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Abstract: In this paper, we discuss the notions of G-attractor and G-expansive.
It is found that if < (X, f,) > is a sequence of dynamical systems converging G-
uniformly to f and if the sequence < (X, f,,) > has a G-uniform attractor ¥ C X,
then Y is also a G-attractor of f. We also show that if < (X, f,) > is a sequence
of G-expansive dynamical systems with same expansivity time and expansivity
constant and converging G-uniformly to f, then (X, f) is also G-expansive. We
investigate the G-mixing, G-sensitive and GG-shadowing property of the orbital limit

f.
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1. Introduction

In modern mathematical sciences, study of dynamical systems has been an
interesting field drawing attention to many mathematicians due to its interesting
applications in various fields such as Physics, Biology and Economics. Let f, :
X — X be a sequence of continuous self maps on a compact metric space X.
Many researchers have studied the inheritance of various dynamical notions from
the sequence to the uniform limit as well as the orbital limit ([1, 5, 7, 10, 11,
13, 14, 16, 17, 22, 24]). Recently, many researchers have extended the idea to
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G-uniform convergence and G-orbital convergence. In [5], it is shown that if (X, d)
is a compact metric G-space with no isolated points and f,, : X — X is a sequence
of G-transitive onto maps converging G-uniformly to a continuous self map f on
X, then f is G-transitive if and only if there exist zg € D = N{tre(fn) : n € N}
and z; € X such that {g.fF(z0) :n € Nyge GN{g.f*(z1):neN,ge G} # 0,
for every sequence < k,, > of non-negative integers. In [11], the author proved that
if (X,d) is a compact metric G-space with no isolated points and f, : X — X is
a sequence of G-minimal onto maps converging G-uniformly to a continuous self
map f on X, then f is G-minimal if and only if for each z € X and for each y € X,
{g.fF(z) :n e N,g € G}NO¢(y, f) # 0, for every sequence < k,, > of non-negative
integers. In this paper, we are interested in investigating the inheritance of notions
such as G-expansiveness, G-mixing e.t.c. from the sequence to the G-uniform limit
and G-orbital limit.

First, we shall define some important notions of a standard dynamical system
as well as group action. A dynamical system is an ordered pair (X, f), where X is a
compact metric space with metric d, and f a continuous self map on X. For n > 0,
f™ denotes the n-fold compositions of f. The set Of(x) = {f"(z) : n € Ny} is called
orbit of the point x € X under f, where Ny = NUO. If Of(z) = X, the point z is
called a transitive point. By a G-space, we mean a triplet (X, G,0), where X is a
Hausdorff space, G' a topological group and 6 : G x X — X, a continuous function
(action) such that (e,z) = 2,V x € X and 6(g,0(h,x)) = 0(g * h,x), where * is
the operation of the group G. We say that 6 is a continuous action of G on X.
Usually the action (g, x) is denoted by g.x. Henceforth 6(g,z) will be denoted
by g.x. Let (X, G, 0) be a metric G-space and f : X — X a continuous function.
The function f together with (X, G, 0) is called a dynamical system on a metric
G-space. Consider X = R, G = Z, the set of integers. The action 6 : Z x R — R is
defined by 0(n,x) = z+n. It is well known that 0 is a continuous action. Consider
the function f : R — R defined by f(z) = 22. Now, f is a dynamical system
on the metric G- space (R,Z,0). The G-orbit of a point x € X is defined by
O¢(x) ={g.f"(z) : n > 0,9 € G}. A finite or infinite sequence < x,, >,>0 in X is
said to be a G-J chain, if V n there exists g, € G such that d(g,.f(x,), Tni1) < 9.
In [5], the authors proved that if < f,, > is a sequence of G-chain transitive maps
on a metric G-space X converging uniformly to the limit f, then f is also G-chain
transitive. In [3], the authors showed that G-shadowing depends on the action of G
and G-shadowing does not implies shadowing nor shadowing implies G-shadowing.
In [19], the authors study the dynamical properties like shadowing and transitivity
of map f on G-spaces. In [6], the authors define the notion of topologically G-
conjugacy and they further study G-periodic points under topological G-conjugacy
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(For more details on standard notions of shadowing, transitive and chain transitive,
one can see ([8, 9, 12, 15])).

