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Abstract: A vertex u in a graph G = (V,E) is said to ve-dominate an edge e = vw
if u e {v,w} or wv € E(G) or uw € E(G). An edge coloring is said to be a ve -
dominating coloring if no two edges ve - dominated by a single vertex receive the
same color. The minimum number of colors required for a ve - dominating coloring
of a graph G is called ve - chromatic number of G and is denoted by x,.(G). In
this paper we initiate the study of this parameter.
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1. Introduction

Let G = (V, E) be a graph. Let p and g denote the number of vertices and the
number of edges respectively. Let d(v) denote the degree of vertex v. The minimum
and maximum degree of a graph are denoted by §(G) and A(G) respectively. The
neighbourhood of a vertex v € V(G) is the set of all vertices adjacent to v in G
and is denoted by N (v).

Let d(u,v) denote the length of a shortest path between two vertices u and v in
G. The length of the longest path is called the diameter and is denoted by diam/(G).
Let S1,52 € V(G). The distance between S; and Sy is given by d(Si,Sy) =
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min{d(u,v) : u € Sy and v € Sy}. For two edges e; = ujv; and ey = ugvy, the
distance between the two edges ey, es is defined as d(eq, ex) = d({uy, v1}, {uz, v2}).
The open 2 - neighbourhood set Ny(v) of vertex v € V(G) is defined as Ny(v) =
{u e V(G) |0 < d(u,v) <2}. The closed 2-neighbourhood set Ns[v] of v is defined
as Na[v] = No(v) U {v}.

For any subset S of vertices of V(G), the induced subgraph (S) is the maximal
subgraph of G with vertex set S. The length of a shortest cycle in the graph is
called the girth of a graph G and is denoted by ¢g(G). Graphs considered here are
finite, undirected, connected, without loops and multiple edges. For definitions not
defined here, the reader may refer [2, 3.

A subset S of V(G) is said to be a dominating set of G if for every vertex u not
in .S, there is a vertex v in S such that u and v are adjacent in G. The minimum
cardinality of a dominating set of G is called the domination number of G and is
denoted by v(G). A vertex v in a graph is said to ve-dominate an edge e = uw
if either v € {u,w} or vu € E(G) or vw € E(G). A subset D C V(G) is said to
be a ve - dominating set of a graph G if every edge in the graph is dominated by
a vertex in D. The minimum cardinality of a ve - dominating set of a graph is
called ve - domination number of the graph and is denoted by v,.(G). The study
of ve - domination number has been initiated in [4]. An assignment of colors to the
edges of a graph is said to be a proper coloring if no two adjacent edges(i.e., edges
having common vertex) receive same color. The minimum number colors required
for proper edge coloring is called edge chromatic number or chromatic index of G
and is denoted by x'(G). An edge uv is said to be dominated by the vertex u as
well as the vertex v. From the definition of edge coloring, one can observe that
the edges dominated by a vertex receive different colors in an edge coloring. In
a similar way, when we come through ve-domination, one can generalize the edge
coloring by means of ve-domination. By this observation, we define the following
edge coloring. An edge coloring of a graph is called ve-dominating coloring if the
edges ve - dominated by a single vertex receive different colors. The minimum
number of colors required for a ve - dominating coloring of a graph G is called ve
- chromatic number of G and is denoted by xy.(G).

2. Results

Proposition 2.1. Two edges e; and ey receive the same color in a ve-dominating
coloring if and only if d(e1, e3) > 3.

Proof. Let G be a graph and ej,e; € E(G). Suppose that, in a ve-dominated
coloring, e; and e; receive same color. Then both e; and ey are not dominated by
a vertex. Therefore d(eq,es) > 3. Conversely, let d(ej, e3) > 3. Then e; and ey can
not be dominated by a vertex. Then we can give a ve-dominating coloring to G so
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that e; and es receive the same color.

Proposition 2.2. Let G be a (p,q) graph. Then x,.(G) = q if and only if the
distance between any two edges is less than or equal to two.

