) {cf.
9]} that

M (1 () < st 2.)
and
i (s () < 0y (a1, (B2, (22)

Therefore the lemma follows from (2.1) and (2.2).

3. Main Results
In this section we present the main results of the paper.

Theorem 1. Let f, g and h are any three entire functions such that p(a,s.)[9]

< )\(alﬂl)[f]h < p(al,ﬁl)[ﬂh < +o0.
(1) If either 51(r) = Bexp(asz(r)) where B is any positive constant or

EIJP % = 400, then

o (My (Mo (B (log 7))
r—+ocexp(ay (M, (M (B (logr)))))

(i1) If o (By(r)) € LO, then

. exp(aa (B (ar (M, (Myog (85 ' (logr)))))))
roo exp(aa (M), (My(By *(logr)))))

=0.

= 0.
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Proof. Since pa,,,)[9] < A(ar,8)[f]n We can choose (> 0) is such a way that

p(cmﬁz)[g] +e< >‘(a1,51)[f]h —¢&. (3'1)

In view of Lemma 1, we get for all sufficiently large positive numbers of r that

a1 (My " (Myeg(B3 ' (10g 7)) < (Par s [fln + €)BL(My (B (log 7)) (3.2)

Now the following three cases may arise .
Case I. Let 8,(r) = Bexp(az(r)) where B is any positive constant. Then we have
from (3.2) for all sufficiently large positive numbers of r that

ar(My, (Myog(B5 ' (10g 7)) < Blparon[f1n + &) explon(My (B, (log 7))))

e, an(My ! (Myog(By ' (10g7)))) < Blpray oo fln + e)rPezeldte - (3.3)

Case II. Let liin % = +00. Then for all sufficiently large positive numbers
T—1+00

of r we get from (3.2) that

ar (M, (Myog (B3 (1087)))) < (piaa, o) [f]n + )riPlea o), (3.4)

Case III. Let ay(8;*(r)) € L°. Then for all sufficiently large positive numbers of
r we get from (3.2) that

aa(By (e (M), (Mjog(By ' (log)))))) < (14 0(1))aa(M,(B; * (logr)))

e, az(By (@M, (Myog(By * (log 7)) < o Plezsn 914, (3.5)

Also from the definition of A4, g,)[f]n, we get for all sufficiently large positive
numbers of r that

exp(an (M, (Mg (B (log 7)) = rPensn e, (3.6)

Now combining (3.3) of Case I and (3.6) we get for all sufficiently large positive
numbers of r that

ozl(M}:1<Mfog(52—1(logr)))) < B(P(al,b’l)[f]h + g)r(P(az,ﬁz)[Q]Jrs)
explan (M, (M; (55 (log ) RETERIEC R

(3.7)

Therefore in view of (3.1) it follows from (3.7) that

. ay (M (Myoq (85" (logT)))) _
rooexp (o (M, (M (87 H(log 7))
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Similar conclusion can also be derived from (3.4) of Case II and (3.6).

Hence the first part of the theorem follows.

Further combining (3.5) of Case III and (3.6) we obtain for all sufficiently large
positive numbers of r that

QQ(ﬁfl<a1(MI;1(Mfog(551<10g ) < P+ (P(ay,5) [91+¢)
exp(ay (M;L_I(Mf(ﬂl_l(log r))))) = pQepsplfla—e)

(3.8)

Therefore in view of (3.1) we get from above that

lim 042(51_1(Oél(M;:l(Mfog(ﬁz_l(lOg 7))))))
retooexp(ar (M, (M (8 ' (logr)))))

Hence the second part of the theorem follows from above.
Thus the theorem follows.

=0.

Theorem 2. Let f, g and h are any three entire functions such that X, g,)[d]

< /\(041751)[f]h < p(al,ﬁﬁ)[f]h < +00.
(7) If either (1(r) = Bexp(ag(r)) where B is any positive constant or

EIJP % = +o0, then

a1 (M, (Myey(B, *(log 7))
r=-+oe exp(an (M, (M (B (log7)))))

(i1) If cao(By(r)) € LO, then

i P21 (01 (M (Mg (35 05 7))
PR explan (M, (M5 (B (log )

The proof of Theorem 2 is omitted as it can be carried out in the line of Theorem
1.

