South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 17, No. 3 (2021), pp. 415-438

ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

HALL CURRENT EFFECT ON DOUBLE DIFFUSIVE
CONVECTION OF COUPLE-STRESS FERROMAGNETIC FLUID
IN THE PRESENCE OF VARYING GRAVITATIONAL FIELD AND
HORIZONTAL MAGNETIC FIELD THROUGH A POROUS MEDIA

Sudhir Kumar Pundir, Pulkit Kumar Nadian? and Rimple Pundir

Department of Mathematics,
S. D. (P.G.) College, Muzaffarnagar - 251001, (U.P.), INDIA

E-mail : skpundir05@yahoo.co.in, pknadian2204@gmail.com,
rimplepundir28@gmail.com

(Received: Mar. 10, 2021 Accepted: Oct. 31, 2021 Published: Dec. 30, 2021)

Abstract: The effect of hall current on a couple-stress ferromagnetic fluid heated
and soluted from below in the presence of varying gravitational field and horizon-
tal magnetic field through a porous media is considered. A linearized hypothesis
and normal mode procedure are utilized to get dispersion relation. For the case of
stationary convection, stable solute gradient has a stabilizing effect on the system.
Medium permeability and couple-stress both have stabilizing and destabilizing ef-
fects under specific conditions. Additionally, magnetic field and hall current have
both stabilizing as well as a destabilizing effect on the system under some con-
ditions. It is likewise discovered that in the absence of stable solute gradient,
magnetization has a stabilizing effect on the system. Oscillatory modes are in-
troduced in the system in the presence of magnetic field (hence hall current) and
stable solute gradient, though in their nonappearance, the principle of exchange of
stabilities is satisfied in the system. Graphs also have been plotted by giving some
numerical values to the parameters.
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1. Introduction

There are various stability problems on couple-stress fluid and furthermore on
ferromagnetic fluids. The convective instability also referred to as Bénard convec-
tion (Chandrasekhar [1]) is one among the stability problems of couple-stress and
ferromagnetic fluids. Another stability problem on these fluids is double-diffusive
(or thermosolutal) convection. There are many researchers, who have done a lot
of work on these stability problems. The idea of couple-stress fluids was initiated
by Stokes [23, 24]. Thermal convection of magneto compressible couple-stress fluid
saturated in a porous medium with hall current has been discussed by Mehta et
al. [9]. Kumar [6] has examined the effect of hall currents on the thermal in-
stability of compressible dusty viscoelastic fluid saturated in a porous medium.
Hall current effect on thermosolutal instability in a viscoelastic fluid through a
porous medium has been studied by Kumar and Hari Mohan [7]. Kumar and Ku-
mar [8] have discussed the thermosolutal convection in a viscoelastic dusty fluid
with hall currents in a porous medium. Double diffusive convection of synovial
(couple-stress) fluid in the presence of hall current through a porous medium has
been discussed by Singh [22]. The effect of hall current on thermal convection has
also been discussed by several authors (Sunil et al. [18], Gupta et al. [4], [5]).
A definite introduction to magnetic liquids has been given by Rosensweig [15] in
his monograph. The convective instability of ferromagnetic fluid for a layer heated
from below in the presence of a uniform vertical magnetic field has been studied
by Finlayson [2]. The Bénard convection in ferromagnetic fluids was mentioned
by several authors (Siddheswar [20, 21], Venkatasubramaniam and Kaloni [32]).
Sekar and Vaidyanathan [17] studied the convective instability of a magnetized
ferrofluid in a rotating porous medium. Also, the convective instability of a layer
of a ferromagnetic fluid rotating about a vertical axis was discussed by Gupta and
Gupta [3]. The thermosolutal convection in a ferromagnetic fluid was examined
by Sharma et al. [26]. Sunil et al. [27] discussed the effect of rotation on a ferro-
magnetic fluid heated and soluted from below saturating a porous medium. Also,
the effect of the magnetic field-dependent viscosity on the thermosolutal convec-
tion in a ferromagnetic fluid saturating a porous medium was examined by Sunil
et al. [28]. The effect of rotation on the double-diffusive convection in a magne-
tized ferrofluid with internal angular momentum was studied by Mahajan et al.
[29]. The thermosolutal convection in a ferromagnetic fluid saturating a porous
medium was investigated with the aid of using the results of Sunil et al. [30].
Also, Sunil et al. [31] studied the effect of the magnetic-field-dependent viscos-
ity on the thermosolutal convection of a rotating ferromagnetic fluid saturating
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a porous medium. The magneto-rotational convection for ferromagnetic fluids in
the presence of compressibility and heat source via a porous medium was stud-
ied with the aid of using the results of Sharma et al. [19]. Exploring magnetic
dipole contribution on ferromagnetic nanofluid flow over a stretching sheet: An
application of Stefan blowing was studied by Gowda et al. [14]. Kumar et al. [33]
discussed the comparative study of ferromagnetic hybrid (manganese zinc ferrite,
nickle zinc ferrite) nanofluids with velocity slip and convective conditions. A com-
prehensive study of thermophoretic diffusion deposition velocity effect on heat and
mass transfer of ferromagnetic fluid flow along a stretching cylinder was discussed
by Prasannakumara et al. [13]. Sudha et al. [16] discussed the hydrodynamic
effects of secant slider bearings lubricated with second-order fluids. Unsteady flow
of blood through a stenosed artery under the influence of transverse magnetic field
was studied by Sujatha and Karthikeyan [25]. Recently, Nadian et al. [10], [11],
[12]) discussed some stability problems about couple-stress ferromagnetic fluid. In
the current investigation, we have talked about the effect of hall current on ther-
mosolutal convection of a layer of couple-stress ferromagnetic fluid in the presence
of varying gravitational field and horizontal magnetic field through porous media.
We have assumed that gravity is varying as g = Agg, where gy is the value of g
at the Earth’s surface, which is always positive and A can be positive or nega-
tive as gravity increases or decreases upwards from its value go. The outcome of
this investigation will contribute a better understanding of the onset criterion for
double-diffusive convection in a couple-stress ferromagnetic fluid soaked isotropic
and homogeneous porous medium subjected to hall current effect, which is an often
encountered phenomenon in different systems and industries.