Proof. Assume that x,.(G) = ¢. Then any two edges e; and ey are ve-dominated
by a vertex in G. Then d(ey,e3) < 2. Conversely, if x,.(G) < ¢, then there are
edges e; and ey receiving same color in a ve-coloring of G. Then the edges e; and
ey can not be ve-dominated by a vertex. Therefore, d(eq,es) > 3.

Corollary 2.1. If G is a (p,q) graph with diameter less than or equal to two, then
Xoe(G) = ¢

Corollary 2.2. y,.(K,,) =rs.

Proof. The diameter of every complete bipartite graph G is less than or equal to
two, by above corollary x,..(G) = ¢ = rs.

Remark 2.1. If G is a (p,q) graph with diam(G) = 3 or 4, then X..(G) need not
be equal to q.

Example 2.1.
G
diam(Gy) = 3 diam(Gy) = 3, but
Xve(Gl) = Q<G1) =06 XUe(GQ) =9<12= Q(GQ)
Example 2.2.
Gy
° °
Gy
° ° . ® ° ° °
diam(G3) = 4 diam(Gy) =4

Xoe(G3) = 4 = q(G3) Xve(G1) =4 < 8 =q(Gy)
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Remark 2.2. If diam(G) > 5, then x..(G) < g.

Definition 2.1. For a vertex v of a graph G, the ve - degree of v is defined as
the number of edges ve - dominated by the vertex v and is denoted by deg,.(v).
The minimum and mazimum ve - degrees of the graph are defined as 0,.(G) =

min{deg,(v)|v € V(G)} and Aye(G) = max{deg,.(v)|v € V(G)} respectively.

Note 2.1. 6,.(G) > (5(Gg+ 1)

Theorem 2.1. For any (p, q)-graph G, Aye(G) < xve(G) < q. Moreover, X,.(G) =
Aye(G) if there exists a Ve - set D of G such that |[Nao(v) N No(uw)| < 1 for all
u,v € D.

Proof. Suppose that the theorem is not true. Let v be a vertex in G and deg,.(v) =
Aye. The number of edges dominated by v exceeds the number of colors. Then
some edges receive same color, which is not a ve - dominating coloring. Therefore
Ape(G) < xue(G). By giving different colors to all the edges, we get a trivial

ve-coloring and hence x,.(G) < g.
Yve

Let D = {v1,v3,++ ,vy,.} be a 7, - set of G. Then | J E((Na(v))) = E(G).

I [Nafu) 0 Nalw)] < 1. # 0y € D E((N0)}) 1 E(Na(o)) = o There
fore, {E((Ny(v1))), (( ( 2))), -+, E((N2(v,,.))} is a partition of E(G). Since
|E((N2(v:)))] < Ay, Xve<<N2(UZ)>) § Ay, for all 7. Hence, x,e(G) < Aye. Since,
Xve(G> > Ave7 Xve(G) = Ave(G>'

Theorem 2.2. For any graph G with maximum degree A,
Yoe(G) < 2A((A =12 +1) — 1

Proof. Let the edge xy be assigned by a color red. Then the color red can not
be assigned to the edges ux or vy. Since u and v ve-dominate zy, red can not be
assigned to the edges vvy,uu, and vv9, uius. The coloring of the edge xy affects
the coloring of at most 2(A — 1) adjacent edges of the edge zy, the coloring of
at most 2(A — 1)? second neighbours of xy and the coloring of 2(A — 1)? third
neighbours of xy. Therefore,

X'ue(G) < 2(A—1)—|—2(A—1)2—|—2(A_1)3_|_1
= Q(A—l)(1+A—1+A2—2A+1)+1
= A(A- 14 -1
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Proposition 2.3. For any graph G,

Aue(G) = max $d(v)+ Y (d(u) = 1) = [E((N(v)))| p and

veV(G) WEN(v)

00e(G) = min ¢ d(v)+ Y (d(u) —1) = [E((N(v)))|

veV(Q) WEN (o)

Proof. Every v € V(G) ve-dominate all two distance edges. For each u € N(v),
the vertex v ve-dominates d(v) edges incident with v and d(u) — 1 edges incident
with u other than v. An edge e = uw € E({(N(v))) is counted twice, for u as well
as for w in the deg,.(v). Therefore,

degue(v) = d(v) + 3 d(u) — 1~ [E(N(v)))]

u€N (v)
Hence,
A — _
ve(G) gt S dw)+ Y (d(u)—1) - M)
u€EN (v)
and

uw€N (v)