=0.

=0.

Theorem 3. Let f, g and h are any three entire functions such that 0 < A, g,)[f]n

< p(alﬁl)[f]h < /\(0427,32)[9] < +00.
(1) If either 51(r) = Bexp(az(r)) where B is any positive constant or

iy Splaz(r)
rgglooﬂl—("") = O, then

‘m 041<M}:1(Mfog<62_1(10gr))))
rrtooexp(an (M (M (87 (log 7))

= +o00.
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(41) If cao(B; (7)) € L°, then
o explan( (o0 (1 (M (55 l02)))
r—o0 exp(ay (M, ' (My(6; ' (logr)))))

Proof. Let us choose 0 < & < A(a,,8,)[f]n- Now for all sufficiently large positive
numbers of r we get from Lemma 1 that

= +00.

on (M5 (Mg (55 0270)) 2 (14 0(1) N 1 — 2181 (a1, (0 ))

(3.9)
Now the following three cases may arise.

Case I. Let §1(r) = Bexp(az(r)) where B is any positive constant. Then from

(3.9) we obtain for all sufficiently large positive numbers of r that

01 (M (Myeg (85 (108 7)))) > B(L+ 0(1)) (Aay ) S — £)rH+o0 vz lo=2),
(3.10)

Case II. Let hIJP % = 0. Then from (3.9) it follows for all sufficiently large
T—>400

positive numbers of r that
a1 (M, (Mg (85 (log 1)) > (140(1)) Ay [fln—e)rtt o ez el =2 (3.17)

Case III. Let ay(8;*(r)) € L°. Then from (3.9) it follows for all sufficiently large
positive numbers of r that

a7 (e (M (Myep (55 0 )))) 2 (1-+ of 1, (220087

e, explag(Br (ar (Mg (Myog (85 ' (log1))))))) = Mol =2 (3.12)

Again from the definition of p, s,)[f]n Wwe get for all sufficiently large positive
numbers of r that

exp(an (M, (Mg (B (log r))))) < rlPersnlinte), (3.13)

Now combining (3.10) of Case I and (3.13) we get for all sufficiently large positive
numbers of r that

ar (M, (Myog(B5 ' (log 7))
exp(ar (M, (M (5, (log 1))
B(1+0(1)) (Al fln —€)r (14+0(1))(AX(ag,p,) l9]—¢)
N r(Pay,) flnte) .
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Since p(ay,50) [ f1n < Aas,pa) 9], it follows from above that

oM (Mg (55 (087))))

im — —

rovrocexp(an (M, " (M (5, (logr)))))

Similar conclusion can also be derived from (3.11) of Case II and (3.13).
Therefore the first part of the theorem follows.

Again combining (3.12) of Case III and (3.13) we obtain for all sufficiently large
positive numbers of r that

exp(aa(f; ! (r (M, (Myog(B5 ' (logr))))))) > o)A as,59)l91=2)
exp(al(Mh_l(Mf(ﬁl_l(IOg 7))))) - r(Pay,6p) flnte)
1 explaa(Br (an (M (Myog(85 ' (log)))))))
o~ exp(ou (M, (My(B7 (logr)))))

Therefore the second part of the theorem follows from above.
Hence the theorem follows.

= +400.

i.e., +00,

Theorem 4. Let f, g and h are any three entire functions such that 0 < X, g,)[fn
< /\(a%g?)[g] < +00.
(1) If either (1(r) = Bexp(as(r)) where B is any positive constant or

i explag(r)
TEIJPOO 51(i) =0, then

Jim sup o (M, (Myog (B3 (logT))))
r—+oo exp(a (M, ' (My(B1 " (logr)))))

(i) If ax(ByH(r)) € LO, then

iy S22 0 07 (55 o))
400 exp(oq (M, (My(B7 (logr)))))

The proof of Theorem 4 is omitted as it can be carried out in the line of Theorem
3.