2. Mathematical Formulation of the Problem

Consider an infinite, incompressible, electrically non-conducting, and thin layer
of couple-stress ferromagnetic fluid which is bounded by the planes z = 0 and

z = d. The fluid layer is heated from below so that a uniform temperature gradient
5 ar

uniform vertical magnetic field H,,(0, 0, H,,) and variable gravity field g(0,0, —g),
where g = A\gg. Furthermore, the couple-stress ferromagnetic fluid layer is assumed
to be flowing through an isotropic and homogeneous porous medium of porosity e.
The equation of conservation of momentum, continuity, temperature, concentration
and equation of density for the above model are as follows:

is maintained within the fluid. The whole system is acted upon by a

1[0 1 1 ) 1 1
) A —(qf.V)qf} =——Vp+g (1 + _p) — —vqr + —M.VH,,
e| ot e Po Po k1 Po
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W 2
+lv——=V ) Vg + — (VX Hp) x Hy, 1
(= 2592 ) WP+ 2 (9 % H) B (1)
V.qgr =0, (2)
oT
Epa + (qe. V)T = k7 VT, (3)
E,’,%(; + (qr.V)C = ks V20, (4)
pi=po[l —a(T —Tp) +/'(C = Co)], (5)

where, qg(uq,ug,us) is the fluid velocity, p is the fluid pressure, py is the fluid
density, po is the reference density, 1" is the temperature, T is the reference tem-
perature, « is the thermal coefficient of expansion, C' is the solute concentration,
(Y is the solute concentration at reference level, j, is the magnetic permeability,
is the couple-stress viscosity, v is the kinematic viscosity, s is the thermal conduc-

c
tivity, kg is the solute conductivity, £, = e+(1—¢) PeCs (where, ps, ¢, ¢, denote the
c

density of the solid (porous) material, heat capacit;J of the solid (porous) material
and heat capacity of the fluid at constant volume), E, is a constant analogous to
E,, M is the magnetization, VH,, is the magnetic field gradient.
In presence of Hall current, the Maxwell’s equations are given by,

oH

€ (%m = V x (q¢ x Hp) 4+ enV?H,, [(V x Hm) x Hm],(6)
and V.H, = 0. (7)

Let the magnetization be independent of magnetic field intensity but depends upon
the temperature and concentration so that M = M(T,C). Considering as a first
approximation,

M = My [l — Ki(T — Tp) + K»(C — Co)], (8)
where, K = 1 (80]\7{) 9 = L (g—g) and M, is the magnetization at

T =1, with To belng the reference temperature.

3. Basic State and Perturbation Equations
The basic state is characterized by,

qr = (07070)7p = p(z)apd = :0(2) = pO(l —afz+ CMIBIZ),T =Ty — Bz,
Hy, = (0,0, Hy), M = My(1 — KBz + K>B'2), M = M(z)  (9)
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Here, 8 and 5’ may be either positive or negative.