00e(G) = min qd(v)+ Y (d(u) —1) - }
<

Corollary 2.3. For any graph G with mazimum degree A, Ay(G) < A?
Proof. Since for any vertex v, d(v) < A, 37y (d(u) —1) < A A% — A. Hence
Aye < A2

Corollary 2.4. For a graph G with girth g(G) > 4,
Ay (G) = d d(u) —1
(@) = max (v)+u§v)( (u) = 1)

For a bipartite graph g(G) > 4, but not the converse. So, as a special case we
have the following.

Corollary 2.5. For a bipartite graph G, Ay,(G) = max < d(v) + Z (d(u) — 1)

Corollary 2.6. A,.(P,) =4, p>5.

Proposition 2.4. If G is an r - reqular graph, then A,.(G) = r*— H‘l/l(%){E((N(U»)}
vE
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Proof. Let G be an r-regular graph. Then from Proposition 2.3,

Aue(G) = max v+ Y (r—1) = |[E(N()))]

vev(G) weN(v)
= vrer%/a(}c{:) {T -+ 7’(7’ — 1) - ’E(<N<U)>>’}
=2 vénvi(%){E((N(U»)}

Corollary 2.7. If G is an r - reqular graph and girth atleast 4, then A.(G) = r?.

Corollary 2.8. A, (C,) =4, p>4.
Corollary 2.9. A, (K,) = @, p> 2.
Corollary 2.10. If G is an r - reqular bipartite graph, then A,.(G) = r2.

Proposition 2.5. Let P, be a path on p vertices. Then, xve(Pp) =4 for p >5.
Proof. Let P, : vivy --- v, be a path on p vertices. Let p = 4k + r. Let
M, = {U102,’U5U6, T 7'U4k73v4k72}7 M, = {U2U3706U7, T 7U4k72v4k71}7

Ms = {U3U47 U7vg, "« - ,U4k—1v4k}, M, = {U4U5, VgUg, * * * ,U4(k—1)v4k—3}-

If r =0, then M, M5, M3 and M, are ve-color classes.

If r = 1, then My, My, M3 and My U {vgv4r11} are ve-color classes.

If r = 2, then M U {vagg10ap12}, Mo, My and My U {vgpv4511} are ve-color classes.
Ifr= 3, then M1 U {U4k+1v4k+2}7 Mz U {v4k+2v4k+3}, M3 and M4 U {'U4kv4k+1} are
ve-color classes.

Hence, xue(P,) < 4. Since xpe(Py) > Ape(Pp) =4, Xoe(P,) =4 for p > 5.

Definition 2.2. An edge subset S of E is said to be 3 - distance edge set if
d(e;,ej) > 3 for all e;,e; € S. The mazimum cardinality of a 3 - distance edge set
of a graph is denoted by Ps.(G).

Proposition 2.6.
. -1
) (R = 2]

i) Bae(C,) = EJ Cifp>4

Proposition 2.7. If G is a graph of size ¢ > 1, then ,.(G) > _9

BS@(G) '
Proof. Suppose that x,.(G) = k and that Ey, Fs, --- , Ej are the ve-color classes

in a k-edge coloring in G. Thus |E;| < B5.(G) for each i(1 < i < k). Hence
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k
B - | _ _1
0= |B(O)] = X IE| < ks() and xee @) =k 2 5

Proposition 2.8. Let C, be a cycle on p vertices. Then,

4, if p= 0(mod 4)
p, H3<p<T
6, ifp=11

5, otherwise

Xve(Cp) =

Proof. Let C, : vivy - - - v,v; be a cycle on p vertices.
Case 1: Let p = 0 (mod 4). Then {vjve, vsv6, -+ , Vag—3Vap—2}, {v2vs, vgU7, -+ ,
Ugk—2 Vag—1}, {VU304, V7Us, -+, Vag—1Var } and {v4vs, vgy, - - - , vagyv1 } are the four ve-
domination color classes of Cyi. Hence xpe(Cur) < 4. But Xpe(Car) > Ape(Cay) = 4.
Therefore, Ype(Cyx) = 4.
Case 2: Let p # 0 (mod 4). When 3 < p < 7,d(e, f) < 2foralle, f € E(C,).
Therefore, x,e(Cp) =p for 3 <p < 7.