In recent years chaos theory has been studied and defined for group actions
([2, 18, 23, 20]). A continuous function f : X — X, where X is a metric G-
space with metric d is called G-Minimal if Og(z, f) = X, for every z € X [10].
Minimality implies G-Minimality but the converse may not be true [19]. We know
that minimality implies transitivity, so we can also say that G-minimality implies
G-transitivity. Let X be a metric G-space and f : X — X a continuous map.
Then a point z € X is said to be a G-periodic point of f if there exists an integer
n > 0 such that f"(z) = gz, for some g € G. The set of all G-periodic points of
f is denoted by Perg(f) [21]. Tt is obvious that if z is a periodic point of f then
point x is also a G-periodic point. But the converse is not true.

A sequence of functions < f,, > from X to X is said to converge G-uniformly to
a self map f if for every € > 0 there exists ng € N such that d(g.f.(z), k. f(z)) <,
for all g,k € G, for all x € X and for all n > ng [5].

A continuous self map f defined on a metric G-space X with metric d is called
G-transitive if for each pair of non-empty open subsets U and V' of X, there exist
n € Nand g € G such that ¢g.f"(U)NV # . If f is a continuous self map defined
on a compact metric G-space X, then a point x € X is said to be G-transitive
point if Og(z, f) = X. The set of all G-transitive points is denoted by tra(f).

A function f : X — X is said to be G-chain transitive, if for each pair of
points x,y € X and for every § > 0 there is a finite G- chain xzy, ..., z, such that
o = x and z, = y. A point z € X G-e shadows a finite sequence zy, ..., x, if
d(g.f(z),z;) < ¢, for every i < n.

In this paper, we find that if a sequence of dynamical systems < (X, f,) >
converging G-uniformly to f has a common G-attractor Y, then Y is also a G-
attractor of (X, f). If a sequence of G-expansive dynamical systems < (X, f,,) >
converges G-uniformly to f, then (X, f) is also G-expansive. We prove that if a
sequence of dynamical systems < (X, f,,) > is G-mixing and converges G-orbitally
to a map f, then (X, f) is also G-mixing. We also show that if < (X, f,) >
is a sequence G-sensitive dynamical systems converging G-orbitally to a map f,
then f is also G-sensitive. If each member of dynamical systems < (X, f,,) > has
common G-nonwandering point, say x, then z is also a G-nonwandering point of
f- We also prove that if < (X, f,,) > is a sequence of dynamical systems having
G-shadowing property and converging G-orbitally to a map f : X — X, then f
also has G-shadowing property.

A dynamical system (X, f) is said to be G-equicontinuous if for every ¢ > 0
there exists § > 0 such that d(g.f"(z),h.f"(y)) <€, V2 € X, for all y € Bs(x),



406 South FEast Asian J. of Mathematics and Mathematical Sciences

for all n € N and for all g, h € G [10].

In [10], the author proved that if a sequence of continuous self map < f, > on a
metric G-space converges G-orbitally to a map f, then f is also G-equicontinuous.
If X is a metric G-space and f : X — X is a continuous map, then a map f
is said to have G-sensitive dependence on initial conditions if there is a constant
0 > 0, such that for every x € X; and for every neighbourhood U of z, there exists
a point y € U with G(x) # G(y) satistying d(f™(u), f*(v)) > 9, for n > 0 and
for all w € G(x) and for all v € G(y). Here 4 is called G-sensitive constant. If f
has G-sensitive dependence on initial conditions, then we say f is G-sensitive and
G-sensitivity of a function f depends on the action of G [20].

2. Definitions and Results

Definition 2.1. Let X be a metric G-space with metric d, then a function f :
X — X is said to be G-continuous function if for e > 0 there exists 6 > 0 such
that d(g.x,h.y) < § = d(g.f(z),h.f(y)) <€, for all g,h € G.

Example 2.2. Let S* be the unit circle. S*is a compact metric space with metric

defined by
i, B) = la — if |a—p]<m,
’ la =Bl -7 if |a—p]>m.

G = {O,W, g, 377} and * is defined by

* 0 T /2 | 3m/2

0 0 T /2 | 3m/2

s T 0 |37/2| 7/2
7/2 | /2 | 3w/2| 7 0
3n/2 | 3w/2 | ©/2 0 T

then G has subspace topology of R. The action ¢ : G x S* — S! is defined by
#(g,0) = gb = g+ 0(mod 2m) = = + 0(mod 2), where n = 0,1, 2, 3.

fa: St — Stis defined by f1(0) = 0 + 27 A\( mod27). Let ¢ > 0 be given.

Suppose d(gb;, hs) < §, where § = e.

Then - ot
1 2
—_— 9———6’) )
5 + 01 9 2| <
= —(nl _2n2)7r+01—92 <0
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Now
n n
d(gfr(01), hfr(02)) = g 0, +2mh — %” —y — 27\
(m — n2)7r

+01—92 < 0.