Assuming small perturbations around the basic state and let qe(uq,us,us),
h(hy, hy, h,), 8, dp, op and §M denote respectively the perturbations in fluid veloc-
ity, magnetic field, temperature, density, pressure and magnetization. Hence, the
perturbed flow may be represented as,

ar = (Oa 07 0) + (ula u27u3)7 h = (07 Oa Hm) + (hxa hy7 hz)a T = T(Z) + 97
p = p(z)+0p,p=p(z)+dp, M= M(z)+ 5M10)

Linearizing the equations in perturbation and reading the perturbation into normal
modes, the perturbation quantities are of the form,

(uz, 0, ¢, € ha) = W(2),0(2), Z(2), X (2), K (z)] el thrtntt o (11)

where, k, and k, are wavenumbers in x and y directions respectively and k£ =

(ki + k:Z) "2 is the resultant wavenumber of the disturbance and 7 is the frequency
of any arbitrary disturbance.
Eliminating the physical quantities using the non-dimensional parameters a = kd,
nd? v v ! k
c=—,p=—,p=—, F= LQ, P =2 D*=dD. Also dropping (*) for
v KT n pod?v d?
convenience to obtain,

(D? — a?) KE + %) + F(D? — a?)? — (D* - aﬂ W
€ 1
/\Oéa2d2 KlMova )\o/a2d2 KQMOVHm
¥ go - 0V ¢ go — MV )
PO PO’ \
preHmd 2
— D" —a")DK = 12
o 2 — o) DK =0 (12
o 1 peHpd
-4+ = F(D?> —ad*)? — (D*—d?)| Z ="""-DX 1
(2 5) Pt =2 - (02 —at)| 2= S (13)
H,.d H
D?*—a*—opy) X = ——> ——"(D*-d*)DK 14
(07 =" = op)x = H20pz - ey, (14
H,.d H,.d
D? —a? — K=-—" - 1
( @ —op) en 47 Ne ’ (15)
2 9 _ B
(D* —a* — E,op;)O = p w, (16)
T
/d2
(D? —a® — Eyqo)l = b W. (17)
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Now, eliminating X, ©, I', K, Z among Eqs. (12) - (17), the stability governing
equation is,

1
ARja?W = (D? — a?) { (% T F) L F(D? —a?)? - (D% - aQ)} (D? — a2 — Epop)W
1

2 2
+ A28 (D” = a” = Epopy) |
(D% — a? — Ej0q)

Qp2(D? - a?) [%D? +(D? — a? — opa) {(z + P%) + F(D? — a?)? — (D? — a2)}] (D? — a2 — Epop)W
[(D2 —a? —op2) [%DQ + (D% —a? — op2) {(5 + %1) + F(D? —a?)2 — (D? — a2)}]

+M,D*(D? — a2; { (% + P%) L F(D?—a?)? - (D? — aQ)H (18)

+

d* K\ MyVH,,
where, Ry = b (g — L) is the Rayleigh number for ferromagnetic
VKT PoC¥
'B'd* KyMyVH,,
fluid, Sy = b ( 0 — %) is the solute Rayleigh number for ferromag-
Poc

M2 H, \?
netic fluid, @) = HelTm® i the Chandrasekhar number and M, = is
4T povn 47 Nen

the Hall current parameter.
Now, the appropriate boundary conditions (when considering the case of two free
boundaries) are,
W=0DW=0,D'W=00=0,2=0,X=0DZ=0,DX=0,DK =0
at z=0and z =1 (19)

The solution of Eq. (18) characterizing the lowest mode is,
W =Wysinmz, where W, is constant (20)

Now, using Eq. (20) in Eq. (18) to get,

1 ' 1
Rlz( ;;x) {<T+P> +F1(1+$)2+(1+x)}(1+x+Epi01p1)+51{

(]. +x + iJlEppl)
1+ +io1Elq)

! (1+2) [% + (1 4z +ioips) { (P + 1) +F1(1+a:)2+(1+:c)}] (1+z + Epioipr)

Aze (14 +io1p2) [% + (1 +z+iop) {(*=+5)+F(1+z)2+(1 +x)}]

+Mh(1+m){ iel+]13> +F1(1+x)2+(1+x)} (21)
a? o R
01 = —, Fy =7°F, RlZ—I,legz,
T T ™

Sy

where, x = P=7%P, S = —.
T

o
7'('2
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4. Analytical Discussion

4.1. Stationary Convection
When stability sets in at stationary convection, the marginal state will be charac-
terized by o1 = 0. So, put o1 = 0 in Eq. (21) to get,