£

Let p > 9. Let p = 4k + r, where 0 < r < 3. By lemma, y,.(C}) > [

536(017)

4k
[ ;T—‘ = {4 + %‘ If £ > r, then [4 + %W = 5. Therefore, x,.(Cp) > 5.
Sub-case 2.1: Let P = 1 (mod 4) Let M1 = {Ul’l}Q}U{UGU7, V10V11, * ,’U4k_2’U4k_1};
My = {vous} U {vrvs, v11v12, - - -, Vap—1Var }; Mz = {0405, Usvg, -+ -, VagUskt1 };
M, = {U5U67U9U10 T >U4I<:+1U1} and M5 = {1131)4}-
Sub-case 2.2: Let p =2 (mod 4).
Let My = {v1v2, v607} U {v11012, V15V16 - - -, Vap—1Vak };
My = {vovs, v7us} U {v19013, V1017 -+, VakVaks1 };
M; = {U4U5}U{U90107 V13014, " - ,U4k+1v4k+2}; M, = {U5U6, V10V11, V14015 - * - 7U4k+201}

and M5 = {v3vy, vgvg }.
Sub-case 2.3: Let p = 3 (mod 4).

Let My = {v1v2, v6v7, V11012 } U {v16V17, V20V21 * -+, VakVakt1 };

My = {U2U3, U7vs, U12U13} U {U17U187 V21V22 * -+ 7U4k+lv4k+2}§

M; = {U4U5, UQUIO} U {014015, U18V19, * * * ,U4k+2U4k+3}§

M, = {Usva, U10011}U{U157116, V19V20, * - - >U4k+3vl} and Ms = {U3U4, Vg, U131114}- In

all cases My, My, M, My, M; are the ve-color classes of C),. Therefore, x,.(C,) < 5.
Thus if & > 7, xue(Cp) = 5.
Let kK <r. Since k > 2 and r < 3,2 < k <r < 3. Hence, k =2 and r = 3, there-

fore p = 11. Then, [4 + %-‘ = 6. Therefore, x,e(C11) > 6. Now, My = {v1v9, v70s};
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My = {vavs, vgvg }; Ms = {3y, vov10}: My = {v4vs}; Ms = {vsv6, v1ov11 };
Mg = {vgvr,v11v1} are the color classes of Cy. Therefore, x.,.(C11) < 6. Hence,
Xve(cll) = 6.

3. Xue Of tree

Proposition 3.1. For any tree T, xue(T) = Aye(T).

Proof. Let T be a tree. Let v be a vertex of maximum ve-degree A,.. Root at
v. Color all the edges joining v to the vertives ve - dominated by v. Let v; be the
descendent of v and v; have r; descendents. Let v, be a descendent of v; and v,
have ry descendents. The line joins vy to its 7o descendents are not yet colored. If
rog > Aye—(r1+1), then 1 +ro+1 > Aye. The ve - degree of vg > r1+19+1 > A,e.
Therefore, degye(ve) > Aye, a contradiction. Thus, ry < Ay — (71 +1). But all the
lines joining these r; descendents of v; to v; and the line vv; are colored with r; +1
colors. Also the remaining A,. — (r; + 1) ve-neighbors of v are not dominated by
ve. By using these A, — (11 + 1) colors, color the edges joining v, to its o descen-
dents,since 9 < Aye—(r1+1). Thus all the lines joining the descendents vy, of vy to
the descendents of vi;. Hence all the edges dominated by v; is colored with atmost

Aye edges. Hence xue(T) < Ape(T). Since Xpe(T) > Ape(T), Xoe(T) = Ape(T).

4. Conclusion

In this paper, some basic results and some characterization theorems on wve-
chromatic number have been studied. In the forthcoming papers, the ve-chromatic
number of some more special types of graphs and the relation connecting ve-
chromatic number and the domination, chromatic index will be studied.
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