2

Thus d(gfx(01), hfr(62)) < €, whenever d(gb;, hfs) < 4.
Hence fy : St — S! is G-continuous.

Definition 2.3. Let (X, d) be a metric G-space. A sequence < x, > is said to
G-converges to a point x if for each € > 0, there exists N such that d(g.x,,x) < €,
V' n >N and for all g € G.

Example 2.4. Take X = R. Let Zy = {0, 1}, be the additive group of integer
modulo 2. The action is defined by 0.x = z,1.x = —x,V x € R. Consider the
sequence x, = %, n > 1. Take ¢ = ﬁ, then |g.z, — 0] <€, ¥V n > N and for
g € Zso. Therefore < z,, > G-converges to 0.

Definition 2.5. [10] A sequence of continuous self maps < f, > defined on a
metric G-space (X, d) is said to converge G-orbitally to a map f : X — X if for
every € > 0, there exists p € N such that d(g.f"(x), k.f™(x)) <€, for allm € N,
forall g,k € G, for alln > p, and for all x € X.

Example 2.6. Take X = [—1,1]. Let Zy = {0,1} be the additive group of
integer modulo 2, acting on X by 0.x = z,1.x = —x,Vx € X. Consider the
x
sequence of continuous functions f, : X — X defined by f,(z) = n " e N
n

and the constant function f(x) = 0. For e > 0, there exists a positive integer

1
0 such that
p# T

< €. Then for n > p, < €,V m > 1. Therefore,

(1+n)m

m m _ xz
d(g.fiM(x), k.f"™(x)) = It "
all n > p, and for all x € X. Hence < f,, > converges G-orbitally to f.
Definition 2.7. Let (X,d) be a G-metric space. A set’Y C X is said to be a
G-attractor, if it is non-empty, closed, g.f(Y) =Y,V g € G and for each € > 0,
there exists § > 0, such that for any x € X, d(z,Y) < 6 implies d(g.f"(x),Y) <,
for alln >0 and g € G and Jin;od(g.f”(x),Y) =0, Vged.

— k.0 <e forall m > 1, for all g,k € G, for

Example 2.8. Put X = [—1,1] and Y = {0}. G = {—1,1} is the multiplicative
group of order 2 acting on X by 1.z =z, —1.x = —x. It is obvious, for the function
f: X — X defined by f(z) = 2% Y = {0} is a G-attractor.
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Definition 2.9. A dynamical system (X, f) is called G-expansive if there is € > 0
such that for each pair of distinct points x,y € X, there exists a positive integer n
with d(g.f™"(x),h.f"(y)) > €, forg,heq.

Here, € is called G-expansive constant for f.

Example 2.10. Consider S' = {z € C : |z|] = 1}. Take G = {-1,1}, the
multiplicative group of order 2 acting on S* by 1.z = 2, 1.2 = zZ. The function
f: 8" — S defined by f(z) = 2™ is G-expansive.

Example 2.11. Suppose the group G = {—1,1} acts on X = [—1,1] by 0.2 = z,
1.z = —x, then the function f: X — X defined by f(z) = 22 is G-expansive.

Definition 2.12. Let (X, d) be a metric G-space. A continuous self map f defined
on X is said to be G-mizing if for each pair of non-empty open subsets U and V'
of X, there exist m € N, g € G, such that g.f*(U)NV # 0,V n > m.

Example 2.13. Consider the tent map 7' : X — X defined by

27 where X =10,1]

(2) = 2z, if 0<x<3
|20 -2), if l<az<l

If the multiplicative group of order 2 G = {—1,1} actson X by l.ox =z, —1l.oz =
1 — x, then the map T' is G-mixing.

Definition 2.14. A continuous self map f defined on a metric G-space X with
metric d is said to be G-sensitive, if there exists € > 0 such that for all x € X and
for all § > 0 there exists y € Bs(x) such that d(g.f"(y), h.f"(x)) > €,¥ g,h € G
and for some n > 0.

The number € is called G-sensitive constant of f.

Example 2.15. As in example 2.11, if the group G = {—1,1} acts on X = S!
by 1.z = z and —1.z = Z. Then the function f : X — X defined by f(z) = 2" is
G-sensitive, where n is a positive integer.

Definition 2.16. A dynamical system (X, f) is said to have G-shadowing prop-
erty, if for any € > 0 there exists 6 > 0 such that any G-0 chain is G-€¢ shadowed
by some point.