= +00.

= +00.

Theorem 5. Let f, g and h are any three entire functions such that 0 < X, g,)[fn
< p(alﬁl)[f]h < 400 and 0 < )‘(az,ﬁz)[g] < p(amﬁz)[g] < +00.
(2) If B1(r) = an(r), then
Ao, 80)f]h - Aas,80)|9] al(Mh_l(Mng(T)))
Pars T oo an (M, (M (B (Ba(1))))
P(al,ﬁl)[f]h ) )‘(02,52)[9] }
A(alvﬁl)[f]h

< min {p(a2ﬁ2)[9]7
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and

oy 1OV Oy (1)
rtoo an (M (My(Br (Ba(1)))))
p(alﬁl)[f]h : p(a2ﬁ2)[g]

B )‘(alﬁl)[f]h '

)‘(Oqﬁl)[f]h : :0(042,,32)[9] } <

max {)\ as.8) 9]
( ) p(alﬁl)[f]h

(44) If 51(042_1(7")) € L, then

Movpolfln e oM (Mpeg(r)

Plonsolfn — robes an (M (Mf(az (B2(r))))
< limsup— LM Mreo(r))) - Preapnlfn
rotoo a1 (M (M (a3 (B2()))) ™ e[S

(i31) If aa(By(r)) € LO, then

(I M () _
Plaro)[fln oo an (M (Mf(ﬂl (Ba(r)))
{ /\(042,/32)[9] P(az, 52)[9] }<
)‘(al,ﬂl)[f]h Plai,B1) [f]h -
)‘(azﬁ2)[9] Plaz, 52)[9] }
A, /51)[f]h Plas ,31)[f]
s 20T @O Oy () _ piosnls
oo (M (Mf(ﬁl (B2(r)))  ~ AanpnlfIn

Proof. From the definitions of generalized relative order («q, 51) and generalized
relative lower order (ay, 51) of f with respect to h, we have for all sufficiently large
positive numbers of r that

max {

a1 (M (My(r))) < (Pl o0 Lfln +€)Bu(r), (3.14)

ar (M (My(r))) = (Naw g [fln = €)Bi(r) (3.15)
and also for a sequence of positive numbers of r tending to infinity we get that

a1 (M (My(r))) = (Pl o0 Lfln — €)B1 (1) (3.16)

Similarly for a sequence of positive numbers of r tending to infinity we obtain that

ar (M, (M (1)) < (Nar,aolfln +)Ba(r). (3.17)
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Now in view of Lemma 1, we have for all sufficiently large positive numbers of r
that

ar (Mg (Myog (1)) < (pan o) Lfln + €)B1 (M (7)) (3.18)
and also we get for a sequence of positive numbers of r tending to infinity that
(M (Mog(1))) < (M s0)[fIn + €)B1(My(r)). (3.19)

Similarly, in view of Lemma 1, it follows for all sufficiently large positive numbers
of r that

r

01 (M; (Moq(r))) 2 (1+ (1)) s s Fln = 2181 (M (5) ) (3.20)

and also we obtain for a sequence of positive numbers of r tending to infinity that

a1 (M (Myoy(1)) = (L4 o)) (pranon FIn = )81 (M, (5) ). (3:21)

Now the following two cases may arise:
Case L. Let 51(r) = as(r).

Now we have from (3.18) for all sufficiently large positive numbers of r that

ar (M, (Mog(r)) < (pan,sn [f1n + ) (Plaz,e) [9] + €) Ba(r), (3.22)

and for a sequence of positive numbers of r tending to infinity that

o1 (M (Mo (1) < (Prar, o) [F1n + €)(Maa ) [9] + €) Ba(r). (3.23)

Also we obtain from (3.19) for a sequence of positive numbers of r tending to
infinity that

(M, (Myog(r))) < (Man. ) [fIn + €)(P(as, ) 9] + €) Ba(r). (3.24)