(4221 5
Ry = gy P+Jm1+@-+u+@ + 51

€

O (1+a:){@+@+F1(1+x)3+(1+x)2}
+

el @y 0 R(1 )+ (L+ 22 )+ My {552 + F(1+2) + (14 2)2)
(22)

This relation expresses the modified Rayleigh number R; as a function of the
parameters P, I}, Sy, @)1, M, and dimensionless wave number z. Now, to have
a look at the effect of medium permeability parameter, couple-stress parameter,
solute gradient parameter, magnetic field parameter and Hall current parameter,
dR, dR, dR,; dR, d dRy
AP’ dFy’ dS,’ dQ, M am,

examine the behavior of

So, by Eq. (22),

dR1 _ (1 + x)2 MhQ% 1

2 2
ar ArkP &[%+%L+Mm{%ﬁ+iﬂl+@3+u+xﬁﬂ

(23)

which indicates that medium permeability has a stabilizing effect on the system
under the condition,

(1+x)

2
A >0, M,Q7 > € [?1+(1+Mh){ +F1(1+5(:)3+(1+x)2}]

and

Q1

)\<0,MhQ?<62 |:?+(1+Mh){(1+x)

P

+F(1+2)+ 01+ x)2H2.

Also, medium permeability has a destabilizing effect on the system under the con-
dition,

Q1

)\>O,MhQ%<€2 |:?+(1+Mh){(1+x)

+F(1+2)?+ 1+ x)QHQ
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and

Q1

)\<0,MhQ%>62 |:?+(1+Mh){(1+x)

+Fu1+xﬁ+(1+xf}r.

In the absence of magnetic field, Eq. (23) becomes,

de (1 +x )2
= — 24
dP Az P? (24)
which indicates that medium permeability has a stabilizing effect for A < 0 and
destabilizing effect for A > 0.

de . (1+[I§')4 1—
dFl N AT

M, Q3
2 | @1 (1+z) 3 2
[+ (U M) {52 4 R+ 2)? + (14 22

2 9

(25)

which indicates that couple-stress has a stabilizing effect on the system under the
condition,

Q1

A>QM¢%<8[?~M1+MQ{O+@

P

+Eu1+xf+ml+xﬂ}r

and

Q1

A<QMMX>3{:~H1+M@{“+@

P

+Fu1+xﬁ+«1+xf}r.

Also, couple-stress has a destabilizing effect on the system under the condition,

Q1

)\>0,MhQ%>62 |:?+(1+Mh){(1+x)

P

+Eﬂ1+xﬁ+{1+xf}r

and

@

/\<O,MhQ%<E2 |:?+(1+Mh){(1+x>

P

+Fu1+xf+ml+xf}r.

In the absence of magnetic field or hall current, Eq. (25) becomes,

dR1 ( 1 + 13)4
= 26
dFy Ar (26)
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which clearly indicates that couple-stress has a stabilizing effect for A > 0 and
destabilizing effect for A < 0.

de
—- =1 27
dSl ’ ( )

clearly, the solute gradient has a stabilizing effect on the system.

M@ L0 4 By (14 2) + (14 )
ik _ (1+2) +{@+M+F1(1+x)3+(1+z)2} [@+(1+Mh){M+F1(1+x)3+(1+x)2}}
dQl )\ew € P € P )

(L1 M) { S+ By (142)3 +(140)2 :

(28)

which clearly indicates that the magnetic field has a stabilizing effect on the system
for A > 0 and destabilizing effect for A < 0.

dRy :_Q1<1+x) {%+M+Fl(1+m)3+(l+$)2}

dM,, AET € P
{052+ A+ 2 + (1427}

2 (29)
[% + (14 M) {“L;) + R+ 2P+ (1 +x)2H

which clearly indicates that Hall current has a stabilizing effect on the system for
A < 0 and destabilizing effect for A > 0.

dR
To see the effect of magnetization, examine the effect of —— analytically.

dM,
LAY o 0 SO S ) QL
dM, \r P ! \re

(1+x){%+@+F1(1+x)3+(1+a:)2}

{% + D L P14+ (1 +:c)2} + M, {@ +F(1+2)3+(1 +x)2}
—2
(1 _ M) . (Wﬂm> . (30)

PoCGo A PoCGoA

which indicates that magnetization has a stabilizing effect on the system for both
A>0and A <O0.