Definition 2.17. [19] Let X be a metric G-space with metric d and f is a continu-
ous self map on X. Then a point x € X is said to be G-non-wandering point, if for
every neighbourhood U of x, there exists k € N and g € G such that g. f*(U)NU # 0.

In [13], the authors proved that if a sequence of dynamical systems converges
uniformly to f and each member of the sequence < (X, f,) > has a common at-
tractor Y C X, then Y is also an attractor for (X, f). In the following theorem we
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are extending this result when a group G acts on the space X.

Theorem 2.18. Let < (X, f,) > be a sequence of dynamical systems converging
G-uniformly to f. If the sequence < (X, f,) > has a common G-uniform attractor
Y C X. Then'Y s also a G-attractor of f

Proof. Since Y is a common G-uniform attractor of the sequence < (X, f,) >.
Therefore, by definition, for each € > 0, there exists 4 > 0, such that for any
x € X, with d(z,Y) < ¢, implies that d(g.f"(x),Y) < V' m > 0, and
nlbi_r)noo d(g.f"(x),Y)=0, Vgeaq.

G—uniformly
—_—

€
27

. m G—uniformly
Since f,, f, we have f! ————
for € > 0, there exists m € N such that

f™, therefore, for each z € X and

d(g.f"(x), h.f™(z)) < %, V' m > 0 and for all g,h € G.
By triangle inequality,

d(h.f"(x),Y) < d(h.f™(x), g-f;"(x)) + d(g-f;"(x),Y),
< €, whenever d(z,Y) < 6.

Therefore, d(h.f™(x),Y) <e€, ¥ m > 0.
Now, lim d(g.f"(z),Y)=0,Yym>1,Vne NandVheG.
m—00
Therefore, lim d(g.f™(x),Y) = 0.
m—0o0
Hence Y is a G-attractor for (X, f).

In [4], authors showed that G-expansivity depends on the action of G and G-
expansivity does not implies expansivity nor expansivity implies G-expansivity. In
the following theorem we investigate the inheritance of G-expansiveness by the
uniform limit f.

Theorem 2.19. If < (X, f,) > is a sequence of G-expansive dynamical systems
with same expansivity time and expansivity constant and converging G-uniformly
to f. Then (X, f) is also G-expansive.

Proof. Suppose < (X, f,,) > is a sequence of G-expansive dynamical system.

For ¢ > 0 and x,y € X,x # y, there exists a positive integer m such that
d(g 7 (2), h-f () > %, for g,h € G.

We know that f, Grumformiy, f, then f Grumformly, f™. Then there exists a
positive integer N, such that d(g.f;"(x),h.f"(z)) < §, for all z € X and for all
g,h e Gandn> N.

Similarly for y € X, d(g.f*(y), h.f™(y)) <

£
1
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By triangle inequality,

d(g-fr'(x), h-f7'(y)) < d(g.f" (@), h. f"(x)) + d(h.f"(2), 9-f"(y)) + d(g-f"(y), h- 13" (y))
= 2 < g @) ) +
=€ < d(g.f"(x), h.f"(y)).

Hence (X, f) is G-expansive.
Similar to the Theorem 2.1 in [11], we establish the following result in group
action.

Theorem 2.20. Let (X,d) be a metric G-space and [ a continuous self map on
X. A dynamical system (X, f) is G-mizing if and only if for each pair of non-
empty open sets U and V', there exists a sequence < x; > of points in U such that
g™ (z;) € V, Vi >1, for some m > 0 and for some g € G.
Proof. Suppose X is G-mixing. Let U and V be a non-empty open subsets of
X. Then there exists a positive integer m and g € G such that ¢g.f"(U) NV #
f, V. n > m. Then for each i > 1, we have ¢g.f"™(U) NV # (. Therefore there
exists a point z; € U such that g.f""(z;) € V.
Conversely,
Suppose there exists a sequence < x; > of points in a non-empty open subset U of
X such that g.f™"(z;) € V, Vi > 0, for some g € G and for some m > 0.
This implies that g.f™™(U)NV #, Vi >0 and for some g € G.
Therefore g.f*(U)NV # 0, ¥V n > m.
Hence X is G-mixing.

The following theorem shows that G-mixing is inherited by the G—orbital limit
f.
Theorem 2.21. If < f, > is a sequence of G-mizing functions converging G-
orbitally to a map f. Then f is also G-mixing.
Proof. Let u and v be two arbitrary points.