Further it follows from (3.20) for all sufficiently large positive numbers of r that

a1 (M (Myog(r))) 2 (14 0(1) (M) [fTn = €)(Maa,mlg] — €)Ba(r),  (3.25)

and for a sequence of positive numbers of r tending to infinity that

a1 (M, (Myog(r))) = (14 0(1))(Aar,on) [f1n = €)(Pransn 9] — €)B2(r).  (3.26)



On Some Growth Properties of Composite Entire Functions ... 21

Moreover, we obtain from (3.21) for a sequence of positive numbers of r tending to
infinity that

a1 (M, (Myog(r))) = (14 0(1) (p(ar. ) [fIn = €) Nz, 9] = €)Ba(r). (3:27)

Therefore from (3.15) and (3.22), we have for all sufficiently large positive numbers
of r that

( (Mfog( ))) < (p(al,ﬂl)[f]h +5)(P(a2,62)[g] +€)ﬁ2(7”)
ar (M, ( 1B (Ba(r)))) (Aar,anlf]n = €)Ba(r)

o 1 O‘l(Mh_l(MfOQ(T») < p(a1,,31)[f]h : p(a2,52)[g] .
e L O (B (Bar)) S A [l
3.2

Similarly from (3.16) and (3.
tending to infinity that

ay (M (Myog(r))) < o lfln +€)(Plaa o) 9] +€)Ba(r)
ar (M, (Mg (87 (Ba(r))))) (P(an ) [f1n — €)Ba(r)

7.e., llmin (M’L_1<Mf09( )))
’ 1r—>+oofa1(]\/[ T (B () Plaz,p2)[9]- (3.29)

In the same way also from (3.15) and (3.23), we obtain that

(Mh_l<Mfog<r))) < Plon, 51)[f]h )‘(%,/32)[9] .

(3.28)

2), it follows for a sequence of positive numbers of r

T G RO S N T (3:0)
Similarly from (3.15) and (3.24), we get that
im in on (M, ! (Mo (1))
17'—>+oofOél(Mh_l(Mf(ﬁl_l(BQ(T))))) < Plas,B2)9]- (3.31)

Thus from (3.29), (3.30) and (3.31), it follows that

imin aq (M}L_I(Mfog(r))) min p(al,ﬁl)[f]h A 042752)[9]
e T ) < ™ Vel HE T

(3.32)
Further from (3.14) and (3.25), we have for all sufficiently large positive numbers
of r that

ay (M (Mo (1)) (M, o (14 0(1)Aar s [ = ) Aaz 9] = 2)5a(r)
ay (M, (Mg (B (Ba(r))))) — (P(ar,p0) [f]n +€)Ba2(r)
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Ozl<

(Mfog( r))) > )\(C‘flugl)[f]h ) )‘(042752)[9]'

.e., liminf n > 3.33
e O, T (M (B, T (Balr) v (3.33)
Similarly, from (3.17) and (3.25) we obtain that
| o1 (M (Mo (1))
1 > Ao 1 g]- 3.34
D T G ) 2 e (3:34)
Likewise from (3.14) and (3.26), we get that
1
I; aq (Mh (Mfog(r))) > )‘(al,ﬂl)[f]h : p(az,ﬂz)[g] 335
L LB Gar ) © el (3.35)
Similarly from (3.14) and (3.27), we have that
tim sup— - Mg @) 5 (3.30)

rroo 0 (M, (M (81 (Ba(7)))))
Thus from (3.34), (3.35) and (3.27) it follows that

lim s ar (M, (Myog(r)))
r——+oo al(M;Zl(Mf(ﬁfl(ﬁ2(r>>>>)
(3.37)

Therefore the first part of the theorem follows from (3.28), (3.32), (3.33) and (3.37).
Case II. Let 31(ay'(r)) € L°.