4.2. The case of oscillatory modes
Multiplying Eq. (12) by the conjugate of W i.e. W* and integrate over the range
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of z and making use of Eqs. (13) - (17) together with boundary conditions (19) to
get,

1 ] .
g‘i‘— Il+]2+F[3+d2 O—+— I4+]5+F[6+ aad (I7+p2018)
P P 47 pov

€ € 1 Po

[Le€N) . Aaa’kr K\M\VH,, .
I 1) — —— | ([ E I
+ 47r,001/< 9 + p20*1hp) 3w <90 N (I11 + Eppro™ 1)
A a’k KyMyVH,, i}
7 (= ) (s ot =0 @
where,

IDW|* + a*|W ) dz, 12:/(|D2W|2+2a2|DW|2+a4|W|2) dz

|D*W | + 3a*| D*W|* + 3a*| DW|* + a°|W|?) dz, Iy = / (1Z]?) d=

|DZ|* + a®|Z)?) dz, Is = / (|D*Z|? +2a*|DZ|? + a*|Z|?) d=

|D°K|* + 2a*| DK|* + a*|K|?) dz, Iip = / (IDK|* + a®|K|?) dz

||
\\\\\\\

|DOJ + a®|0) dz, Is :/(;@F) dz

(
(
(
(IDX|* + a®| X ) d=, 18:/(|X|2) dz
(
(
(

|DT* + a*|['?) dz, 1142/(|r|2) dz

All these integrals from I to I14 are positive definite.
Now, putting o = io; (where o; is real) in Eq. (31) and equating the imaginary
part to get,

1 d? Lend? o€ Aaa’k
Ui{_[l__l4+lu 7 polg — a np2110 ( T)

€ € AT pov AT pov 151%
KlMOVHm )\Oé CL Rgs KgMova
(go - W) Epp1liz — ( B ) (90 - W) E;q[m} =0.

(32)
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In the absence of magnetic field (hence hall current), Eq. (32) becomes,

1 cend? \aa’k K\M\VH,,
0¢{--’1+“ 7 polg + ( T) (QO—L) Eypi1io

€ AT pov Bv PO
A/ a’kg KyM\VH
- —= — ="\ Eql, =0. 33
(50 (o ™) vt &
K1 MyVH,, KyMyVH,, . .
If \go > S0P and Ago < #, then the terms in bracket are positive
Pocx Pocx
definite, which implies that o; = 0. Therefore, oscillatory modes are not allowed
K\ MyVH,,
and the principle of exchange of stabilities is satisfied if A\gy > KiMoVHR and
Pocx
KyMyVH,,

Ago < ;
Pocx

5. Numerical Discussion

The dispersion relation (22) is analyzed numerically also. The numerical value
of thermal Rayleigh number R; is decided for numerous values of medium perme-
ability parameter P, couple-stress parameter F7, magnetic field parameter ()1, Hall
current parameter M, and magnetization parameter M,. Also, graphs have been
plotted between R; and these parameters as shown in Figures (1) - (16).

238 T T T T T T T T

e o -
E - —F,=1.571,0,=10000M,=5000
E 2 ---F=25=20,=12000M,=7000
'i_. F,=15710,=15000M,=10000
E\: “
=

il o E

e 1 1 ]

Fig. 1. Ry vs P for A > 0(A = 50)
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These are some graphs plotted between critical Rayleigh number and the param-
eters (medium permeability, stable solute gradient, couple-stress parameter, mag-
netic field, hall current and magnetization) for the different values of these param-

eters.

6. Results and Discussion

In the present paper, the effect of hall currents on the thermosolutal convection
of couple-stress ferromagnetic fluid in the presence of varying gravitational field and
horizontal magnetic field through porous media is discussed. A linearized theory
and normal mode technique are used to attain the dispersion relation. The main
results from the evaluation of the present paper are as below:

1. Medium permeability has both stabilizing and destabilizing effects on the
system for A > 0 and A < 0 under certain conditions. Furthermore, in the
absence of a magnetic field, medium permeability has a stabilizing effect on

the system for A < 0 and destabilizing effect for A > 0.

2. Stable solute gradient has a stabilizing effect on the system.

3. Couple-stress has both stabilizing and destabilizing effects on the system for
A > 0 and A < 0 under certain conditions. Furthermore, in the absence of a
magnetic field, couple-stress has a stabilizing effect on the system for A > 0

and destabilizing effect for A < 0.
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4. The magnetic field has a stabilizing effect on the system for A > 0 and
destabilizing effect for A < 0.

5. Hall current has a stabilizing effect on the system for A < 0 and destabilizing
effect for A > 0.

6. Magnetization has a stabilizing effect on the system for both A > 0 and A < 0
(in the absence of stable solute gradient).

7. The principle of exchange of stabilities is not valid for the present problem
under consideration, whereas in the absence of a magnetic field (hence hall
current), it is valid for the present problem if

K\ MyVH,, KyMoV Hy,
Ao > IV g g, < B2V
Pocx Pocx
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