. G—orbitall
Since f, ———2Y,
such that

f, by definition, for ¢ > 0, there exists a positive integer N;

d(g.f™ (), k.f™(x)) < %1 VmeNYgkeGYn>N, andVaze X, (1)

Since fn, is G- mixing, for €3 > 0 there exist a sequence x(i, N1) in B(u,€) and
m(Ny) such that, for some g € G,

g fii™ ™M (i, Ny)) € B, %),for all i > 1.
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In (1), if we take z = z(i, N7) and m = i + m(N;) then
dlg- "™ (i, M), ke f O (i, M) < 5 forall i > 1

By triangle inequality,

d(g. fHm N (i, Ny)),0) < d(g. fmND (26, N)), ke ™ (@i, ND)))
+d(k "N (@i, Ny, v)

€1 €1
<=+ = =¢.
SRR
Therefore (X, f) is G-mixing.
In the following, we want show that G-sensitivity is preserved by the G-orbital
limit.
Theorem 2.22. If a sequence of dynamical systems < (X, f,) > is G-sensitive
and converges G- orbitally to a map f: X — X, then (X, f) is also G-sensitive.
Proof. Since < f, > converges G-orbitally to f. Therefore for all x € X and for
€ > 0, there exists p > 0 such that

d(g- 13" (x), h.f"(x)) <

In particular, we have

d(g-f"(x), h-f;'(x)) <

, for all n > p for all m > 0 and for all g,h € G.

l\DIm

, for all m > 0 and for all g.h € G

mm

d(g.f) (y), h.f"(y)) < i, for all m > 0 and for all g,h € G

Since f,, is G-sensitive, with sensitive constant € > 0, there exists 6 > 0 such that
3
d(g.f"(y), h.f*(x)) > EE, for some y € Bs(z) for all m > 0 for all g,h € G.

By triangle inequality,

£ 7)< A0 £, ™)+ Al 0), 0.7 ) + o £, 171
= 2 < g @) ) +
= e <d(g.f"(x),h-f"(y)).

Hence (X, f) is G-sensitive.
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Theorem 2.23. Let < (X, f,) > be a sequence of dynamical systems having G-
shadowing property and converging G-orbitally to a limit f. Further, assume that
for each € > 0, there exists 6 > 0 such that every G-6 chain is G-¢ shadowed by
some point z, w.r.t f, for eachn > 1. Then (X, f) also has G-shadowing property.
Proof. Each f,, has G-shadowing property. Therefore, for € > 0, there exists 6 > 0
such that every G-0 chain is G-e shadowed by some point.
Consider a finite G-6 chain {zo,...,z,}, i.e. V. m < p— 1 there exists g,, € G such
that d(gm-fn(Tm), Tma1) < 0.
G-d chain (z,),>0 is G-¢ shadowed by some point say z,, i.e. V. m < p there exists
hm € G such that d(h,. )" (2n), Tm) < §-
We know that f, converges G-orbitally to f, therefore, for ¢ > 0 there exists a
ng € N such that d(gm,.f (), hem.f"(2)) < §, for all m € N, for all g, hs, € G,
for all n > ngy and for all z € X.
By triangle inequality,
(G ) 0) < G F™(20), B F(20)) + Al f2(20), 0) < 4§ = 5
Since X is a compact metric space, the sequence < z, > G-converges to a point
z € X. Therefore, by G-continuity of f™, there exists N7, such that
d(Gm-f"(2n), gm-f™(2)) < 5,V n > Ny and g, hy, € G.
By triangle inequality,
d(gm ™ (2), Tm) < d(gn-J"(2); G- S (20)) + d(Gm-f" (20), Tm) < §+ 5 =€

The following result shows that G-nonwandering is inherited by the G-orbital
limit f.
Theorem 2.24. If a sequence of dynamical systems < f, > converges G-orbitally
and each member of the sequence has a common G-nonwandering point, say x € X
with same returning times, then x is also a G-nonwandering point of f.
Proof. Consider a nonempty open subset U of X, such that U is a neighbourhood
of x € X. Since the point z € X is a common G-nonwandering point of <
(X, fn) >, there exists m € N and g € G such that ¢g.f(U)NU # ¢.
That is for € > 0, there exists y € B(x, §), such that d(g.f"(y),z) < 5.
As f,, converges G-orbitally to f, there exists p € N such that

d(g.f"(x), k.f™(x)) < %, for all m € N, for all g,k € G and for all n > p.

By triangle inequality, we have

d(g-f"(y), =) < d(g-f"(y), 9-f"(y)) +d(g-f7"(y), )

<e+e
—+-=c
2 2

Hence x is a G-nonwandering point of f.
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