)\(al,ﬂl)[f]h ’ p(a2,ﬁ2)[g] }

> max{)\ as.8) 191,
() p(al,51)[ﬂh

Now we have from (3.18) for all sufficiently large positive numbers of r that

a1 (My, (Myog(r))) < (par, oo [fIn + €)Bi(0y (Plas o) 9] + €)Ba(r)))
ey o (M (Myog(r)) < (14 0(1))(p(ar sy [fln + €)Br(eg ' (Ba(r)))  (3.38)

Further from (3.20), it follows for all sufficiently large positive numbers of r that

a1 (M, (Myog(r))) 2 (14 0(1)) (M) [fTn = €)Brle " (Ba(1))). (3.39)

Now from (3.15) and (3.38), we have for all sufficiently large positive numbers of r
that

ay (M (Myog(r))) o (1+ 0o(1))(par,s) Lf1n + €)Br (g (Ba(r)))
ay (M (Myp(oq ' (B2(r))))) (Mawolf]n — €)Bi(ay ' (Ba2(r)))
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i.e., limsup al(Mh_l(Mfog(T))) < P(mﬁl)[f]h'
T Shee (M (Mp(az M (Ba(r)) T Nawsn Lf]n

Also from (3.16) and (3.38), it follows for a sequence of positive numbers of r
tending to infinity that

on (M (Myog(r) (14 0(1))(Pran ) [f]n + €) B0 ' (Ba(r)))
on (M, (M (g (B2(r)))) (P(aron [fIn — €)Br(ag  (B2(r)))

o (M, (Myoy(r)))

rtee a (M, (My(ag ' (B2(r)))))
Further from (3.14) and (3.39), we have for all sufficiently large positive numbers
of r that

on (M (Myog(r) (14 0(1) Nar,o) [fln = €)Bi(az " (Ba(r))
ar (M (My(ag ' (Ba(r))) — (Plason [ +€)B1(ag (Ba(r)))

on (M, (Myog(r)) — _ Mensy)lfIn

r=eo o (M, (M (ag (B2(r)))) — Proa s [fln
Also from (3.17) and (3.39) it follows for a sequence of positive numbers of r tending
to infinity that

on (M (Myog(r) (14 0(1)Aar o) [fln = €)Bi(az " (Bo(r))
ar (M, (Mg (az (B2(r))) — (Aarsolfln +€)Bulaz " (Ba(r)))

i.e., limsup alff\jgl<%fg(r))) >
rtoo r (M (M (a3 (6(7)))))
Hence the second part of the theorem follows from (3.40), (3.41), (3.42) and (3.43).
Case III. Let ay(B;*(r)) € L°.
Then we have from (3.18) for all sufficiently large positive numbers of 7 that

(3.40)

<1 (3.41)

(3.42)

(3.43)

az (B (e (My, (Myog(r))))) < (14 0(1))(Plas,p0) 9] + ) B2(7), (3.44)
and for a sequence of positive numbers of r tending to infinity that
cz (B (e (Myy (Myog(r))))) < (14 0(1)) (Mg, 9] + €) Ba(r). (3.45)

Further, it follows from (3.20) for all sufficiently large positive numbers of r that

az By (an (M}, (Mjog (1)) = (1+ (1)) (Naz, 9] — €) Ba(r), (3.46)
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and for a sequence of positive numbers of r tending to infinity that

az (B (an (Mg (Myog(r))))) 2 (14 0(1)) (Pazp2) 9] — ) Ba(r)- (3.47)
Now from (3.15) and (3.44), we have for all sufficiently large positive numbers of r
that
(B (o (M), (Myog(r)))) _ (14 0(1))(P(az 9] +)Ba(r)
ar (M (M (BT (Ba(1) Mg [fln = )Ba(r)

i, Timsup 2L @O Myoy () Preasmle)
e ar(My N(Mp(B7(B2(1)) T Aarn [

Also from (3.16) and (3.44), it follows for a sequence of positive numbers of r
tending to infinity that

(B (o (M), (Myog(r)))) _ (14 0(1))(P(as 9] +)Ba(r)
ar(My My (B (Ba(r) — (Prarsolfln — €)Ba(r)

(B (a1 (M), (Myeg(r))) _ Ploapld]

(3.48)

. < _ 3.49
L RGO OB RO S el O
Similarly from (3.15) and (3.45), we obtain that
tim inf 2200 (@ (M (Mg (1)) - Atcnnl] 3.50
P T 0L L (B () N s (350
Thus from (3.49) and (3.50) it follows that
-1 -1
lim i fa2(51 (M, (Myey(r))))) < mi Plan6)[9]  Aan,82)[9] , 3.51
i LT < e Nl O

Further from (3.14) and (3.46), we have for all sufficiently large positive numbers
of r that

az(Br (o (M, (Myog(r)))) o (14 0(1) (M o) [9] — €)Ba(r)
o (M, (M (87 (Ba(r)))) (Plaa 1) [f] + €)Ba(r)

—1 -1

e @2 @O Mo (1) | Nasls)

rotoe g (M (Mp(By(B2(r))) Pransolfls

Also from (3.17) and (3.46) it follows for a sequence of positive numbers of r tending
to infinity that

(B (aa (M, (Myeg(r))) (14 0(1)(Maz, ) [9] — €)Ba(r)
ar(My (Mp(Br(B2(r) — Nawsnf]s +2)Ba(r)

>

(3.52)
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(B (ar (M, (Myeg (1)) o Atz 2)[9]

€., li — ~ > . 3.53
e e 0 LG A6)) Al O
Similarly from (3.14) and (3.47), we obtain that
~1 —1
(B a0 (M) prensls] -
OB 0L G0 el &

Thus from (3.53) and (3.54) it follows that

L (aa (M (M, Aa «
limsupag(ﬁl (_Ol“/l( h (_1 f g(r»))) > max{ ( 27ﬁ2)[g] : P( 2,,32)[9] } (355)
rotoo (M (My(By(P2(r)))) Mars) s Plason s

Thus the third part of the theorem follows from (3.48), (3.51), (3.52) and (3.55).

Theorem 6. Let f, g and h are any three entire functions such that 0 < X, g,)[f]n
< Papylfln < 400 and 0 < Nay ) [9] < Prasplgl < +oo. Also let 0 <
ANas,82) 9]k < Plas,o) 9]k < +00 where k is another entire function.

() If B1(r) = ao(r), then

)‘(al,ﬁl)[f]h ) A(%ﬂz)[g] < lim infal(M}L__IEMng<r)))
Plac.p2) 91k rtoo ap(M (My(r)))
a A ag,f2 A at,B1 " FPloz,B2
< min{m Lo In - Aan,s )[9]7 (1,80 f]n " Pas,p )[9]}
Aas,52) (91K Aas,B2) 9]k
and
max { /\(al,ﬁl)[f]h ) p(f!QﬂQ)[g] 7 p(alﬂl)[f]h ) )‘(az,ﬂz)[g] }
p(azyﬁz)[g]k p(a27ﬁ2)[9]k
_1 X
< hmsupal(Mh_EMfog<r))) < p(ahﬁl)[f]h p(a2,ﬂ2)[9].
r—+00 OKQ(Mk (Mg(r))) A(azﬁz)[g]k
Theorem 7. (ii) If f1(a5 (1)) € L°, then
by -1
(al,ﬂl)[f]h < lim inf a1<Mh (Mfog<r)))

Plazp) gl — oo an (M (M,

< lim sup
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(7ii) If (B (7)) € LO, then

)\(042,52) [g]

(B (o (M), (Myog(r)))))

< lim inf

p(02,52)[9]k T+o0 O‘Q(Mk_l(Mg(T)))

< min { Plaz,52)|9) | A(az,82)[9] }
p(a2ﬁ2){g]k )‘(a2,ﬂ2)[9}k

< max{ p(amﬂz)[g] ’ )‘(a2762)[9] }
p(a2ﬁ2)[g]k )‘(a2752)[g]k
< oy 2 @O Vo) _ Pl
r—+o0 aa (M, (My(r))) Aaz,52) 9]k

The proof of Theorem 6 is omitted as it can be carried out in the line of Theorem

5.

Remark 1. The same results of above theorems in terms of maximum terms of
entire functions can also be deduced with the help of Lemma 2 and Lemma 3.
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